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Abstract.: In this letter, the MHD boundary layer fluid flow of non-
Newtonian power-law on a stretching plate in the presence of a magnetic
field has been investigated. The deductive group-theoretic technique is
utilized to transform the proposed mathematical problem into a non-linear
ODE. The solution of the converted differential equation is studied via the
quartic B-spline method and the modified Laplace decomposition method.
The approximate solutions are explained through tables and illustrative
graphs for different values of the fractional order derivatives implement-
ing the modified Laplace decomposition technique. We have used the
Caputo sense of fractional derivative in this paper. A comparison of the
obtained results reveals that both techniques are effective and reliable tools
for the solutions of boundary value problems in fluid flow. It is found that
when the pate and the fluid move in the same direction, the velocity pro-
file declines and then improves at the end of the trend while the velocity
profile gradually increases when the pate is stationary. The effect of the
fractional order derivative on the velocity profile is another novelty of the
present work. Furthermore, the influence of the physical parameters and
the fractional order derivative on the stream function and the velocity pro-
file is shown via tables and illustrative graphs.
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1. INTRODUCTION

Various forms of differential equations of fractional and integer orders are appeared in
modeling applied problems in optics, science, physics, ocean, finance, etc.[41, 26, 42, 13,
23, 37, 14, 40, 27, 10]. The vast majority of the fluids occurring in the manufacturing
processes and applied sciences such as pulps, paper production, polymer etc. have rheo-
logical characteristics of boundary layer flow fluids. Because of the widely used of such
fluid numerous efforts are directed to understand their friction and heat transfer proper-
ties. Sakiadis analyzed an incompressible Newtonian fluid boundary layer flow over an
invariantly movable surface [38], and found out that these kinds of fluid problems lead to
essentially various solutions compared to the flow problems investigated by Blasius, Lat-
terly, and Pob. The exact solution for the same model is obtained by Crane [6]. The more
comprehensive form of the heat transmission in a liquid layer over unsteady expansion
sheet studied by Liu et al [18]. The second-order viscoelastic in nature fluids as a subclass
of non-Newtonian fluids is examined via [8]. A stretching model of an incompressible fluid
flow on porous wall is studied by Magyari and Keller [21]. The same authors investigated
the heat transfer initiated via stretching surface in an incompressible fluid flow[5]. The
heat and mass transmission in a viscous fluid electrically conducted on a stretching sheet
with the existence of magnetic field is analyzed by Mishra et al. [24]. Bhatti et al. stud-
ied the effect of Magnetohydrodynamic on a stagnation point flow on a porous stretching
plate using a numerical method [2]. Abel in [1] investigate heat transmission in liquid films
with viscous properties with the existence of magnetic field. Rotational and hall current
impacts over a convection magnetohydrodynamic flow is studied by [35]. The Magneto-
hydrodynamic Reiner-Rivlin flow via porous cylindrical annulus is analyzed by [7]. Very
recently, the collocation method based on the quartic B-spline function and the well-known
powerful techniqgue Runge-Kutta method are employed to study the approximate solution
of the Casson-Carreau fluid over a stretching sheet [28]. The collocation method based on
spline function is utilized to investigate the numerical solution of the Casson fluid over a
stretching sheet[29]. Over a continuously moving sheet, the influence of MHD fluid flow
utilizing CNTs with thermal sink/source and radiation is studied in [22].

Several methods have been employed to investigate the solutions of differential equa-
tions and boundary value problems. The Laplace decomposition method is one of these
methods which gives excellent solutions compare to the exact solutions see [11, 12]. The
convergence of the Laplace decomposition method is studied in [4, 9]. Also, the error
analysis of the collocation method based on quartic B-spline function is studi@f in [

The aim of the present work is to extend the analysis of non-Newtonian power-law
boundary film flow fluid to a non-linear continuous moving surface by including the effect
of the magnetic parameter. The Maple 2020 program is employed to solve the converted
mathematical problem using the quartic B-spline technique and the modified Laplace de-
composition method (MLDM). Numerical and graphical representations of the impact of
emerging physical parameters on the skin friction, stream function, and fluid velocity are
provided.
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2. PRELIMINARIES

In this potion, some basic properties and definitions of Laplace transform and fractional
calculus are introduced.

