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1. INTRODUCTION AND PRELIMINARY RESULTS

Let H be a complex Hilbert space arft{I) be the class of all self-adjoint bounded
operators on{ whose spectra are contained in an interatt R. The spectrum of a
bounded operatad on H is denoted by sp4). Let I C R be an interval then the function
f:S(I) — Ris said to be operator-convexffis continuous ort'(I) and

f(sA+1tB) < sf(A) +tf(B)

forall A, B € S(I) and for all positive numbersand¢ such thats 4+ ¢ = 1. The function
f is called operator-concave ¢i{I) if —f is operator-convex of(I).
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Theorem 1.1. Jensen’s operator inequalityl(]): Let/ C R be anintervaland : S(I) —
R be an operator-convex function on |.Af;, € S(I) andw; > 0; i = 1,2, ...,n such that

W, = Z Wi, then
=1

sz % Sizwz z (l 1)

If fis an operator-concave functlon, théh 1)is reversed.

A self-adjoint bounded operatot on H is called strictly positive if it is positive and
invertible, or equivalently, Spi) C [m, M] for some0 < m < M. The power mean for
strictly positive operatoré := (A4, ..., 4,,) with positive weightsw := (w1, ...,w,,) iS
defined in [1] as

M, (w, ZwZA7 %

wherer € R\ {0} andW,, = Z w;.
i=1
The next result is borrowed from [1] (see also [2]).

Theorem 1.2. LetI C R be an interval andA be ann-tuple of strictly positive operators
with positive weightsv := (wy, ..., w,) such thatiV,, = > w;, . Then
=1
Ms(w,A) < M, (w,A); r,seR\{0}
if either
(i) s<rrsé¢(—1,1)or
(i) 1 <s<1<ror
(i) s <—1<r<—3holds.
The inequalities for convex function are widely studied e.g see [8, 9, 11, 12, 13] and ref-
erences with in. Jensen-Mercer operator inequality and refinements of the operator Jensen-
Mercer inequality are studied in [6] and [7] respectively, where as a variant of the Jensen-

Mercer operator inequality for superquadratic functions is discussed in [4]. We give a new
refinement of Jensen-Mercer operator inequality for operator-convex in the next section.

2. MAIN RESULTS
Let¢ : I — R be an operator convex function dnC R. If 4, € S(I) andw; > 0
with W, Z w; = 1 then for any nonempty proper subsgbf {1,2,...,n} we put

J:=1{1,2,.. n} \ J and defind?V; = >~ w; andW; =1 — > w;. Now for an operator
ic€J ieJ
convex functionp, then-tuplesA := (A4, ..., 4,,) andw := (wy, ..., w,,) as above, we can

define the following functional

D(¢7W7A;J) = WJd) sz +WJ¢ sz

zeJ ZEJ
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In case ifJ = {k}, k € {1,2,...,n} then we have functional

Zn: w; Ay — wi Ay
Di(¢,W,A) == D(6,W,A; {k}) = wpd(Ar) + (1 — wi)op | = :

1 —wyg

which has been investigated for convex function in [5] and earlier in [3].

Theorem 2.1. Let¢ : S(I) — R be an operator convex function dnc R. If 4; € S(I)
n

andw; > 0;i=1,2,...,nwithW, = > w; = 1 then for any nonempty proper subskt
i=1

of {1,2,....,n},

Zwl ) > D(p, W, A; J) >¢Zwl ) (2. 2)

=1
If ¢ is concave, the(Q. 2 )is reversed.

Proof. By the convexity of the functiozb we have

D(o,w,A;J) = Wyg(— sz i)+ Wil sz i
J

zef icJ
Z ¢(WJ Zwl i Zwl %
WJ i€J ' icJ
= o> widy),
=1
which implies that
D(g,W,A; ) > (> wiAy). (2. 3)
i=1
Now
dowid(A) = Y wip(Ai)+ Y wip(A
i=1 ieJ ieJ
= sz z sz
zeJ ' ic€J
> WJ¢ sz +WJ¢ sz 4
Wy ieJ T ies
= D(¢7 W?A’ J)?
which implies that
Zw,¢ ) > D(¢,W,A;J). (2. 4)

Hence by combining (2. 3) and (2.4),weget(2.2). O
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Now for fixed values of; we assume the (non-empty) subséfs..., J/* of {1,2,...,n},
1 <l<k<mnsuchthatfu..UJF ={1,2,..,n} andJF N JF = ¢ fori # j, where
1,7 =1,2,...,n. Consider the functional

) ! W 1k
Du(0.w.A) = Y T ol(a+ D) = g 3 wid),
1 n A

i ieJf

for the functiong : S([a,b]) — R whereA is ann-tuple of selfadjoint operators defined
onfa,b] C Randw; > 0;i=1,2,...,nalsoW; = Z w;; J C {1,2,...,n}.

