Punjab University Journal of Mathematics (2023),55(5-6),185-196
https://doi.org/10.52280/pujm.2023.55(5-6)01

On the Fractional Integral Inequalities for p-convex Functions

Hanlar MAMEDOV (RESIDOGLU)
Department of Mathematics,
University of Igdir, Igdir, Turkey,
Email: hanlar @mersin.edu.tr

Ilknur YESILCE ISIK
Department of Mathematics,
University of Aksaray, Aksaray, Turkey,
Email: ilknuryesilce @ gmail.com

Received: 29 November, 2022 / Accepted: 29 May, 2023 / Published online:30 May,2023

Abstract.: Inequality theory is one of the major application areas of con-
vexity. Nowadays, the introduction of novel generalizations of convexity
has yielded considerable contributions in inequality theory. In this arti-
cle, some applications of p-convexity via fractional calculus to this field
is studied. The inequalities for Riemann-Liouville fractional integrals of
p-convex functions are obtained. Also, the special cases of these results
are presented and exemplified for some of p-convex functions.
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1. INTRODUCTION

The convexity has numerous applications to the inequality theory. Also, the inequal-
ities stated for convex functions can be used to obtain other inequalities, for instance,
Minkowskis triangle inequality and Holders inequality are obtained by applying Jensen’s
inequality for certain convex functions [1]. Hermite-Hadamard inequality is one of the cel-
ebrated inequalities for convex functions, which establishes the relations of various means
associated to the function [20, 21]. If the function f : I C R — R is a convex function,
then the following inequality holds

f<u+u)< 1 /“”f(t)dKf(qu(V)

2 v—Lu 2

where p, v € I with ¢ < v. This inequality is known as Hermite-Hadamard inequality.
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Various extensions and refinements of the Hermite-Hadamard inequality in the sense of
classical convexity have been presented by many authors [14, 15, 41]. Last decades, the
Hermite-Hadamard inequalities for abstract convexity types have been studied by many
authors and attracted great interest. Log-convex, quasi-convex, B-convex, p-convex func-
tions are some of the most well-known ones[3, 6, 15, 16, 30, 47]. In recent years, the
fractional operators are used to generalize the Hermite-Hadamard inequality [37]. The in-
equality via various fractional operators is proven for different kinds of abstract convex
functions such as quasi-convex functions [4], intervalvalued coordinated convex functions
[23], B~ !-convex functions [24, 46], convex function with respect to a monotone function
[34], exponentially nonconvex functions [40], s-convex functions [42], B-convex functions
[45] and others [10, 25].

The abstract convexity is a special sub-field of the convexity [35]. Some types of the
abstract convexity have special forms and some of them are generalizations of the con-
vexity. Nevertheless, both of them are very important and useful in application and the-
ory, because they represent strong conditions for problems. For example, quasi-convexity
which is a generalization of the convexity is applied to the optimization [13]; B-convexity
and B~ '-convexity that are special forms of the convexity are applied to the economy
[2, 3, 8]; p-convexity applied to the fixed point theory is a special form of the convexity
[22]. To sum up, the convexity and abstract convexity have applications to the optimiza-
tion, economy, engineering, programming, etc. [9, 31, 32, 33, 39, 43]. Inequalities based
on an abstract convexity type can be applied by means of some numerical methods to
the computer programming, optimization, mathematical economy, operation research, etc.
[4,5,11,12,17, 26, 27, 36, 37, 42].

p-convexity, whose origin is based on p-normed spaces and sets [38, 44] is of special
interest. The famous theorems of Caratheodory and Gluskin are extended for p-convexity
in [22] and Euclidean projections of a p-convex body are analyzed in [19]. Fixed point
theorems are studied in [18, 44]. Also, a lot more references on p-convexity can be given.
The Hermite-Hadamard inequality for p-convex functions is proved in [16].

In this article, p-convex functions are considered in order to obtain a new version of
Hermite-Hadamard inequality by applying Riemann-Liouville fractional integrals. Addi-
tionally, special cases of obtained results are presented. Finally, with an example of p-
convex function, the results are applied and special inequalities are presented.