Definition 2.1. [39] A real valued functiory(y),y > 0 is belong to the spac€,,o € R
if there existsl > o, such thay(y) = y%g, (y) whereg, (y) € C(0, 00), and itis belong to
the space”” if g" € R,, n € N.

Definition 2.2. [34] The functionf(z) is called Riemann-Liouvill fractional integral if it
defines as:

DO f(z) = ﬁ /OI (@ — ) f(t)dt, t > 0,
whereD f(z) = f(z).

Some properties of the operator fot wherey > 0 andr > —1:
(1) D*D* f(x) = D**# f(x),
(2) DD f(x) = D"D* f(x)

(3) Doy = %y(kl*‘r

Definition 2.3. [34] The Caputo fractional derivativé € C”,, n € N is defined as :

1 w n—a—1 pn
04)/0 (x —1t) ffdt,n—1< a<n.

D 1) = e

3. MATHEMATICAL MODEL

Consider an incompressible viscous power law fluid electrically conducting through a
continuous moving sheet via a constélri, in the opposite or same direction as the stream
velocity W.. Thez- andy- axes are parallel, and the axis grows parallel to the sheet.

A magnetic field of uniform forcé3, connects thg- axis and produces a magnetic field in
the z- axis orientation. The governing equations are

Wz + vy =0,

, By? (3.1)
WWg + VWy = L;’y _0Do0w Z w7

where bothv andv represent the velocity componentsiandy orientations, respectively,
prepresents the fluid density,, represents the shear stress associated to the boundary
conditions:

w=W,, v=0, y=0,

w= W, asy — oo. (3.2)

The relation of power law between shear rate and shear stress is implemented via

ow|" ! ow

- n_l - . . . . . . .
whereA‘g—z is the kinematic viscosity and the consistency coefficient represents by
K, nis the index of power-law any = % Substituting the kinematic viscosity value in
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FIGURE 1. Comparison ofy’(z) and solutiory(z) of (6.31) fora = 3
and various values aof/.

equation (3.1), we obtain

0 ( ow
WWg + VWy = A

— A= = , 3.4
dy dy dy P (3 4)

n-t 8w> . aB02w

Here, we introduce the streafi(z,y) asw = 22, v = 22, substituting the velocity
. . v Z
componentsy andw in equation (3.1), we get

2 2 2
00 920 89898(‘89 3. 5)

Oy Oxdy O ay?

dy? p Oy’
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associate with the boundary conditions

o0 o0 o0
= = Wm, o &, U) = U, ==L, = Woos 3.6
5y (50) = Wi, 5 (2,0) = 0, T (2,00) = W (3.6)
Via group-theoretic technique [3, 36] and considering the following transformations
O(x,y) = azg(2), 2 =byz ™", (3.7)

whereg(z) and z represent the dimensionless stream function and similarity variable re-
spectively. A\, i, a, andb are real numbers. By implementing the above transformations,
we obtain the following

00 _ gt "IAg — zug'], o _ abg' 227,
o oy
0%Q 829 (3.8)

— b2 iz )\—Qﬁ
ayr ~ 0T Baay
Inserting equation (3.7) and equation (3.8) into equation (3.5), the governing equations are
converted to the following nonlinear differential equation:

_ !
(Ig’l 19”) — Mg — (A —p)g"> + Agg" =0, (3.9)

if \(2—n)+p(2n—1) = 1anda®"~1p"~2 = 1 holds, and the boundary conditions (3.6)
givesab = W, and\ — 8 = 0. Thus, inserting the above relations into equation (3.9), we
obtain

=1 i\’ / qq”
- M =0 3.10
(Igl g ) g+ -7=0 (3. 10)

associated with the boundary conditions
g(0) =0, ¢'(0) =¢, ¢'(c0) = 1.
The Newtonian fluid is obtained when= 1. Thus, equation (3.10) becomes

’”—Mg'+%gg”=0, (3. 11)
associated with the boundary conditions
g'(0)=¢,9(0) =0, g'(c0) =1, (3.12)
where M = ME,;O is the magnetic parameter aad: is the parameter of velocity.