For convex functions see [10]. <

Theorem 2.2. Let A be ann-tuple of selfadjoint operators defined dm b] C R with
w; > 0;1=1,2,...,n such thatiV,, = znjlwl If ¢ : S([a,b]) — R is an operator-convex

function, then

W, i) = = > .2 >
it (2.5)
> ¢((a+b)I — 5= 3 widy),
i=1
where
TR T
Mk = mazr [Dk(¢?W7A)]
T T

If fis an operator-concave function, théh 5 )is reversed.
Proof. First we show that
Mm ZMm—l; m:3a"'ak7

Since
J{n717<~-7=]lr2;1 -1 W]jn—l 1
Dmfl (¢3W7A) = E 2 ¢((a+b)1_ w’LAZ)
. Wn J7_n71 _
J=1 i aegrt

JIYL717...,J;Y_L;1
So let us assume that the maximum of the functidbgl_, (¢, w,A) is obtained for
-1 — -1 m— -1 m—1 ;
J :J;f1 L = Jy Lot =Jmtlie

gi—1
R A B g )
maz  [Dmo1 (6W,A) J= 3 ——0((a+ )] — = > widy)
A J=g1 i et
W 1 W 1
= (@ +0) [ — > wildi)+—F—d((a+0) -5 — > widi)+
Jg1 i€yt 792 iedg !
..t
W om—1

Jq 1
ML g((a+ D) — i Y widy).

J . —
gi-2 i€Jy ")

Without loss of generality, we may assume tﬂgijll contains more than one point, so we
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choose two non-empty sef§”~* andJ"~! such that/"~' n Jm~! = ¢ andJ" 1 U
Jm—t = Jm-t Then

T by — L A

(e +0)] — m— > widi)+

J ) _
91 sedg!

w

Jm—l
oot 2 0@+ 0 — ey X widy)
WJ'm,fl

o+ 0 — = 3 wid)

J, . —
gi-1 i€y}

= ‘V[il ¢((a’+ b)I W L Z U)7A7)+
" J;';_l ing;—1
W m—1
oot (@ + D) — },H S widy)
Jg1_o iejwz—l

9i—2
+M¢((a+b)1—+ > wid;)
W W om—1 m—1 o _ Ly
Jry TUJry iGJ;'{' 1UJ"7:I2L 1
W om—1
= JI/IS}1 (;5(((1 + b>I 7 L71 Z wiAi)+

n
J . —
91 1€Jf',{ 1

W om—1
+.. 4+ % ((a+0)I — & 71“71 S widy)

Jai_a iEJ;'lL:;
W',:‘nflu.]:‘n—l 1
0 ¢(WJm_lqu_l 21: 1wi((a+b)IfAi))
1 "2 (ISH AU i

W m-1
=2 ¢((a+ ) — t— 3 wid)+

1
J ) _
91 dedg) 1

W om—1
ot 2 o((a+ ) — i X widy)

B -
91—2 ZGJ;L;

L e qs(Wij S wi((a+b)I — A)

—1
uJ . _
9 16(];? 1

+W+ >, ((a+b)I—Ay)

W om—1
ok Ot O -t S widy)

n .
“9i-2 qedg”

92
W om—1,,m-1 W om-1

J. J. J

I W: 2— (3 ',,L,:l — 71”71 Sowi(la+b)I — A)
Jry T T Udry I iEJ,',’.’lL’l
W m—1 L
T ‘ ‘

te w2 willa kbl = Ay)

™1 “ () iGJ:-TZL 1
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W om—1
= e+ - i T wid)+
Jgq iEJ;’{71
w m—1
ot (@t O~ e S wid)
/ Tz jegyT)
W']:‘n—lu(,:‘n—l W~]7m71 1
T ' Wy : d)(W "m—ll m—1 ((a + b)I "W o Z szZ)+
s toa am et
W om—1
(@t D) — i Y wid)
Jry "YU T jegm—t
r2
WJ;,;,1 .
< 0@+ 0 — —— > wid)+
Jg1 iEJ;’{71
Moy ,
ot S (- e S )
3 Jg1_o ieJ;lz:;
W}:fl L
+ W1 ¢((a’+b)1 W Z ’l,UiAi)
n J;(er—l iEJ:’ll_l
W}nfl )
tpdla+b)] — Y. wiAy),
" J;g_l iEJ:«g_l
Hence

m—1 m—1
Jy s 1 1Y

mammA[qu (6, w,A) ]

T

< Lo BT — L A;

Sy, ¢((a+b) W o1 > wid)
T iegnT!

