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Abstract.: In this paper, we establish some coincidence point theorems
of nonlinear rational contractions in a complete partially ordered metric
space. Some consequences of the results are presented in terms of integral
contractions and few examples are illustrated to support the results. As
an application, we proved the existence of a unique solution to an integral
equation.
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1. INTRODUCTION

In nonlinear analysis, the classical Banach contraction principle plays a vital role to
acquire the unique solution of many existing results. Itis very important and popular tool in
various disciplines of applied mathematical analysis and scientific applications. In metric
fixed point theory, the Banach contraction principle [7] has been improved in different
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directions with respected to the underlying contraction condition and also by imposing
some weaker conditions on the space, some of which were in [11, 12, 13, 14, 17, 18, 24,
33, 34, 36] and the references therein.

Later, it has been generalized and improved in various directions. First the existence
of fixed point for the mapping in partial order sets has been studied by Ran and Reurings
[25] and applied their results to matrix equations. These results of [25] were again gen-
eralized and extended in partially ordered sets by Nieto et al. [21, 22] and provided some
applications to differential equations. While a series of research papers have been done
by several authors from more generalizations of a metric space, some of such generaliza-
tions are from rectangular metric spaces, cone metric spaces, pseudo metric spaces, fuzzy
metric spaces, quasi metric spaces, probabilistic metric spRepstric spacesz-metric
spacesF'-metric spaces, etc. Prominent works of the existence and uniqueness of the re-
sults on fixed point, coincidence point and common fixed point for the mappings in various
spaces, can be found from [1, 2, 3, 4, 5, 6, 8, 9, 10, 15, 16, 19, 20, 23, 35, 37], which
generate natural interest to establish usable fixed point theorems. Recently, Seshagiri Rao
et al. [26, 27, 28, 29, 30, 31, 32] have explored some fixed point and coupled fixed point
results in partially ordered metric spaces for monotone mappings satisfying rational type
contractions.

The aim of this paper is to prove some coincidence point and common fixed point results
in the frame work of a complete partially ordered metric space for a pair of self-mappings
satisfying a generalized rational type contractive condition. Examples of the results, some
consequences in terms of integral contractions are discussed. As an application, the ex-
istence of a unique solution to an integral equation is proved in this paper. These results
generalize and extend the results of [21, 22, 25] and the result of Sharma and Yuel [33] in
partially ordered metric spaces.

2. MATHEMATICAL PRELIMINARIES

The succeeding definitions are frequently used in our study.

Definition 2.1. [28] The triple (22,3, <) is called a partially ordered metric space, if
(£, =) is a partially ordered set together witf??, ) is a metric space.

Definition 2.2. [28] If (£, 3) is a complete metric space, then trigle?, S, <) is called
complete partially ordered metric space.

Definition 2.3. [29] A pointp € A, whereA is a non-empty subset of a partially ordered
set (5, <) is called a common fixed (coincidence) point of two self-mappingsd g, if

ap = po = o0 (a0 = po).

Definition 2.4. [27] The two self-mappingsand o defined over a subset of a partially
ordered sefS are called commuting, oo = pap for all p € A.

Definition 2.5. [30] Two self-mappingé and p defined overd C S are compatible,
if for any sequencdp,,} with lirf ao, = lixf pon = p for someyu € A, then

lim S(paon, apon) = 0.

n—-+4oo
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Definition 2.6. [31] Two self-mappingg and p defined overd C S are said to be weakly
compatible, if they commute only at their coincidence points (i.eg ¥ po thenapp =

©0.0).

Definition 2.7. [32] Let A be a non-empty subset of a partially ordered (s®t=). If every
two elements ofl are comparable then it is called well ordered set.

Definition 2.8. [26] Leta and p be two self-mappings defined over a partially ordered set
(£, =<). A mappingp is called monotoné-nondecreasing, if

ao = al impliespp < @l, forall p,f € L.