Here, the qu|d and plate move with the same veIocny “and direction whenl, and the
plate is stationary when= 0.

4. QUARTIC B-SPLINE METHOD

In boundary value problems and approximate theory, the B-spline function has a signif-
icant attention when numerical considerations are taken into account. In this portion, the
B-spline function is introduced to derive an approximate solution to the suggested model.
Starting with the finite set of points and dividing the intervak= [a, bjtom sub intervals
Ji = [zi,2zi+1] (1 = 0,1,2,...,m — 1) by the nodsz; = a + ih (i = 0,1,...,m), when
h = (b—a)/m . The quartic spline space defined in [32] as follows:

Sy(J) = {s(z) € C3(J)|s(2),, € Payi=0,1,..,m — 1} :
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FIGURE 2. Comparison ofj(z) andg’(z) of (3.11) and (3.12) fodl =
1 and several values ef

wheres(z), ;is the strain ofs(z) on J;, and the set of univariant quartic polynomials is
denoted byP,. Extending] = [a,b] to J = [a — 4,b + 4] for the equal space nodes
z; = a+1ih(i = —4,-3,...,m + 4). Now, the well-known B-spline [32, 33] is obtained
as follows:

(2 — zi—2)*, -

h4 + 4h3(2’ - Zi—l) + 6h2(2 - Zi_l)Q + 4h(Z - Zl'_l)g - 4(2 - Zi_1)4 5 IQ
Bi(z) = 11h% + 1203 (2 — 2;) — 6h2(z — 1) — 12h(z — 2;)° 4+ 6(z — 2;)" 3

! h4 + 4h3(ii+2 - Z) + 6h2(2i+2 - 2)2 + 4]1(27;_;,_2 - Z)S - 4(21'_;'_2 - 2)47 14
(Zig3 — 2) 15

0, otherwise.




Numerical Study for Fractional-Order Magnetohydrodynamics Boundary Layer Fluid Flow Over Stretching Sheet Mathematics

77

TABLE 1. Quartic B-splines table and at nodgs

z Zj—2 | Zj—1 Zj Zj4+1 2542 | 2543
1 1T 1T 1

Bj(2) O |5 |21 |2 |21 |O

hB'j(z) |0 |1 |1 /L =L |9

BBz 0 |5 | F | |5 |0

h3B"(z) | 0 1 1|1 1 |0

werel; = z;_20 < 2 < zj_1,l0 = 221 <2< 2,3 = 2 < 2 < zjp1, 14 = 241 <

z < ziya,I5 = ziyo < z < z3, andB;(z) denotes the locally supported non-negative
over[z,_q, zi43]. Itis clear thatB;(z) = B;y1(z + h) (i = —2,—1,...,m). In addition,
Bi(2)(i = —2,...,1 4+ m) is known as basis spline &f,(.J), sinceB;(z) is linearly inde-
pendent. Thus, the approximate solution of equation (3.11) is represented via the quartic
B-spline function:

m—+1

=Y 4Bl (4. 13)
1=—2

whereg; denote the unknown coefficients known as control points.

Using series solution (4.13) and Table 1, we obtain

m+1

Z qz 7 (qz 2+11qz 1+11% +Q7+1)
1=—2

m—+1 1

Z 4B (z) = ( Qi—2 — 3qi—1 + 3¢ + qit1),

1=—2
o (4. 14)

1
8" (= ZQ% B (2) = W(Qi—Q — i1 — @it Gi+1),
P
m—+1

1
S"(z) =Y @:B"(2) = 73 (-2 + 341 = 36 + gia).
1=—2

Here, the implement of the quartic B-spline technique on differential equation (3.11) with
boundary conditions (3.12) is discussed. Suppdtg = Z q;Bi(z) is the numeri-

cal solution of equation (3.11) with boundary conditions (3 12) The suggested model is
discretized at the nodes, fori = 0, 1, ..., m, and utilizing (3.11), we get:

9%i=2 — 3¢i—1 + 3¢ — qi+1 _ G2+ 11gi1 116 +Gir (Gim2 = Qi1 — ¢ + it
h3 24 2h?