_|_

. w

2 g+ D) — e Y widy)

9i-2 i€Jy ")

WZII 7)) A
+ W ¢((a +b) W1 Z wj z)
nTieame

wi—! 1
+—d((a+ )] — 5 2 widy)

J . y —
T2 qedpmt
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But
J{7L7.“7Jl77L
maz, Dy, (¢, w, A)]

> =8 —b((a+b)] — = 3 wiA)

n
J . —
91 lEJ:’,L 1

g .
+ JW‘anz ¢((a -+ b)I — W 717171 Z U)iAZ)

J . —
gi-2 i€Jy ")

m—1

+ V{}: ¢((a+b)[—winil Y wiAy)

Jgn . 1
T iEd)

m—1

+2-o((a+0)] — = 3 widy).

Jn ) 1
T2 aedy,

From above we have

LT JUr Lt
max [Dk(¢7WaA)] > max [D7n—1 (¢3W7A) ]7
Jlrn ..... Jl"l JInfl,.“’Jlnizl

Mm Z M’m—l; m:?),...,k.

Next we have to show that
1 n
o(al) + ¢(bl) — W ;wmmi) > M.

L L
For this we assume that maximum of the functioﬁaJ(;b, W,lAi is obtained forJf =
RIS =JF L JE=JF e
IR LT Wk Wk
maz [Dp(6,w,A)] = 2 6((a + 0T — o ¥ wids) + 22 6((a + )T -

i gk ;
h1 ieJf
1

JE L
W ok
e Y wid) + et L d((a D) — e Y wiAy)

gk gk o
hy i€JF hy i€ JE
€Jhy [ANAS] hy

w

Wk Tk
= (s X wil@t b - A) + 2o X willa+ ) - A))+ ..+
ha iEJ;fl ha iEJ,’f2
Wk
Lol 3 wil(a+b)I — Ay))
hy ieJ,’fl
< LS wildlal) + o) — p(A) + = X wildlal) + G(bI) — (A;)) + .. +
ieJ”il ieJ,’fQ

LS wip(al) + 6(bI) — ¢(A;))

€Ty



134 Khuram Ali Khan, Muhammad Adil Khan and Uzma Sadaf

=1 3 w;(¢(al) + ¢(bl) — ¢(A;))

"o gk k
i€JF ULUTE

= LY wi(lal) + $(b1) — $(A)).

Hencé7it is proved that
1 n
I [)— — 0(A;) > M.
¢(a )+ ¢(b ) Wn ;wz¢( z) = k

Now we have to prove that

My > ¢((a+b)I — mi 2102-/12-).

I3 I3
For this we assume that maximum of the funtioh®l(¢, w, A) is obtained forJ? = ng
andJj = J7 i.e

I3, 03

max[Da (¢, W, A)]
I3, J3

VVJ2 1 WJz 1
= 7t o((a+b)I — 3 ; wiAi) + 2o ((a + b)T — j g w;iA;)

a1 i€ 31 a2 € 32

Wng 1 W‘]gz 1

= W ,; ; wi((a+b)I — Ai)) + 72657 g wi((a+b)I — A;))
niesg a2 i€ Jg,

>6( X willa+b)I—A)+ 5= X wi((a+b)I - A))

W i€J2, i€J2,
=dlw, 3 willatb)l - A))
i€J2 U2,
n

n

My > d((a+ b)I — Win ;wiAi).

O

Theorem 2.3. Let A be ann-tuple of selfadjoint operators defined ¢m ] C R with
w; > 0; 4 =1,2,...,nsuch that, = > w;. If ¢ : [a,b] — R is an operator-convex
=1

function, then we have
B(al) + o(b]) — = 3 wid(Ay) > Hy > Hy_y > ... > Hy > Hy >

it (2. 6)
> ¢((a+b)I — 5 3 widy)

1=

=

where
I eI
Hy := min [Di(6,W,A)]

Treerd)
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If f is an operator-concave function th¢d. 6 )is reversed.

Proof. Its proof is similar to Theorer.2 but we use the minimum of the functional for
index sets instead functionals for 1 index set. O

3. APPLICATIONS TO OPERATOR POWER MEANS

Mixed-symmetric means according to (2. 2), (2. 5) and (2. 6) are defined as

1 s ]. s\ 1
M(’I’,S,W,A) = (WJ(W ZwlA:)T —+ Wj(WJ- Z’w,LA:)T)Z7

ieJ ieJ
LW
J 1 s
M, (s,m;W,A; k) := ( max ~((a+b)I — w; A;")7)
JE, ‘.,Jf; W, WJch Z;
and
VVJ’.c 1 s 1
H,(s,m; W, A k) == ( min 2 ((a+b)I — wiA;")7)5,
Tt ’Jlkj; Wa WJJI'C zg

wherer,s e R\ {0} andl <! <k <n.
The idea of above means for convex functions is given in [1].

