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On a generalized lcm-sum function
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Abstract. Let N be the set of all natural numbers. For r € N, Fogel first considered the
greatest 7" power common divisor of m and n in N. Denote it by (m,7n), and call the
r — gcd of m and n. Using this notion we introduce the r — lcm of m and n, denoted by
[m,n],. For s € R, define L ,.(n) to be the sum of [j, n]S for j = 1,2, 3, ..., n. In this paper
we obtain an asymptotic formula for the summatory function of L, ,-(n). The case r = 1
was studied earlier by Alladi, Bordelles and more recently by Ikeda and Matsuoka.
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1. INTRODUCTION

Let N be the set of all natural numbers. For j,n € N, if [j, n] denotes their least common multiple then
Alladi [1] defined the function

(1.1) Ly(n) = [j,n]* fors € R
j=1

and proved;

1.2 Lemma. Forx > land s > 1,

. G(s+2) 2542
ZLS(”)—m-x T2 4+ Ag(z), asx — o0

n<x

where ((s) is the Riemann-zeta function and
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(1.3) Ag(z) = O(2?*F11¢) for any € > 0.
In [3], it has been proved that for x > e (the value of the exponential function e” at x = 1),
a4 Aq(z)=0 (x?’ - (log z)3 - (loglog x)%),
which is an improvement of (1.3) in case s = 1. Also in the same paper an asymptotic formula for
Z L_1(n) is obtained.
n<x

Recently Ikeda and Matsuoka [7] have proved the results given below
1.5 Lemma ( [7], Theorem 2). If a € N and a > 2, then for x > e,

Z Lq(n) = 2(5:?:;222(2) 222 L 022 (log 2) % - (loglog x)3),

n<x

as x — oo in which the implied constant depends on a.
1.6 Lemma ( [7], Theorem 3). If a € N and a > 2, then

(1.7) niLa(n) - @ (1 n CQ(C‘))

— ¢(2a)
and that for z > 1, ) (@) (a) +1]
_(la ¢Cla)\  (a) -z~ loga —at1
(1.8) > Lealn) == (Hg(m))_ CESVCES +0 (),

as x — 00, in which the implied constant depends on a.

n<x

Observe that Lemma 1.5 improves the order term of Lemma 1.2 in the case s = a € N witha > 2.

In this paper we define a generalized lcm-function, using the notion of the greatest r*"

divisor of m,n € N, introduced by Fogel in 1900(see. [6], p.134).

power common

Fix r € N. For m,n € N, let (m, n), denote the greatest r'" power common divisor of m and n, which is
called the r-gcd of m and n.

Clearly (m,n); = (m,n), the gcd of m and n.

t ¢
If m,n € N are such that m = Hp? and n = pr *, where p; are distinct primes and «;, 8; are
i=1 i=1
non-negative integers with a;; + 3; > 0 fori = 1,2,3, ..., ¢ then
t
(m,n), = Hpii where v; = 7 - min ([a—], [/37]), and [z] denotes the

T
i=1
greatest integer not exceeding the real number x.
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Define the generalized least common multiple, [m, n),., by

t
[m,n], = pr‘””ﬁ"_"”, which we call as the r-lcm of m and n.
i=1
Note that [m, n]; = [m, n], the lcm of m and n and that
1.9) (m,n), - [m,n], = mn

As pointed out by one of the learned referees of this paper the concept of  — lcm of m and n has been
mentioned in the article by Z. Bu and Z. Xu [4]. In fact they define [m, n],. by using (1.9).

Now, the generalized lcm-sum function, L .(n), is defined by

(1.10) Ley(n) =Y _[j,n]; for s € R.
j=1

One can prove easily, by usual method, that

1.11. Lemma. Forr € N, s > 1 and = > 1, we have

((rs +2r) 2542 2s+1
ZLS,T(H)Zm-x T2+ O0(2*19), as ¥ — oo, for any & > 0.

n<x

Since L 1(n) = Ls(n), defined in (1.1), the case r = 1 of Lemma 1.11 gives Lemma 1.2. Also in this
case of r = 1,if a € N with a > 2, A;(x) of Lemma 1.2 has been improved for s = a in [3] and the case
s = —a is considered in [7], (as given in Lemma 1.5 and Lemma 1.6 above).