—¢i—2 —3¢i-1 + 3¢ + ¢
—2M( Gi—2 — 9Gi—1 + Q+Q+1>_

6h
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TABLE 2. Comparison ofy”(0) of equations (6.30) and (6.31) for sev-
eral values of\/.

M e=0 e=1
h=0.1 h=005 MLDM |h=0.1 h =0.05 MLDM
0.0 | 0.5443565 0.5442929 0.544271D 0 0

0.5]0.3938071 0.3937535 0.39373570.4324108 —0.4324921 —0.4325191
1.0] 0.2944163 0.2943864 0.2943904-0.7703428 —0.7702805 —0.7702599

15| 0.2256477 0.2257284 0.2257553-1.0453086 —1.0449893 —1.0449167
2.0| 0.1764286 0.1765681 0.1766145-1.2765798 —1.2760658 —1.2758527
3.0 0.1129475 0.1130759 0.1131484-1.6537124 —1.6523887 —1.6519242

Now, we haven + 1 non-linear equations:

—¢i—2+3¢i-1 — 3¢+ ¢ia ,
- 1h3 L = 04(M, 2, G2, Qi1 Gy Gig1), @ = 0,1,2, .., m.

Similarly, using the conditions at= « andz = b, the following equations are obtained:
q—2+11g_1 +11g0 +q1 = 0,
— -2 —3q-1+ 3q0 + 1 = Ghe,
— @n—2 — 3qn—1 + 3qn + Qny1 = 6h.

Here, a system af: 4+ 4 non-linear equations withe + 4 unknowns(q_s,¢_1, ..., ¢m+1)

is obtained. The above non-linear system is solved to obtain the quartic B-spline solution
m—+1

S(z)= > @Bi(2).

i=—2

5. MODIFIED LAPLACE DECOMPOSITION METHOD(MLDM)

D2g+di(2)g" +da(2)g +ds(2)g=H(z), 2<a <3 (5. 15)

9(0) = e1,9'(0) = e2,9"(0) = e3 (5. 16)
Here, the Laplace decomposition method is applied [17] on (5.15)

s“L[g] —s* te; — 5 2ey— s Ses+ Lldi(2)g" +da(2)g' +d3(2)g] = L[H(z)] (5. 17)
According to the differentiation property, we get
e e e 1 1
Lig = =+ 5+ 5+ L LIH)] - Lldi(2)g" + da(=2)g' +ds(=)g]. (5. 18)

According to the Laplace decomposition method, the solution of equation (5.15) has the
form

9= o (5. 19)
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The non-linear term is decomposed as
=> A (5. 20)

whereA; represents the Adomian polynomials [25, 31defq1, g2, ..., gm thatis evaluated
by the following formula

1 dk A
Ak:ﬁw {N (Z)\Jgj)] , k=0,1,2,3,.... (5. 21)
) J=0 A=0

Using (5.19) and (5.20) in (5.18), we obtain

L[> gl = %‘F%“!‘%"FS%LZAI@ ~ L (e Zg ptda(z Zg ptds(z ng
k=0

(5 22)
Matching both sides of (5.22), the following relations are acquired
Ligo] = = + —2 + (5. 23)
S
1 1
Lig1] = EL[AO} - QL[dl(Z)gno +da(2)g' o + d3(2)g0),
1 1
Llga] = ;L[Aﬂ - ;L[dl(z)gno +da(2)g' o + d3(2)go)- (5. 24)
Generally, the recursive relation has the form
1 1
Llgk41] = st[Ak] - ;L[dl(z)gﬁk + da(2)g'), + d3(2)gr], k> 0. (5. 25)
Taking the inverse Laplace transform on equations (4.23)-(4.25), we obtain
g9o(2) = H(z),