The paper is arranged as follows: In the second section, some introductory definitions
and theorems are given in three subsections. First subsection covers the essential definitions
and notations of p-convexity. Second subsection gives the definition of Riemann-Liouville
fractional integrals and the last subsection recalls the Hermite-Hadamard inequalities for
p-convex functions with respect to classical integral. In the third section, the inequalities of
Hermite-Hadamard via fractional integrals are introduced, then their applications are given.

2. PRELIMINARIES

2.1. Definitions and Notations of p-convexity. Before recalling the definitions which are
the basis of the article, the following notations which will be used throughout the paper
should be given.

R™ is the n-dimensional Euclidean space;
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R’i:{(zla 758”) |xJ 20’ 1S]Sn}

Definition 2.2. [7] Let X be a real vector space, A C X and 0 < p < 1. The set A is
called p-convex set if x+1py € A, forallx,y € Aand &, € [0, 1] such that P +yP = 1.

Any interval of real numbers including zero or accepting zero as boundary point is a
p-convex set [38].

Definition 2.3. [38] Let A C X be a p-convex setand f : A — R. If forall z,y € A and
&,v € [0,1] such that P + P = 1

f&x +oy) <&f (2) +4f (y), 2. D

then f is called p-convex function.

With some different notations, the inequality ( 2. 1) can be expressed in the following
1
form. From the equation &P + ¢P = 1, if £ = v», v € [0, 1], then the inequality ( 2. 1)
turns into the below inequality

1 1 1 1
f(vmfﬂl*’y)‘jy)Svpf(x)Jr(l*v)Pf(y)- 2.2
Ifvy= %, then the inequality ( 2. 2 ) becomes
() < LS,
2p
Besides, if the variables = and y at the above inequality are changed with z = su+(1 — s) v
and y = sv + (1 — s) psuch that s € [0, 1], then it turns to the following inequality

f<u+V) cFlprA=s)v)+ flsvt+(1=-3)p)
25 ) 2% ’

2.3)

2.4. Riemann-Liouville Fractional Integral. In this subsection, the definition of the Riemann-
Liouville fractional integral is given. Before the definitions, it is useful to remind the
gamma and beta functions which are used in next section, respectively:
[(a)= [e t*tdt for >0,
B(a,f)= [yt (1=t "dt for a,8>0.
Definition 2.5. [28, 29] Let f : [u,v] — R where p,v € R such that p < v and [ €

Ly [, v]. The left hand side of Riemann-Liouville integral J;Lﬂ f and the right hand side of
Riemann-Liouville integral J%_ f of order o > 0 with ;i > 0 are defined by

1 ¢ a—1
T 0= g [ = p @ e @4
n
and
T F () = F(la)/ (@) f(@)de, t<v 2.5)
t

respectively.
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2.6. Hermite-Hadamard Inequality for p-convex Functions. In[16], the Hermite-Hadamard
Inequality for p-convex functions has been expressed as follows.

Theorem 2.7. Let the function f : Ry — R be a p-convex and ir ntegrable. For i, v € R
where |1 < v, the inequality holds

.y (u;u) (V_M)</Huf(t)dt

P

=9

< g {urm-nr 1B (52) 1 abf ) -ur e} o

Besides the Hermite-Hadamard Inequality, the following generalized inequality for p-
convex functions by substitution has proved in [16].

Theorem 2.8. Let the function f : R. — R be a p-convex and integrable function. For
w,v € Ry where i < v, the following inequality holds

/Olf (=7 ptarv) (140 =7)3 57 ) dy

()
< |14+ 22

()

3. MAIN RESULTS

2.7

s,

In this section, the new Hermite-Hadamard Inequalities including the fractional integrals
of Riemann-Liouville for p-convex functions are proved. In this process, the necessary
algebraic operations require us to treat the inequality, with respect to « separately. Hence,
we obtained the inequality for two cases: 0 < o < 1 and 1 < a. Thus, the following two
separate theorems are proven depending on the cases.