Corollary 3.1. LetA ben-tuple of strictly positive operators with; > 0; i = 1,2,...,n
such thati,, = >~ w; = 1. Then for any nonempty proper subgeof {1,2,...,n}, we
i=1
have
My(w,A) < M(r,s;w,A) < M, (w,A),
if either
i 1<s<ror
(i) —r<s<-lor
(i) r>s<2r,s<-1
holds. Whilg(3. 7)is reversed if either
(iv) r<s<-lor
V) 1<s<—ror
(vi) »r <s<2r,s>1holds.

Proof. There are basically six cases to prove this theorem
Casel: Let us supposé < s < r then we havé < * < 1. Now by using Theorer.1

for a concave functiog, we have

D w(A) < Wbl o ) + Wyolgi= Sowid) < o} wid). @.7)
i=1 =1

i€J < ied
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Since¢(x) = 2P is concave function fod < p < 1, by puttingA4; = A7 in (3. 7)), we get

Zwl <WJ ZwlAT + Wi(— sz r 5§ ZwZAT 5

‘ ieJ 1€J

Sincef(z) = z7 isan increasing function fgr > 1, from above inequality we have

(iwi(‘q;)%)‘% < (WJ(WLZWA;“)MWJ szA’“ 15 < (( ZwZA’" 93,
=1 ! ieJ ZEJ

which implies that

(inAj)% szAT szAT % g (inA;)%
i=1 i=1

zEJ 16J
Hence
Mg(w,A) < M(r,s;w,A) < M.(w,A).

Case2: Let us suppose-r < s < —1. Then we have-1 < 2 < 0. Now by using
Theoren®.1 for a convex functionp, we have

Zwl i) > Wyp(—— Zw )+ Wbl Zw i >¢sz ). (3.8)

zel 1€J

Since¢(z) = 2P is a convex function for-1 < p < 0, by puttingA4; = A7 in (3. 8), we
get

sz A’“ > Wi(— szAT ZwZAT f > quAT %

zeJ zeJ

Sincef(z) = z7isa decreasing function fer < —1, from above inequality we have

=1

zG] ’LGJ

which implies that

(Zn:wiAf) szAr )r+ W ZwZAT )r)s s < (zn:wlA:)%
i=1 J i=1

1€J icJ
Hence
Ms(w,A) < M(r,s;w,A) < M. (w,A).

Case3: Let us suppose > s > 2r,s < —1then we hava < * < 2wheres < —1. Since
¢(x) = 2P is convex function fol < p < 2, by putting4, = A7 in (3. 8), we get

sz > Wi(= ZwZAT + Wi(=— ZwZAT é > ZwlAr

zeJ lEJ



New Refinement of Jensen-Mercer’s Operator Inequality and Applications to Means 137

Sincef(z) = zv isa decreasing function for < —1, from above inequality we have

Zwl (AN)F)s < (Wy(—— quA’“ +Wi(—— qum )I)E < (( ZwZA’“ BE

zeJ ze]
which implies that
) wids)* < sz Z wi AT < (O wiAl).
i=1 T e T e i=1

Hence
Ms(w,A) < M(r,s;w,A) < M. (w,A).

Caset: Let us suppose < s < —1 then we havé) < 2 < 1. Now by using Theorer.1
for a concave functiog, we have

Zw, D) < Woo(— Zm )+ Wio(— Zw, ; <¢Zw1 . (3.9)
zeJ ZEJ
Since¢(x) = 2P is concave function fod < p < 1, by puttingA4; = A7 in (3. 9), we get
ZwL <WJ ZwAT + Wi(=— ZwZAT%S szAT%
zeJ zG]
Sincef(x) = zvisa decreasing function for < —1, from above inequality we have

O wiA)7)F > (W;(WLJZwiA{)% +Wi(— Z“’ZAT > ( ZwZAT 8
i=1

ieJ zEJ

S

which implies that

(S wid?) = (W5 S wid))? + «szwiA:ﬁ)%z(ZwiAzﬁ.
i=1

W ieJ icJ i=1
Hence
M(w,A) > M(r,s;w,A) > M,.(w,A)
Caseb: Let us supposé < s < —r then we have-1 < 2 < 0. Now by using Theorem

2.1 for a convex functionp, we have

sz D) > Wih(—— sz )+ Wio(5- ZwiAi)ZQS(ZwiAZ—). (3. 10)
Wy i=1

zEJ v aed

Sinceg(z) = =P is convex function for-1 < £ < 0, by puttingA; = A} in (3. 10), we
get

w( AT - > Wy( w; AY) 4 w; AY) 7 Qi > ( wlAr
-1 WJ

ieJ lEJ
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Sincef(x) = x» is an increasing function fgr > 1, from above inequality we have
1

Z wi(A)7)s > (Wi

ZUM +WJ
zGJ
which implies that

w AN T > (S w AT
Z A Z )’
ZEJ

r'?