Therefore in this paper we consider > 1 and prove the following:
Theorem A. For a,r € Nwithr > 1, and x > 1, we have
D Lar(n) = 2(2?1%2@
n<z
where the implied constant depends on a.
1.12. Remark. It may be noted that Z. Bu and Z. Xu ( [5], Theorem 4) have offered a more simple proof of an
asymptotic formula for Z Lq -(n), with order term O (2?1 log x) by using elementary calculations. But

n<x

Theorem A, proved here, by a different method(expressing L, ,.(n) as a Dirichlet product of two arithmetic
functions as given in Lemma 2.14) improves their order term.
Theorem B. For a,r € N witha > 2 and r > 1, we have

Z L_qr(n)= C(ar) {1+ F.(a)} + Oa7r(z(fa+1)(277~))’

-~ 4 0, (22, as @ — oo,

2
n<z
where the implied constant depends on a and r; and
2 3 2r —1 2r
F.(a) = H {(1 + p + e +..+ p(m_Q)a) + S Ta (1 p=a) }

p
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2. LEMMAS AND THE PROOF OF THEOREM A.

If pu(n) is the Mobius function, it well-known that

2.1) u(n) = L for s > 1;
—nt o ((s)
and that
p(n) 1

2.2)

1
e C()+O( >f0rs>1

Also if x,(m)=1 or 0 according as m is the r h power of a positive integer or not, then y,-(m) is a multi-

Xr( )

n<lz

plicative function and that its Dirichlet series Z

=1
product representatlon ( [2] Theorem 11.6) is g1ven by

converges absolutely for s > 1. Further its Euler

2.3) Xe(m) g for s > 1
m=1
and therefore
2.4 X (1 C(rs)+ 0O ( ) for s > 1.
m<z zo

We need the lemma proved in [7].
2.5. Lemma( [7], Lemma 4) If m, a € Nand S,(m) = >_;" | k%, then

Sa(m) = (:: + m oy +1 Py (“H)B;H_l -m2 % in which { By }$, are Bernoulli numbers defined

k+1
by z/(e* — 1) ZBk (2% /k)

m

2.6. Lemma. For m,a € Nift, .(m) = Z k®, then
k=1
(k,m),. =1
a—1
u m a+1
@2.7) ta,r(m) =m { ) 4 Len(m) + 25 ; (k N 1) Bi1 -wk,r(m)},
where (@)
w
2' T = : >
(2.8) Or(m) = m dZ 7
(2.9) ep(m) =Y p(d)
drlm
and

(2.10) brr(m) =Y p(d) <d>k

m
drim
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Proof. First note that Z p(d) = {
dr|(k,m)
Therefore

(2.11) tar(m) =D k| D wld) | = pdyd | Y o

0<k<m dar|(k,m) dr|m 0<0< 2
=3 uldas, (2.
d7
drim

Now using Lemma 2.5 in (2.11) we get

m/d" a+1 m dr a 1 a—1 a 1 m e—k
tor(m) = Z u(d)d‘““{< ¢§+)1 + ( / a+ 1 Z (k11>3k+1 (dr) }

dr|m k=1
a—1
or(m) a+
= a - ’I" B T )
m{a+1+2 k1k+1 k1 * Vk,r (M)
proving the lemma. g

2.12. Remark. Observe that ¢ (m) = ¢(m), the Euler totient function and that 1 (m) = 1 or 0 according

asm=1orm > 1.
m
2.13. L If T, , (m 7 then T, (m t“( )
emma. = e e T = 3t (1

]=1 drim

Proof. If (j,m), = d" then, by definition,

ya d’l‘éa
Tom)= 3 o= Y ( dm,)

0<j<m, 0<déd<m,

(ja m)?“ =d" dr‘m
(55 22)7“ =1

_ a_ ﬁ)
= X =Y w(g)
arlmy <5< m drim
(63 g})r =1
proving the lemma. 0

2.14. Lemma. For a,m € N

= > 8 M, (5).

élm

where M, .(m) =m® -ty (m).
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Proof. In view of (1.9), Lemma 2.13 and (2.7)

j:l (]7 m)’l”
o m
=m Z taq,r (dr)
drim
= > X (0)0" Mo ().
§lm
proving the lemma. g

To prove Theorem A we have to estimate certain sums involving the functions given in (2.8), (2.9) and
(2.10).