3. MAIN RESULTS
We begin with the following coincidence theorem in this section.

Theorem 3.1. Let (£, S, =) be a complete partially ordered metric space. Suppose the
mappingsi, p : & — & are continuousyp is a monoton&-nondecreasing, ang(#?) C
a( ) satisfies

S(ao, po) [1 + S(al, pf)]
1+ S(ap, al)

+ B[S(ae, po) + S(al, pb)] +vS(ae, al),
3. 1)

S(po, pl) < «

for all o, ¢ in & for whicha(g) # a(¢) are comparable and there exist 5,v € [0,1)
such thatd < a + 26 + v < 1. If there existog € & such thatagg =< ey and the
mappingsh and p are compatible, thea and p have a coincidence point i&.

Proof. Suppose there exists a point € &2 such thatipy < pog. Form the hypotheses,
choose a poinp; € & such thatig; = poo. As po1 € a(£?), then there exists a point
02 € & such thatigs = pp;. Thus, repeating the same process, we obtain a sequence
{on} In & such thatip,,+1 = o, foralln > 0.

Also, from the hypotheses we gty < pog = de1 and then the monotone property of
p implies thatpog < po1. As by the similar argument, we obtain that

000 = 901 = .. 2P0 =X PO0nt1 = e

Now, we distinguish the following two cases:

Case:1If for somen, S(pon, pont+1) = 0thenpo, 1 = pon. Thus,pon+1 = pon =
aon+1. Thereforeg, 1 is a coincidence point gf anda.

Case:2If $(pon, pont+1) # 0foralln € N, then from (3. 1), we have

%(dQnﬂ—lv pgn-ﬁ-l) [1 + s(dgna @Qn)]
1+ S(CNLQn-&-la éQn)
+ 4 [S(&Qn-&-l, @Qn+1) + S(dgm @Qn)] + ’YS(&Qn—Ha ELQ,L),

S(p0on+1, p0on) < @

this implies that
S(pon+1, pon)
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Therefore,

B+

S(pon+1, pon) < <1 S ﬂ) S(9on, pon-1).

Inductively, we obtain that

B+

S(pont1,90n) < (1 — ﬁ) S(po1, poo)-

Letk = 1f;fjﬁ < 1 and from triangular inequality far. > n, we have

S(pom pon) < S(pom, pom—1) + S(Pom—1, P0m—2) + ... + S(pon+1, pon)
(K™ 1+ B2 4 4+ k) S(por, poo)

kn
1—k

asm,n — 400, S(pom, pon) — 0, this implies thaf pe,, } is a Cauchy sequence i#.
SinceZ? is complete then there exists some& £ such that liT ©On = [

IN

IA

S(po1, poo),

Further, the continuity 0§3 implies that
li = li = .
. im p(pon) =p (n im pgn> QL

Since,aon+1 = ©on thennErJrrloo A0n+1 = M-

Further, from the compatibility of a pair of mappings, a), we have

Jim  S(paen, apon) = 0.
Moreover, the triangular inequality &f, we have
S(pp, ap) = S(pp, paegn) + S(paon, apon) + I(apon, ap).

On takingn — +oc in the above inequality and from the continuity@fa, we obtain that
S(pp, ap) = 0, which implies thatop = ap. Hencey is a coincidence point. O

We have the following results as special cases of Theorem 3.1.

Corollary 3.2. Let(£, S, <) be a complete partially ordered metric space. The mappings
a,p: ¥ — P are continuousgp is monotonei-nondecreasingp(.%?) C a(4?) satisfies
the following contraction conditions

).
S(ao, po) [1 + I(aL, pl)]
1+ S(ap, al)

for somex, 3 € [0,1) such thad < a+ 25 < 1,

I(po, pl) < a + B[S(ae, po) + I(at, pl)],
(ii).
S(po, pt) < B[S(ae, po) + S(al, pl)] +vS(ae, al),
wheref,~ € [0,1) such thaD) < 25 + v < 1.
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for all o, £in & for whicha(p) # a(¢) are comparable. If there exists a poiog € &7
such thatagy = peo and the mappingé and p are compatible, the@ and p have a
coincidence point in.