Theorem 3.1. Ler f : Ry — R be p-convex function and p,v € Ry where u < v and
f € L1 [, v], provided that right and left Riemann-Liouville integrals exist. If0 < a < 1,
then the following inequality holds
20 (v—pw)" , (ptv
< J“ J < -
e (M) S a0k s <

P

(v =) uf (n)
I'(a) (ap—p+2)

(yfu)“*1r<%>r<a+%f1)

i r(a)r(a+§)

[(ap—p+1)vf () —puf W)+

B wf ) -t (W) +

(vf(p) —pnf () - (3.8)
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Proof. The first part of the inequality is obtained by multiplying the inequality ( 2. 3 )
with 5271, s € (0, 1] then integrating with respect to s over [0, 1] and, finally, making the
substitutions z = s + (1 — s) v and = sv + (1 — s) p in right side of the inequality, as
follows:

Loty 1 Vu—a:a_l x) dx
5 Sgr | o s wan
1 v _
e z— ) f(2)da
o e ], @

Using Definition 2.5 and properties of Gamma function, we have

P

2v (v — p) f<ﬂ+11’) ST W)+ T8 f (w)

The second part of the inequality is proved by using some properties 0 < 7% <y<1

1
and 0 < (1—9)» < (1—-9) < 1for0 < v <10 < p < 1. The function f (z)
is multiplied by (v — z)*~" then integrated over € (u,v). In this stage, by setting

T = 'y% w+(1— fy)% v and considering the inequality ( 2. 2 ), we can write

/01 (V—v%u— (1—7)7 V)a_lf(ﬁlw (1-7)7v)

1

p

1 a—1 1
S/ (V*’Y%M*Q*V)%ZO (V%f(u)Jr(l*v)?f(V))

1
:—%(V—M)% uf (M)/O YO ydy
1
- Vf(u)/o YT (L =) dy
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1
= e w) [ =i

ap—p+2 pF(a+%>
N (v—p)*” F(%)F(O‘Jr%_l) [(ap—p+1)vf(p) —pnf (v)].
I‘(a—k%)

Now, if the function f (z) is multiplied by (z — 1)®~" and integrated over z € (u, v/
using the same substitution and the inequality ( 2. 2 ), then

p+(1 —v)%v—u)ailf(ﬁxw (1—7)7v)

C\H
/N
2
=

(—7%’1/1 + (-7 V) dvy

IN

B, S— R, S— =

(ﬁ/ﬁ (1—7)7 v —u)(H (v%f(u) +(1—)r f(l/))

1_ 1_
(=v* =) ) dy

IN

(=0 (S )+ (1 =)7 £ ()

1 _ _ ! 1_
— 0 b ) [ s T e ) [ =
0 0
1 1 ' 1
e T o) [ T b
p 0
1 a—1 ! 2_1
()" vf) | A=) dy
p 0
— _1
(=) ()" v (3)
= )~ S () + —— (v (1)~ f ) -
r(3+3)
Finally, if the two inequalities above are summed and the both sides of the inequality
are multiplied by =1, then desired result of the right side of ( 3. 8 ) is obtained. U

Ha)”

Now, the case of @ > 1 is proved in the next theorem. While this case affects the right
side of the inequality ( 3. 8 ), the left side remains same.

Theorem 3.2. Let f : Ry — R be p-convex function and p,v € Ry where yn < v and
f € Ly |, V], provided that right and left Riemann-Liouville integrals exist. If 1 < «, then
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the following inequality holds:
I ’ v 1 14 14 — K L
) < 3+J (V) ;xff (:u) < : 51((;) Her

1
2P (v—p)® +v
F(aJr;l) f (2117

v IET (R W) -pf () (=) uf ()T (2) N

+ pl"((y)l"(%-‘,—%) pl"(a-{—%)
(V*#)ailr(%)F(aﬁL%*1)(1’]0(!’«)*!’«)0(”)(‘1?*?4‘1)) (v—w)* wf(v)
* r(a+2)r(e) T {e-p (@) ° (3.9

Proof. Using the same method in the proof of Theorem 3.1, we have the left-hand side of
(3. 9). Let us prove the other side. The inequalities

/01 (V—ﬁu— (1—7) V)ailf(ﬁlﬁ (1=7)7v)