1 s 3 1 l
(o mAD? 2 (Vg ml)? Wy w2 (3w
zeJ ieJ
Hence

Ms(w,A) > M(r,s;w,A) > M,(
Case6: Let us suppose < s < 2r,s > 1 then we havd

w,A).
> < 2 < 2wheres > 1. Since
¢(z) = 2P is convex function fol < p < 2, by puttingA4; = A7 in (
sz >W; ZwiA;)%+WJ ZwZAT > ZwZAT .
ieJ zEJ
Sincef(z) = z¥ isan increasing function fgr > 1, from above inequality we have
Zm (A7)7)7 > (Wy(——

Z w; A7) + Wi
zEJ
which implies that

3.10), we get

3 1 s l
g wiAD) ) > ( g wlAT r)s
zEJ

O widd)® > (Wl

Z]szri WJZwAT% %Z ZwlAT%
'LG
Hence

i€J

Ms(w,A) > M(r,s;w,A) > M,.(w,A)

O
Corollary 3.2. Let[a,b] C R andA ben-tuple of strictly positive operators witly; > 0
i=1,2,...,nsuchthat¥,, = > w;. Then we have
i=1

o
Il
—
~
3=

> My(s,r;w, A;2)

W, Z wiAis)%
(3. 12)
if either
i 1<s<ror
(i) —r<s<-lor
(i) r>s<2r,s< -1
holds. Whilg(3. 11 )is reversed if either
(iv) r<s<-—lor
V) 1<s< —ror
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(vi) r <s<2r,s>1holds.

Proof. There are basically six cases to prove this theorem
Casel: Let us supposé < s < r then we have) < > < 1. Now by using Theorerg.2
for a concave functiog, we have

p(al) + ¢(bI) — i wi(A;) < My < Mgy < ... < Mg < My <
< o((a+b)] — 7= 3 wi A,
Since

p(x) = a”
is concave function fob < p < 1, by puttingA AT in (3. 12), we get

(@l)F + (D) — g S wi(ADF < maz 3 o (a4 D) = b Do e wid])F <
i=1 Jl’ W =1 Jj
I Wik b 1 AT LW

mazx Z a+ w1 w; AV <L < omax L ((a+

et Jf*ljgl W (( M- W"*l ZZGJ; i) < I3 ,ijgl Wa («
W2
1 )2 _

DI = Ty wid]) < ma ; L@t =gt e wid])F < (a4
W £ wd))}
Since

fla)=a7; p>1
is an increasing function, from above inequality we have

(aD)F + (bI)F — 32 > wi(AD)F)E <

n

i=1
: VVJJI'C 1 ry Sy L
= (chnaaf,lk j;l w, (a+0)I — W ZieJ_;f w;i A7) ")
! W]k_l 1 sy 1
7 — CATYE)E
< (Jff???f;;wlj:l —((a+b)I o Piest wid])F)F <
! W3 1 s 1
< (maz 50 (@ +0)] — g > lic s wid]) ™)+
le »Jlgjzl
< (mag Z L0+ b)] = 7 Ciep wiAD)F)E < ((a+B)] - 3 WA
rJ= J i=1
Hence .
((al)¥ + ()7 — 5= S wi(AD) )5 < Mau(s,m3W, Az k) < My (s,mW, Ak — 1) <
"i=1

Q‘H

ce My (s, 3w, A;3)

IA
=
B
=

=

>
r
IA
)
_|_
S

X wd)
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Case2: Suppose that-r < s < —1 then we have-1 < 2 < 0. Now by using The-
orem2.2 for a convex functior, we have

¢(al) + ¢(bI) — -

n

S wip(Ai) > My > My_y > ... > My > My >
=1 (3. 13)
> ¢((a+b)I— ln > wid;).
i=1
Since
p(x) = 2P
is convex function for1 < p < 0, by puttingA AT in (3. 13), we get
n Wk
(al)¥ + (bD)F — 7= 3 wi(AD)F > maz Z L ((a+B)] = he T widi)F 2

" =1 JEJF =1 j

l W(,l_c—l s l W/'3
J{‘*?}?f]’“*1];1 o ((a+b) I — 75— f‘l ZieJJI_c—l w; AT F > L > maz g e ((a+

W2
O = Yiesy wilki)” 2 maz Z 2 (et D) =57 Bie s wid])F > ((a+b)1 -
> wiAD)*,
i=1
Since

fla)=a7; p< -1
is an decreasing function, from above inequality we have

i=1
VVJ;_c 1 ry Sy 1
S( max Z W ((a+b)I_Wk Z szz)r)s
JE,. L JIF =1 77 iegk
I Wik 1 sy 1
<( maz 3 —F—(a+b)]— 5 X wid])r)s
JET LI = i segkt

l W3 s
<( mazx > W’ ((a+0)1 — = > wz’A:F)é
P dP =1 i ieJ?
< LTI AD)F)
< £ W00 5 w0
n 1,1
<(((a+b)[—win;w“4j)r)s.