Proof. The proof follows Theorem 3.1 by setting= 0 anda =0 . 0

Corollary 3.3. Let(Z,S, <) be a complete partially ordered metric space. Suppose that
p . P — 2 be a mapping such that for all comparabte/ € &2, the contraction
condition in Theorem 3.1 (or Corollary 3.2) is satisfied.

Assume thap satisfies the following hypotheses:

(). wis continuous,
(i). p(po) X poforall p e L.
If there exists a poingy, € &2 such thatgy < poo, thengp has a fixed point inz?.

Proof. Follow from Theorem 3.1 by taking = [ (the identity map). O

Relaxing the continuity criteria op in Theorem 3.1 is still valid by assuming the fol-
lowing hypothesis inz’:

for any nondecreasing sequeresg, } C S such that,, — o theng,, < oforn € N.
(3.2

Theorem 3.4. In Theorem 3.1, assume théitsatisfies the conditio(8. 2 ). If a(%?) is a
complete subset a¥?, thenp and a have a coincidence point ig?. Further, if o anda
are weakly compatible, thgnanda have a common fixed point . Moreover, the set of
common fixed points @f anda are well ordered if and only i anda have one and only
one common fixed point it?.

Proof. Assume that(%?) is a complete subset a?. From the proof of Theorem 3.1, we
have a Cauchy sequent&o, } C a(<?) and for som&w € a(<) such that
li = lim ap, = au.
A
Notice that the sequencépo,, } and{ap, } are nondecreasing from which we get, <
au andap, = au and, also the monotone property@implies thatpo,, < pu for all n.
Hence, by limiting case of it, we obtain that < pu.
Suppose thaiu < pu. Construct a sequende,} C S by uy = u andau, 11 = pun,
for all n € N. From the proof of Theorem 3.1, the sequefée,, } is nondecreasing and

Cauchy sequence such thairf a(uy,) = lirf pu, = av for somev € Z2. Thus from
n—-+0o0 n—-1+0oo
the hypotheses, we havep au,, < av andsup pu,, < av foralln € N.

Therefore,
aon R au X auy X ... S au, X ... < av.

Now, we have the following cases:
Case:1lf ap,, = au,, for someny > 1 then

A0, = QU = QUp, = AU} = PU.
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Thus,u is a coincidence point gb anda.
Case:2For alln € N, ag,,, # au,, then from (3. 1), we have

S(aon+1, aunt1) = S(pon, pun)

S(aon, pon) [1 + S(aun, pu,)]
1+ S(aon, auy,)

+ (@ 0n, auy).

Taking limit asn — 40 in the above inequality, we obtain that

+ B[S(aon, pon) + (aun,, pun)]

S(au, av) < yS(au, av)
< S(au, av), sincey < 1.
Therefore,
au = av = au; = PU,
which shows that: is a coincidence point gb anda.

Now, assume that anda are weakly compatible and letbe a coincidence point. Then
we have

pw = pab = apb = aw, sincew = pb = ab, for someb € .
From (3. 1), we have
%(&lo), pb) 1+ S(aw, pw)]

- + 3 |S(ab, pb) + S(aw, pw) | + ~S(ab, aw)
1+ (ab, aw)

S(pb, pw) < @

< S(pb, pw).
Asvy < 1,we get%(plon, pw) = 0 this implies thatph = pw = aw = w. Thereforew is a
common fixed point op anda.

Lastly, assume that the set of common fixed pointg @hda is well ordered. Next, to
show that the common fixed point gfanda is unique. Letu # v be two common fixed
points ofp anda. Then from (3. 1), we have
S(au, pu) [1 + S(av, pv)]

1+ S(au, av)

7 3(u,v)

S(u,v) <«

+ B[S (au, pu) + S(av, pv)] + vS(au, av)
<
< (u,v), sincey < 1,

which is a contradiction. Thusgy = v. Conversely, supposg anda have only one

common fixed point then the set of common fixed pointgafnda being a singleton is
well ordered. d

Besides, in Corollary 3.2 relaxing the continuity criteriaggand satisfying the hypoth-
esis of Theorem 3.4, one can obtains the coincidence point, common fixed point and its
unigueness op andh in 2.

