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Abstract.: The main purpose of this study is to examine curves lying on
a given non-lightlike surface with the help of its position vectors. For this
purpose, the darboux frame is used and the position vector of the curve
is expressed as a linear combination of the darboux frame with differ-
entiable functions. Then, nonhomogeneous systems of differential equa-
tions revealed by the position vector of the curve are obtained for timelike
and spacelike surfaces, respectively. For both timelike and spacelike sur-
faces, the solutions of nonhomogeneous systems of differential equations
are obtained depending on the character of the curves and the valueskg,
kn andtr. The general solutions of the systems of differential equations
are obtained separately for each case. Moreover, by considering only the
particular solution of the systems of differential equations, new results re-
garding the differential geometric structure of the curves on the surface
are presented with the help of the position vector.
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1. INTRODUCTION

In the simplest terms, curves can only be thought of as a kind of deformation of straight
lines. For this reason, we can treat curves as one-dimensional objects. We are familiar
with the concept of curves from other areas of basic mathematics, because the graphs of
functions are treated and studied as curves. However, we can express the coordinates of
each point of the curve as functions of a parameter. From this point of view, it is the most
preferred way of examining the local differential geometric structure of the curve. In many
studies dealing with differential geometric properties of curves, some methods and tools
of differential calculus are used. This review makes use of the well-known Frenet-Serret
frame. Analyzing the geometric structures of curves with the help of vector analysis is very
important in this context. Considering the position vectors of the curves from a completely
different point of view may produce different results. Even in this context, there are many
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studies that express the position vector of curves as a linear combination of Frenet-Serret
vector fields. If the position vector of a curve is expressed as a linear combination of Frenet-
Serret frame fields of the curve, then the characterization of curve depends on solution of
the first order system of differential equations [16, 15, 21, 6, 5].

In the literature, darboux frame has been studied in many work in Euclidean and non-
Euclidean spaces. In study [17], the relations between the darboux and the Frenet-Serret
frame on the ruled surface are examined and some theorems about the ruled surface with
darboux frame are given. Also, in study [18], they have studied the Siacci’s theorem for
the curves on regular surfaces by darboux frame. The spacelike parallel ruled surfaces with
darboux frame are introduced in Minkowski 3-space in study [?]. The ruled surfaces with a
constant slope ruling according to darboux frame in Minkowski space are defined in study
[22].

The position vector field also plays important roles in other fields besides geometry,
such as physics and mechanics. In any equation of motion, the position vector field defines
the motion of a particle. The first and the second derivatives of the position vector field
with respect to time give the velocity and acceleration of the particle, respectively. In all
aforementioned studies, the position vector of given curve is obtained by means of Frenet-
Serret frame. As it is well known, if we want to treat the curveα as an independent
object, using the Frenet-Serret frame is one of the most useful ways, but if the curve is
lying on a surface, using the Frenet-Serret frame will not be sufficient for research since
the differential geometric structure of the surface is also important. Therefore, to study a
curve on a surface, it is necessary to introduce a new orthonormal frame containing vectors
that reveal the structure of both the curve and the surface. We can take the first vector of
the new frame that we will define as the unit tangent vectort of the curve. In order to take
the structure of the surface and include it in the new frame, we can take the unit normal
vectorn of the surface as the second vector. The last oney, can be taken in such a way that
{t, y, n} forms an orthogonal frame, that is[t, y, n] = 1. This correspondence toy = n× t.
The new frame{t, y, n} is called the darboux frame or the Ribaucour-Darboux frame of the
surfaceM along the curveα. Similarly Frenet-Serret formulas, the derivative of darboux
vector fields can be expressed in terms of themselves. At the same time, we can define
the normal curvature, geodesic curvature and geodesic torsion of darboux frame. There are
relations between geodesic curvature, normal curvature, geodesic torsion andκ andτ . If
both surface and curve are timelike or spacelike, then we have

kg(s) = κ(s) cos θ(s),

kn(s) = κ(s) sin θ(s),

whereθ(s) is the angle between the unit normal vector fields of curve and surface. If
surface is timelike and curve is spacelike, then we have

kg(s) = κ(s) cosh θ(s),

kn(s) = κ(s) sinh θ(s),

whereθ(s) is the hyperbolic angle between the unit normal vector fields of curve and
surface. Furthermore, there is also a relation between geodesic torsion and the torsion
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functions of the curve as follows:

tr(s) = τ(s) + θ′(s).