Hence .
((al)* + (bI)7 — 3= > wi(A])7)

e S My (s,r3W,A;3) < My (s,m3W,A;2) < ((a+ b)) — i AN

< My(s,mwW, Az k) < My(s,mw, Ak —1) <

Q‘H
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Case3: Let us suppose > s > 2r,s < —1then we haved < % < 2 wheres < —1. Now
by using Theorem.2 for a convex functiorp, we have

o(al) + GbT) — 7= > wid(A) > My > My > .. > My > My >
=1 (3. 14)
> ¢((a+b)I — Vl}n > wi4,).
i=1
Since
p(z) = 2”

is convex function fol < p < 2, by puttingA = A”' in (3. 14), we get
(al)7 +(bI)* — - S wi(A])" = maz, Z ((a+b)1— Wor Liess Wid])T =

=1 ) o l j=1 J
l J k—1 . s 1 WJ;),
. - J
P ; i ((a+b) [ —5-— = ZieJﬂ’?’l wAY) T > > J?,L.%ﬁ]; - ((a+
W2

b)I—W%?zieJ; wid)? > mag z (@ 4D = s e wid])? > ((a+D)I -

1
W szAT)"-
Slnce

f@)=av; p<-1
is an decreasing function, from above inequality we have

((al)* + (0I)* — - ;w(AI)*)é
Wi - sy 1
<(maz Y - ((a+0) — 55— > w;A7)7)+
Thendfj=1 7" e
L Wik NI .1 ATYE)
< J + — i Z’? s
a (7??}?%% JZ::1 (@) Wi Le%;*lw )
<
< S (@) — AT)E)
J + — i : T)s
= (o g o (@O = w35, D)D)
LWy sy 1
< (max i ((a+b)I — Wl > wAT)r)s
J3IE =1 7i ieg?
< (((a+ ) = g > wid]) ).
i=1
Hence .
((al)¥ + ()7 — 5= S wi(AD) )5 < Mau(s,73W, Az k) < My (s,mW, Ak — 1) <
"i=1

Q‘H

e S My (s,r3W,A;3) < My (s,m3W,A;2) < ((a+ b)) — Z A;")r.
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Cased4: Suppose that < s < —1 then we haveé) < 2 < 1. Now by using Theorem
2.2 for a concave functio, we have

(o
g
=

< ¢((a+0) —
Since

p(z) = 2”
is concave function fob < p < 1, by puttingA A7in (3. 15), we get

n Wk
(@)™ + (bI)7 — = 32 wi(A])* < maz, Z ( a+b)— 7 ek w; A7) " <

=1 1oe0dp g=1 J
I Wik A7) L Wys

max J a+b)]——— wW; F<..< max L ((a+
JEL A,Jl’“*ljé% W (( ) WJJ’F*I Zze‘]k P ) IR Ifjgl W ((
D) =7 Lieys wid])" < TRt 2 Z L ((a+b)I - Wy 2icsz WiAD)T < ((a+b)I -

J J

1 D 1
Wn awZAz)r

i=
Since

1
fle)=a7; p<-1
is an decreasing function, from above inequality we have

((al)? + (bD)F = 7= 3 wi(AD)F)}

1=1
> (ar 3 i@+ D) — g ¥ wAn)?
max 2 ((a+ — w;AL)r)s
kgl io W Wik & )
! W.I,’?_l 1 s\ 1
>( max > ——((a+d)— 3 >, wiA7)T)E
J J, =1 J ZEJI”_l
>
l
> (ar 3 ()T - e T wAD)E)?
Ji”,le = 7} i
l WJ I A s 1
> - — CATYE ) S
> (Jmlzgflg]; wo (@4l = GZJw D7)
ryiy 1
> (((a+b)I — AL )

Hence

(D + (D) — g ; wi(47)

1
we > My (s,r3W,A;3) > My (s,m3W,A;2) > ((a+ b)) — Z AN

)% > M,(s,m;W,A k) > My(s,m; W, Ak —1) >

Sl

Q‘H



New Refinement of Jensen-Mercer’s Operator Inequality and Applications to Means 143

Case5: Let us supposé < s < —r then we have-1 < = < 0. Now by using The-
orem2.2 for a convex functionp, we have

Since
o(x) = a”

is convex function for-1 < 2 < 0, by puttingA; = A} in (3. 16 ), we get

L Wym :
> maz_ Y A-((a+0)] — = 3 wAD)*
o™ j=1 7" T ierm
WJT"_l s
fo ((a—|— b)[— W vlni Z wiA;)?