() = L | LA = LUy + ale)go 4 da(elanl | k2 0

Here, the initial solution plays a crucial role in solving the proposed problem. Instead of
the iteration procedure, the above initial condition is decomposed into two @arts)
andHy(z) see [15]. Therefore, the following modifications are suggested

go(2) = Ho(2),

g1(y) = Hi(2) + L7" LlaL[Ao] - S%L[dl(z)g”o +da(2)g’y + dS(Z)gO]} ;

per(e) = L7 | LA = LB + )y + bl k> 1 6.26)

Now, we aim in this paper to present our problem arising in fluid flow in fractional order
such as in [19, 20, 30]. The fractional derivative of the converted mathematical model
(3.11) is explained by the following fractional (ODE):

1
D¢g— Mg + 599” =0,
g'(0) =¢€,9(0) =0,¢9"(0) = A,

(5. 27)
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whereD¢ represents the Caputo derivative and is expressed as[15, 16]:

« _ 1 K _ A\l—a—1 (D) _
D29 = e [ (1= 0" N0 -1 <<

wherel is an integer number. The Caputo fractional derivative of Laplace transform ex-

pressed as:
-1

LID2g(n)] = s*Llg(n)] — > _ s> 1g")(0).
k=0
Here, we apply the Laplace transform on non-linear fractional differential equations (5.27)
as follows:

1
L[DZg]=-L {Mg' + 299”}
By the Caputo derivative of the Laplace transform, we obtain
€ A 1 1
Lig=5+45 -~ L|tgg—Myg .2
bl=5+5-"= [299 g} (5. 28)
whereg” (0) = \. Implementing the inverse Laplace transform on (5.28) gives

L, ’
- - M
299 g:|:|

2 s«

The series solution of (4.27) is as follows:

2 1
g(z) =ez+ Az —-L! {L [

52
go =€z + 7
- Az? 1 1 & >
ng(z)zaz—i—T—L_l - (22Ak—MZg’k>H (5. 29)
k=0 k=0 k=0

The Adomian polynomialgl, k& = 1,2, 3 represent the non-linear terms as follows:
Ao(2) = g"0(2)g0(2), A1(2) = g"0(2)91(2) + 9"1(2)g0(2),
As(2) = go0(2)9"1(2) + 91(2)9"0(2) + 91(2)9" 1 (2).
Using the proposed technique, the functidz) can be written as
A2
H(z) = go(z) + g1(n) = ez + 5
Here, we obtain the following recursive relation
go(z) = ze,

1
g1(2) =0.502% — L1 LaL [0.5A0 — Mglo]} )

1

Hence, the series solution is
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FIGURE 3. The effect ofa on ¢g(z) and¢’(z) of (6.31) using MLDM
whenM = 1.

1 1
gk.:,_l(z) = —Lil |:504L |:2Ak — Mg/k:|:| s k 2 1.

The value ofy” (0) = X is found by determining., = 2 and using the conditiog (c0) =
1.

6. RESULTS AND DISCUSSION

The numerical solutions that have been calculated using QB-spline and MLDM are dis-
cussed in this section. The solution of the proposed problem is investigated to show the
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TaBLE 3. Comparison of values-g”(0) of equations (3.11) and (3.12)

for various values of\f.

€ QB — spline MLDM
h=0.1 h =0.05

0.8 | 0.545069 0.5449750.544995

0.6 | 0.325964 0.3258290.325863

0.4 0.112983 0.1128640.112894

behavior of unsteady flow for various magnetic field and velocity parameter values. As
seen below, two physical impairments emerging in natural fluid flows are thoroughly inves-
tigated.
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FIGURE 5. The impact ofx on ¢’(z) andg(z) of equation (6.30) using
MLDM when M = 1.

6.1. The plate is stationarye = 0.
In the absence of velocity parameterthe plate is stationary and the following two-
dimensional laminar flow is gained:

m 1 1 /
Log — Mg =0,
g- 599 — Mg (6. 30)

9(0)=0, 4'(0)=0, g'(c0)=1.