Corollary 3.5. Let(Z,S, <) be a complete partially ordered metric space. Suppose that
p P — & be a mapping such that for all comparablel! € &2, the contraction
condition(3. 1 )is satisfied.

Suppose that the following hypotheses are satisfied
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(i). if {0} is @a nondecreasing sequencedmwith respect to< such thatp,, — 0 € &
asn — +oo, thenp,, < p, foralln € Nand
(i). p(po) X poforall pe .
If there exists a poing, € &2 such thatgy < poo, thengp has a fixed point in2?.

Proof. Follow from Theorem 3.4 by takingy = I 4 (the identity map). O

Some other consequences of the main result for the self mappings involving in the inte-
gral type contractions are as follows:

Let © denote the set of all functions: [0, +0c0) — [0, +0c0) satisfying the following
hypotheses:

(a). each is Lebesgue integrable function on every compact subgét efoo) and

(b). for anye > 0, we havef; ¢(t)dt > 0 for ¢ € [0, +00).

Corollary 3.6. Let (£,S, <) be a complete partially ordered metric space. Suppose
that the mappingg,a : & — &£ are continuousg is a monotondi-nondecreasing,
p(P) C a(2) satisfies

S(ag,pe)[1+S(al,pl)]

S(pe,pl) S WY ¢y ) E— S(ao,p0)+S(al,pl)
[ cwarzaf ctoar+5 [ Cyat
0 0 0

S(ao,al)
+7/ Ctydt,
0

forall g, £in & for whichap # a¢ are comparable € © and wherey, 5,~ € [0,1) such
that0 < a4+ 28 4+ v < 1. If there exists a poinpg € & such thatagg = ey and the
mappings: and p are compatible, thed and g have a coincidence point i&?.

(3.3)

We have the following consequences from Corollary 3.6 by settirg0 andg = 0.

Corollary 3.7. Let (2,3, <) be a complete partially ordered metric space. Suppose that
the self-mapping8, p on &2 are continuousy is a monoton&-nondecreasingp(#?) C
a(<?) such that

S(ae,pe)[1+S(at,pl)]

S(po,pf) ——115Geal S(ae,p0)+S(al,pf)
/ C(t)dt < a/ g(t)dt+ﬁ/ C(t)dt, (3.4)
0 0 0

forall o, ¢in & for whichap # af are comparable € © and for somey, 5 € [0, 1) with
0 < a+ 28 < 1. Ifthere exists a pointy € & such thatipy < poo and the mappingg
anda are compatible, thea and o have a coincidence point ig?.

Corollary 3.8. Let(<£,S, <) be a complete partially ordered metric space. Suppose that
the self-mappingg, o on & are continuousyp is a monotonéi-nondecreasingp( %) C
a(Z) such that

S(po.pt) S(ao,po)+S(at,pl) S(ap,al)

[ cwarzs ey [ @9
0 0 0

for all g, £in & for whichape # a¢ are comparable] € © and for some3, v € [0, 1) with

0 <28+~ < 1. If there exists a pointg € & such thatapg < poo and the mappingg

anda are compatible, thea and o have a coincidence point ig?.
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Now, we give the examples for the main Theorem 3.1.

Example 3.9. Define a metricd : &2 x & — [0,400) by S(g,£) = |0 — ¥|, where
2 =10, 1] with usual order<. Letp anda be two self mappings o’ such thatpp = 9—22

andap = 12%29 thenp anda have a coincidence point i&?.

Proof. Note that(42, ) is a complete metric space and th(s?, S, <) be a complete

partially ordered metric space with respect to usual orderLet g9 = 0 € & then
apy < poo and also note that anda are continuousp is monotonei-nondecreasing and

p(2) C a(2).