2.15. Lemma. If » > 1 and x > 1 then for any o > 0

:L,a+2

« o a+1
2 mnlm) = ey H O
Proof. By (2.8) and (2.2), it follows that
> de(m)= " p(d) 6
m<x d<zl/r 0< g+
_ (w/d")? z
=2 “(d){ 2 +O(E>
d<zl/r
a? p(d) (d)]|
=5 D a tOole Y
d<zl/r d<zl/r
J}Q 1/ JU2
= 2 (@) +O0(z/")+ O(zx) = 221 + O(z).
Using this formula and the Abel’s identity ( [2], Theorem 4.2) we get the lemma. ]
2.16. Lemma. If r > 1 then )
(i) > mYy p(m) = O(xT7) fora > k
m<zx
(ii) > mf(m) = O(z**!) fora > 0

m<zx
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Proof. By (2.10),
(Z) Z ma,l/] ( )_ Z dTa(SaM(d) _ Z (d)dra (soz—k
k,r m)= 5]{,’ - ,u’
m<z dré<z d<zl/r o<
ro €T a—k+1
=o| X @l ()
dgwl/"
_ a—kt1 ()]
=0z Z dr(1—k)
d<zl/T
=0 (:C‘X_k"’lx_(l_k”%) =0 (mw_%) )
(i1) > omep(m)= > d6u(d) = Y p(d)d™ 5«
m<x drélz d<gl/r i< 2
zot ()]
— T _ a+1
=0 Z |u(d)ld drotr | Ol= Z dr
d<zl/r d<zl/r
=0 (2*™)
0
2.17. Lemma. If r > 1anda € N,
Z m) p20+2 Ou ()
Mar m)=———=———~ 1+ 04 “ )
, 2
= 2(a+ 1)2¢(2r)
where the implied constant depends on a
Proof. Using Lemma 2.15 and Lemma 2.16, we get
a—1
¢r(m) 1 1 a+1
Ma r - Za SEr B . r
3 )= X0 {0 feo o 5 () o
m<z m<x k=1
_ 1 $2a+2 + 0O (an-i,—l) + O(.T2a+1)
a+1 | (2a +2)¢(2r) “
a—1
1 a—+1 a4 1
Oo|—— B aty
* <a+1;<k+l> FHLE )
. .’E2a+2 +0 (1’2a+1) +0 <12a+l,)
C2(a+1)2¢(2r) ¢ ’
proving the lemma since > 1. Here the implied constant depends on a. g
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Proof of Theorem A.
In view of Lemma 2.14 , Lemma 2.17 and (2.4)

D Lar(m) =Y xp(d)d" M, (6) = > xr(d)d" M, (5)

m<z dé<z A<z o<
(w/d)>*+? 7 2ot
= Xr (d)da { + Oa b
dzszm 2(a + 1)2¢(2r) (d)
_ z?at? Xr(d) +0, | 220t Xr(d)
2(a+ 1)2((2” = da+2 = da+1

x2a+2

- ST {C((a +2)r) +0 <x+12_>} 0 (a2

_ ;z:2a+2C((a+2)r) a+t 2a+1
T 2001 1)2((2r) +O(”3 +T) + Oa(@™*™),

proving the theorem.

3. LEMMAS AND THE PROOF OF THEOREM B.

It is well known that a divisor d of m € N is called a unitary divisor if (d, %) = 1. Generalizing this
notion, D. Suryanarayana [8] has defined r — ary divisors d of m € N, as those for which (d, %)T = 1.
Denoting the number of r- ary divisors of m by 7,5(m); it has been proved that 7" (m) is a multiplicative
arithmetic function and that

3.1) T (m) = > 1| is such that
dé =m,(d,0), =1

75(p*) = a+ 1 or 2r according as & < 2r or o > 2r for any prime p.