The numerical solution of equation (6.30) using QB-spline method is founded as follows
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for M = 1:

0.1471932031%+ 0.012225989%, 0 <2<0.05,
0.1471922926% 0.0000121243+0.0121653%, 0.056 <z<0.1,

-0.0423+ 0.09244z+ 0.0737382%+ 0.0236693+0.010282, 1.95 < 2z < 1.95,
-0.0561+ 0.12093792+ 0.0517319%7+0.0311653+0.009322, 1.95 < z < 2,
0 , otherwise.

The comparison of velocity profileg (z) and solutiongj(z) when the plate is stationary

¢ = 0 and the plate and fluid move in the same directos 1 are shown in Figure 1.,

the displacement of fluid when = 0 is less than the displacement of fluid wher= 1.
Figure 2. illustrates the comparison of velocity profiféz) and solutiong(z) of (4.27)
utilizing both proposed methods and demonstrates the influence of magnetic parameter
on the velocity profiley’(z) and solutiong(z). In Figure 2. an increment of the value of

M reduces the solution and velocity profile. Figure 3. shows the impaetoofg(z) and
¢'(z). Decreasing the value of slightly decays the value @f(z) and decreasing the value

of a has no remarkable effect on the value of velocity prafile). In addition, Table 2.
demonstrates the comparison of values of wall shear sjfé83 acquired from equations
(4.27) and (4.28) with those obtained by QB-spline and MLDM for various chosen values
of magnetic paramete¥/. An excellent agreement can be observed between the results
presented numerically and graphically.

6.2. The plate and fluid move same directiore = 1.
With the presence of the velocity parameter, the following boundary layer flow is ob-
tained:

g///_Mg/+gg// =0,
g'(0) =1, g(0) =0, g'(c0)=0.

The numerical solution of equation (5.31) using QB-spline method is founded as follows
for M =1:

(6. 31)

2-0.385140287%2+0.16666662-0.0163272 0 <2 <0.05,
z-0.3851477+0.166756323-0.0167752, 0.05 < 2 <0.1,

0.0172 + 0.94238z-0.3088482% 0.1178453-0.003812, 1.90 < z < 1.95,
0.0136 + 0.9499537-0.3145905# 0.11979%3-0.004062 ,1.95 < z < 2,
0, otherwise.

The influence of the magnetic parameter on the soluicr) and ¢’(z) of (4.28) is
demonstrated in Figure 4. In Figure 4, the incrementbtiecreases the value of solution
and velocity profile. However, increasing the valuexah Figure 5. clearly, results a rising
the value of solutiory(z) and velocity profileg’(z). In Table 3, the effect of the value of
velocity parameter on the wall shear stressg” (0) is presented. It can be seen from Table
3. that the value of-¢”(0) improves with increment in the value of velocity parameter
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FIGURE 6. Comparison ofy’(z) and solutiong(z) of (3.11) and (3.12)
for M =1anda =3

Further, there is a remarkable consistency between the solutions utilizing QB-spline and
MLDM for all values of velocity parameter.

7. CONCLUSION

In this paper, we study the influence of the velocity and magnetic field parameters on the
boundary flow over continuous moving sheet for non-Newtonian power-law fluid. The de-
ductive group-theoretic technique is utilized to transform the proposed mathematical prob-
lem into a non-linear ODE and investigated its solution approximately utilizing the quartic
B-spline technique. The suggested model is converted to a model of fractional flow fluid
utilizing Caputo derivative that dissect the influence of the memory of characteristic of flow
fluid and solved via implementing a method of Laplace decomposition transform. We have
studied the influence of the fractional order on the stream function and . The comparison
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of the obtained results shows the accuracy of the suggested techniques. Further, the impact
of magnetic parameter and velocity parameter on and the fluid velocity is discussed. Fi-
nally, we conclude from tables and illustrative graphs that B-spline functions and Laplace
decomposition method are good tools and efficient techniques for solving the fractional
boundary layer models. In the future, one can study the solutions of the present model for
and that provide a rich investigation for further study. Here, the question arises whether
these solutions are physically realizable or not.
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