Now consider the following for any, ¢ in &2 with o < ¢,
2(0+ £+ of)
(I+0)(1+1)

20213 — of [(1 4 ) + 2|3 — ¢]
41+ 0)(1+0) +2[0— (o + £ + of)

N B (1 +0)lo—3+ (1 + o) -3 ., 2(0+ £ + of)

2 (1+0@1+1) (1+0@1+1)

0%|lo—=3| 2(1+£)+¢%|3—¢| ) )
< o 20t0) 2(1+0) 5|2 lo—3] , 2|3

2|o—¢|(o+L+00)

200+ 1L+ 00) lo— 1|
(1+o)(1+0)
o S(ae, po) [1 + 3(at, pb)]

1+ S(ap, al)
Then, the contraction condition in Theorem 3.1 holds by selecting proper valae$ of

in [0,1) such thatd < a + 26 + v < 1. Therefore,p anda have a coincidence point
0e 2. O

1 1
%‘(m,@f)=§|@2—€2l=§(Q+4)|9—f|S lo—¢|

lo—{|

+7

+ B[S(ao, po) + S(al, pl)] + +S(ao, al).

Example 3.10. Define a distance functioty : & x & — [0, +00) by S(o,¢) = |o — 4,
whereZ? = [0, 1] with usual order<. Letp anda be two self mappings of” such that
po = 0 andao = o*, thenp anda have two coincidence points 1 in & with gy = 7.

4. APPLICATIONS

Now our aim is to give an existence theorem for a solution of the following integral
equation.

M
h(e) =/O (o, €, h(0))dl + g(0), o0 € [0, M], (4. 6)

whereM > 0. Let &2 = C'[|0, M| be the set of all continuous functions defined/@n/].
Now, defineS : & x & — RT by

S(u,v) = sup {Ju(e) —v(o)[}
0€[0,M]

then, (£, <) is a partially ordered set. Now, we prove the following result.
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Theorem 4.1. Suppose the following hypotheses holds:
(). p:[0,M] x[0,M] x R" — R* andg : R — R are continuous,
(if). for eachp,? € [0, M], we have

M ) o o
(o t, / (o, b, h(B))db + g(0)) < (o, € h(L)),

(iii). there exists a continuous functidn: [0, M] x [0, M] — [0, +o0] such that
(o, €, a) — p(o,£,b)| < N(g,€)a —b| and
(iv).
M

sup N(p,0)dl <~
e€0,M]J0

for somey < 1. Then, the integral equatior{d. 6 ) has a solutioru € C[0, M].
Proof. DefineP : C[0, M] — C[0, M| by

M
@w(g):/o u(o, 4, w(e))do + g(o), o € [0, M].

Now, we have

M
p(pw(o)) = /0 (o, €, pw(p))do + g(o)

M M o o o
=/ M(M,/ p(o,b,w(b))db + g(o))do + g(o)
0 0

M
< /0 u(g,ﬁ,w(i)))di)‘i‘g(@

= pw(o)
Thus, we havey(pp) < po for all o € C[0, M]. For anyp*, £* € C[0, M] with o < ¢, we
have
S(po*, pl*) = sup |po™(0) — pt*(0)]
0€[0,M

]
M
— suwp | / (0., 0" (0)) — s £.0°(0))del
e€l0,M] Jo

IN

M
sup I/ (o4, 0" (0)) — (o, 4,0 (0))|do
oclo,M] Jo

M

IN

sup | N(o,2)]0"(0) — £7(0)|do
oclo,M] Jo

M
< sup l¢"(e)— £*(e)| sup / N(o,0)de
0€[0,M] oclo,M] Jo
M
= Q(0",¢*) sup N(o,l)do
e€l0,M]JO

<S(e", ).
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Moreover,{o}} is a nondecreasing sequence&lf, M| such that} — o*, theng} < p*
for all n € N. Thus all the required hypotheses of Corollary 3.5 are satisfied. Thus, there
exists a solutiom € [0, M] of the integral equation (4. 6 ). O

5. CONCLUSION

In this work, we have proved some coincidence point results for two self mappings sat-
isfying a generalized rational contraction condition in a complete partially ordered metric
space. Furthermore, some consequences of the main result in terms of integral type con-
tractions are given in the same context. Two numerical examples are presented to justify
the main result. In the last, one application of integral equation in terms of obtaining the
unigue solution is discussed using the main result.
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