m—1 m—1 n 1
JUT ) Jj=1 7 ieJ;”fl

Y

I W3

73 s
2 ((a 4 b)I — =+ w; A7) r
J? 7777 Ji,sj:1 W, (( ) WJ]:,; ZEZJJJ K3 7,)7‘

v
3
)
8
™

JZ s
i ((a+b)I — o~ w; AL )"
g2.02 iz W (« ) Wz LEZJJZ A0

v
3
8

]

Since
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is an increasing function, from above inequality we have

=1
!
> ( maz Y - ((a+b)I — o 3 wiAD))E
St gz iegm
L W s\ 1
2(, mar N (@t - 5 w7
Ji s d) Jj=1 J; ZeJ;rl—l
>
! WJ3 sy 1
> (mazx_ 3 - ((a+0)I - Wl S ow;AT)r)s
J7 e} j=1 ]? ieT3
l Wiz s\ 1
2 (mag - ((a+0)I — = 3 wiAj)* )+
J12’J12 ]il " ]2 7€JJ2
=z N N §
> (((@+0)1 — 5 ;wﬂaxly)é
Hence .
((al)* + (BI)7 — 5= S wi(AD)F)s > My(s, 73w, Az k) > My (s, 3w, Ak — 1) >
"i=1
2 My (s,73W, A3 3) > My (s,m5W,A2) > ((a+ D)1 — 5= 3 widi")7.

1

.
I

Case6: Suppose that < s < 2r,s > 1 then we havel < 2 < 2 wheres > 1.
Now by using Theorer.2 for a convex function, we have

=0 - T 3. 17)

Since
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is convex function fol < p < 2, by puttingA4, = A} in (3. 17 ), we get

w;(A})*

!

(al)7 + (bI)7 — m}"

=1

l WJT” s
> . b) I — CAT)
- J{’m?fll’” ]21 W ((a+0) W iezJ:;n widdi)

I Wioma

> max Y ——((a+0)I — 71n71 S w AT

—1 —1 7
VA = 7 e

Lo Ws

> maz Y e ((aer)I—ﬁ 3w AT

TP d? =1 7 ieT?
LWy

Since

s

((al) + (bI)* — 4= :zlwim;)?)%

O

L Wym s
> ( maz Y A ((a+b)] — e Y wAT)E)E
et = T T ierm
l W.]m71 1 s\ 1
> ( mar > @+ 0 — — > wA)r)s
JrTh a3 e !
>
l W s sy 1
> (maz Y w-((a+b)I — 55— Y wA7)7 )+
I3, J8 j=1 7% T3
>( l W,]2(( b)] 1 Z A)s)l
> (max L ((a + — wi A7) )
=T Wor &7
> (((a+b)1 — 5= > wiAp)7)*
i=1
Hence "
((al)* + (bI)7 — 5= S wi(AD)F)s > My(s,m3W,Azk) > My(s,r;w, Ak — 1) >
"i=1
n 1
we > My (s,r;W,A;3) > My (s, W, A;2) > ((a+b)T — W} S wi AT
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Corollary 3.3. Let [a,b] C R and A be ann-tuple of strictly positive operators with

n
w; > 0;4=1,2,...,nsuchthat,, = " w,. Then we have
1=1

((a+b)I — 5= > wA;T)T > Hy(s,r;w, As2) > > Hy(s,r;w, As k)
tis1 (3. 18)

if either

i 1<s<ror

(i) —r<s<-—lor

(i) r>s<2r,s<—1
holds. Whilg(3. 18)is reversed if either

(iv) r<s<-—lor

V) 1<s< —ror

(vi) »r <s<2r,s>1holds.
Proof. Its proof is similar to Theorer.2, but we use the minimum of the functional for
index sets instead functionals fbr 1 index set. d

Now we introduce the following expressions for operator-convex functions in the same
way as these are defined in [1] for convex functions:

=

9(0:piA) = A Wbl sz v+ Wbl ZwZAP% :

161 1€J
1
l P
! Jk 1
e — _ VAN
Gk (D3 A) = J;T.%;v ;:1 7Wn o[((a+b)I WJf Eﬁw i A7) IP

and

Tl=

) ! WJk py L
hen@iiA) = 4 min, S ol((a DT - o 3w D)

=1 75 ieJp

Corollary 3.4. LetA be ann-tuple of strictly positive operators with; > 0,7 =1,2,...,n
such that,, = Z w; = 1, ¢ is a positive operator monotone function 80, co) and.J

i=1
is any nonempty proper subset{df, 2, ...,n}. Now ifp > 1, then we have

1

sz‘fb NP < gldip; A) < b( Zwl )7) (3. 19)

If p < —1, then(3. 19 )is reversed.
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Proof. Let us supposg > 1, now by using Theorem.1 for a concave functiorf, we have

D wif (A) S Wy f(55= D widi) + Wif (= D widi) < f(3_widi). (3. 20)
i=1 I ieT e i—1

Since the functionf(z) = qb(x%)?’ is operator-concave, whetgis a positive operator-
monotone function defined 08Y(0, o). Now by putting4, = A” in (3. 20 ), we get

S wid(AD)F) < Wa((r X wiAl)3 )
=1 ) ZEJn ) (3 21)
Wiy 2 wid])?)" < S((3 wid]))"-

1e€J 1=

Sinceg(x) = z7 isan increasing function fgr > 1, we get
(X wid((AD)7) ) < Wad((; X wid?)?)?