% (=7t =) ) dy
< [ (r=rtu=a=e) " (s ru+ 0= £ 0)

1 1_ 1_
; (*’w Yt (1 =) 11/) dry

and

1 1_ 1
’ (—75 Yt (1— )7 1V) dry
come from the first proof. If the inequalities are summed and multiplied by ﬁ, then
S f W) + T3 ()
1 1 1 1 a—1 1 1 a—1
7/ (V—ww—(l—v)P V) + (’yw+(l—w)p V—u)
0

S oh (@)
(—uf ()AC) +uf (s (1= -

—uf )G =P +vf ) 1= ay (3. 10)

is obtained. Since 1 < a < —|—oo,0§*y% <y<land0< (1—7)% <(1—+)<1,one
a—1
has (V - 'y%,u -(1- 7)% 1/) <v* land
1 1 a—1 _ _
yrp+ (1 — 7)11’ v— u) < (v—p)* (1 —4)*". Hence, the inequality (3. 10)

is handled as
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pI' (a) r a+%)
1 a— D
+pr(a)(y_p’) Vf(y)(a—l)p+2

This proves the theorem. g

Corollary 3.3. Ler f : Ry — Ry be p-convex function and p,v € Ry where p < v and
f € Ly |, v]. The following inequality holds:

Ty <”+1”>(V_M)§/:f(a:)dx§ vf(v) = nf (1)

v 2
3 11
25 (5.0) 07 G0 - 07 () G
Proof. This can be proved by taking @ = 1 in Theorem 3.1. g

Corollary 3.4. Let f : Ry — Ry be p-convex function and j,v € Ry where p < v and
f € Ly |p, v]. The following inequality holds:

2%%‘(“5”) /f ) da < vf(v) —uf (n) uf()
+p4p13<; ;)(f() pf@). — G.12)

Proof. The inequality ( 3. 12 ) is obtained by taking o = 1 in the inequality ( 3. 8). O

Consequently, some new type inequalities are proved, which are different from the in-
equalities given in [16].

Here, an example of p-convex function is given. Then, this function is applied to the
obtained inequalities.

Example 3.5. Let f : R, — R be the function f (x) = x°. The function f is p-convex.
Indeed, for0 <p <1
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@t (- 8)Fy) = (55 + (1-6)F y)2
=072 4207 (1—0)7 ay + (1 — §)7 32
<6722+ 67 (1= 08)7 (2% +9°) + (1 —8)7 o
=5ba? (57 + (1= 0)% ) + (1 - 0)3 4 (07 + (1 0)?)
<0%a + (1-8)7 y* = 65 f (2) + (1 - 6)* f (y) .

1Y)

For the function f : R, — R, f (x) = 2, Corollary 3.3 gives the following inequality:

2 v 3 3
1_ +v ) 3 11
2v 1</”L ) v— §/ xzd:vngB(, vp? — u?
(v —p) ; 5 PR s A

o3
2 2 2 2 2
1
(e+v) <V + pv + p <Y +pv+p —§B 7,1 . 3. 13)
97 +1 3 2 4 \p'p

In Corollary 3.4, the inequality below is obtained by getting the function f (z) = z2.

2 _ 3_ .3 3_ .3 24 q 11
(/Hrl/)1 (v M)SV Pt S Y (=), G.14)
2wt 3 2 4p pp
Also, in this application, it can be easily seen the verification of the inequality ( 3. 14 )
by calculating for the same specific x and v as above.

4. CONCLUSION

In this paper, a new abstract convexity type p-convexity is handled. This convexity type
was studied by J. Bastero, J. Bernues, A. Pena for sets in 1995. There were some other
papers about p-convex sets. The p-convex functions were introduced by Sezer, and others
in 2021. They also gave the inequality of Hermite-Hadamard for p-convex functions in
2021.

In this study, the generalized Hermite-Hadamard inequality for p-convex functions in-
cluding the fractional integral of Riemann-Liouville is proved. To give these inequalities,
the degree of the fractional integral should be examined separately as 0 < a < 1 and
1 < a < +o0o. Additionally, corollaries are obtained about these theorems. Finally, some
applications according to the corollaries are given.
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