7 (m)

S

Clearly the Dirichlet series Z = F,(s) converges absolutey for s > 1 and therefore has Euler

m=1

product representation ( [2], Theorem 11.6). In view of (3.1), F.(s) is given by

2 3 (2r —1) 2r
(3‘2) F‘T(S)1_[{<14>s4>2s4>+ r— s>+ r—1)s 1 }
PP pr=2 pr=bs(l - %)

p

We observe that

- 2 ~(s)
(3.3) Fl(S)H{1+ps(1_pls>} T ((28)

p
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3.4. Lemma. For a,r and n € N with a > 2,

Z L_,.(n)= @ {1+ F,(a)}, where F,(a) in as given in (3.2).

n=1

Proof. In view of (1.9),

n in), a der
R Yo D VL R -

so that

(3.6) ZLWWFEL% > > %
n=1

n=1 dru=n \0 < § <wu, (6,u), =1
:ZZdarua Z 5711
d=1u=1 0<dé<u,(du),=1
S I e | 1
=D | 2w > =
d=1 u=l 0<6<u,(6u),=1
= ((ar) L 1
m(l
m=1 ud =m,0<d <u,(du),=1

But, by (3.1) and (3.2), we have

(3.7) Zmi Z 1:1+%Z$ Z 1
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=14 (B0 - 1)

1
= 5(1+FT(G))-
Now (3.7) and (3.6) imply Lemma 3.4. ]
Proof of Theorem B.
Since -
(3.8) > Loar(n)=> L ar(n)—S(x), where S(z) = Y L_an(n),
n<lz n=1 n>x

we estimate S ().
By (3.5), we have

1 1
(3.9) S)=)_ — ( ) > p

d=1 u>gr 0<é<u,(bu),=1
=1 1
= - t
Z der { u® Z 5a ’u( )
d=1 u> 7= 0<6<u tT[(8,u)
= 1 1 1
=2 5 o > s
d=1 u>gr 0<t's <u,t"|u
_ i 1 p(t) 1
dar ue ar sa
d=1 u> 4 tr|u s<3+
=1 u(t) 1
- Z dar { Zz tQaTUa sa)
d=1 V> G s<v
= 1 o 1 1
= Z 2ar Z /J(t)d ,Uia 570.
g=1 q dt=q v> 5 s<v
=1 ., 1 vl _
=3 e | e | X Lo - 2t 0w
q=1 4q dt=q v>

= Sl(l‘) + SQ(Z‘),

where S (x) and Sz (z) are the sums extended over those ¢ < x and g > « respectively.
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Now
Ry re(@ & o (2)
(3.10) Sl(x) - q;r q2a7' {;M(t)d C( ) a—1 * © <qr>
(2a2)(a1)+0<qr) }

7a+1<

— quar T(Z/L(t)dar) ( 7(12(] ar (Z )dar))
q<lz dt=q g<z dt=q
72a+2 L,
" (2a—2)(a—1) Z a Z (5™

q<:z: dt=q

But for any S5 > 1, we find, in view of (2.2), that

8 ar _ ar—p @ = ap ) L ¢ o
@3.11) D077 Y pndr =3 "d <t<; ta)—zd {¢(5)+O(x> }

g<z dt=q d<wz d<z
1
— Zdar—ﬁ +0 (Il—ﬁ Zdar—1>
C(ﬁ) d<x d<x

=04 (mar_BH) +0 (may'—ﬁ—‘,—l) =0y (xar—,B-i-l) ’

where the implied constant depends on 3.
Taking 8 = ar + r, ar, 2r and 7 in (3.11) and using them in (3.10) we get

3.12) S1(z) = Oy (xfafr+2) + Oy (z7°) + O, (:C72a727“+3+ar)
+ Oa,r (m—2a+ar—r+2>
— Oa , (x72a+a1‘7r+2)

Also

G13)  S)=0 ( - {Z u(t) (Z {ow- 2 +0<v-a>}> })
q>z dt=gq

ar (x—2a+ar—r+2> + O (x—ar-&-l) — Oa,r (x—2a+ar—r+2)

o (x(—a-‘,-l)(Q—r)) .
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Now Theorem B follows in view of Lemma 3.4, (3.8) and (3.14).

3.15. Remark. Although the main theorems are valid for > 1 only, Lemmas 2.6, 2.13, 2.14 and Lemma
3.4 hold for r > 1. In fact, taking » = 1 in Lemma 3.4, we get (1.7) in view of (3.3).
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