W6 (7 X widD)»)P)5 < (((3 wiAD)?)P)7,

icJ i=1

p

which implies that

n

(_:lem(Af))% < (Wio((s ;}wiAf)%)p
+Wiro((5; w; AP)5 )P < ¢((};wiAf)%).

iceJ i
Hence
" wid(AD) 7 < g(dipsA) < (3 widl)7).
=1 =1

Now we suppose that < —1. Sinceg(z) = zv is decreasing function fop < —1,
(3. 21) becomes

(S wio((40)9))F = (Wool(sd X widD)Py
FWio(( X wid)P)F 2 (6((3 widd) ),

which implies that

W5 | jwiA?)%)p)% > qb((ZleiAf;)%).

Y

Hence
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Corollary 3.5. LetI C R be an interval andA be n-tuple of strictly positive operators

n
withw; > 0; i = 1,2, ...,n such thatW,, = > w; and¢ is a positive operator monotone
=1
function onS(0, co). Now ifp > 1, then we have

(@((al)? )P+o((bI)7 )P —— Zwm "5 < g5 A) < oo < gon(d5p5 A) <

1

¢(((a+b1——zwu 7), (3.22)

wherel <[ <k <n.Ifp < —1,then(3. 22)is reversed.

Proof. Let us suppose that> 1, now by using Theorer.2 for a concave functiog, we
have

Flal) + FOI) — g 3 wif (A9

=1

LW,
ma Z T ((aer)]f—lC > wi4;)

Jf J JJ ieJp
l W -1 1 Z 4 )
< a+b)I — w; A;
< 1 B (D - 8wk
<
LW,

< max Y w5 f((a+ b — 5= 3 wiA)

JP e J?]:l i ieJ?

L W,

<maz Y - f((a+b)] — 5= 3 wid)

JEIE =1 " 7 e

Since the functionf(z) = (b(x%)p is operator-concave, whergis a positive operator-
monotone function defined o$Y(0, co). Now by putting4, = A” in above inequality, we
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get

#l(aD)?)? + ¢’<<bf>%>p - i X wo((4D)}))

< mor ¥ mho((a+ I - g X wAl)bp
TEeendf =1 5 iedk
L Wik 1
< maz, S (@ + b — 5= X wiAl)r)
J " st ieJF?

<

Sinceg( )= z7 isan mcreasmg function fqr> 1, (3. 23 ) becomes

1

(6((al)? )" + S((BT) )p—fzwz (AD)7))»

I W 1 1
< (paz, 3 rrol(a+ bl - W e Diear widy) 7))
I =

1

W o k_1

l J 1 1
T 2 ol D = i B w7

IA

< ( maz_ Y w3¢(((a+b) e . e w; AP)5)P)

< (maz Z_: an (((a+b)I - 3

< ($(((a+b)I — = z wiAT) by >%

Hence

(((al)? ) +((bD)7)? - - g Wit (A < gn($35A) < gho1,n (0393 A) <

G5.0(63 3 A) < g2, (9303 A) < O(((a+ )Ty ; AP)).

(3. 23)

Now we suppose that < —1. Sinceg(z) = zv is decreasing function fop < —1,
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(3. 23) becomes

($((al)P )P + (b)) — 7 ; wid((A?))P)»
> (mar % T o((at 0 - g Y wA?)
JEJF =1 T ek
W ok—1 1 1
> (e S (@ - S wAnhn
L F

)P)

=

>

I W, 11
> (maz 3 i o((a+0)] - g 5w AN
Iy i =1 75 ied?

> (maz Y w2 o(((a+ )] — = 3 w;AD)F)P)s
JRJEi=1 0 77 iea?
> (¢(((a+b)I — 5= 3w AP))P)5.

"i=1

Hence n
(S((al)?)P+o((b1) )P — 3 - wid(A)') 7 > grn(dipiA) = gho1n(GipiA) > . >

i=1
9o (9 A) 2 g2n(6505R) 2 O(((a + D)y 3 wid?)?) O

Corollary 3.6. Let the conditions of Corollarg.5 be satisfied. Then we have the following
inequality

n

o(((a -+ b)I - Wi ZwA)) (3. 24)

wherel <[ <k <n.Ifp < —1, then(3. 24)is reversed.

Proof. Its proof is similar to the proof of Corollary.5. O
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