The main purpose of this study will be to examine the position vectors of the curves on the
surface using the darboux frame. In this paper, nonlightlike curvesα : I → M lying on
a non-lightlike surfaceM are investigated by its position vectors. For this investigation, it
would be appropriate to consider the position vector of the curve as a linear combination of
the darboux frame with differentiable functions. As a result, nonhomogeneous systems of
differential equations revealed by the position vector of the curve are obtained for timelike
and spacelike surfaces, respectively. For both timelike and spacelike surfaces, the solu-
tions of nonhomogeneous systems of differential equations are obtained depending on the
character of the curves and the valueskg, kn andtr. The general solutions of the systems
of differential equations are obtained separately for each cases. Moreover, by considering
only the particular solution of the systems of differential equations, new results regarding
the differential geometric structure of the curves on the surface are presented with the help
of the position vector.

2. CHARACTERIZATIONS OFTIMELIKE CURVES LYING ON TIMELIKE SURFACE

In this section, position vectors of timelike curves on timelike surfaces will be discussed.
Let unit speed timelike curveα : I → M on the timelike surfaceM be given. In this case,
position vector of unit speed timelike curveα(s) is given by

α (s) = r0 (s) t (s) + r1 (s) y (s) + r2 (s) n (s) (1)

wherer0, r1 andr2 are some differentiable functions ofs ∈ I ⊂ R. Using the derivative
formulas of the darboux vector fields, the following nonhomogeneous system of differential
equations is obtained:

r′0 (s) = −kg(s)r1 (s)− kn(s)r2(s) + 1,

r′1 (s) = −kg(s)r0 (s)− tr(s)r2(s), (2)

r′2 (s) = kn(s)r0(s)− tr(s)r1(s)

by the equalityα′(s) = t(s). If we consider the case where this system of equations has
constant coefficients, it is necessary to assume that the curvature functionskg, kn andtr are
constant. That is why it is supposed that the curvature functionskg, kn andtr are nonzero
constants unless otherwise stated.

There are two casesk2
g +k2

n−t2r > 0 andk2
g +k2

n−t2r < 0 depending on the eigenvalues
of the coefficients matrix of the nonhomogeneous linear system of differential Equation 2.
Theorem 1. Assume thatα : I ⊂ R → M is a given unit speed timelike curve on the
timelike surfaceM. Then the position vector of the curveα is given by the differentiable



152 Melek Erdŏgdu

functions as follows:

r0(s) = -c0tr+c1(kgtr cosh(bs)-bkn sinh(bs)) + c2(-bkn cosh(bs)+kgtr sinh(bs))-
t2rs

b2
,

r1(s) = -c0kn+c1(kgkn cosh(bs)-btr sinh(bs))+c2(-btr cosh(bs)+kgkn sinh(bs))

+
kg-kntrs

b2
, (3)

r2(s) = c0kg+c1(k2
n-t2r) cosh(bs)+c2(k2

n − t2r) sinh(bs)+
kgtrs+kn

b2
,

wherek2
g + k2

n − t2r = b2 > 0, b is a nonzero real constant,c0, c1 andc2 are arbitrary
constants.

Proof. First of all, if Equation 2 is written in matrix form, then



r′0 (s)
r′1 (s)
r′2 (s)


 =




0 −kg −kn

−kg 0 −tr
kn −tr 0







r0 (s)
r1 (s)
r2 (s)


 +




1
0
0


 . (4)

For the solution of above system of equations, we obtain the eigenvaluesλ1 = 0,λ2 = b,
λ3 = −b and the corresponding eigenvectors of the coefficients matrix as follows:

V1=



−tr
−kn

kg


 , V2=




kgtr − knb
kgkn − trb

k2
n − t2r


 , V3=




kgtr + knb
kgkn + trb

k2
n − t2r


 ,

wherek2
g + k2

n − t2r = b2, respectively. Therefore, the homogenous solution of Equation 4
can be stated as follows:

Xh (s)=c0



−tr
−kn

kg


 +d1e

bs




kgtr − knb
kgkn − trb

k2
n − t2r


 +d2e

−bs




kgtr + knb
kgkn + trb

k2
n − t2r




=c0



−tr
−kn

kg


 + d1(cosh(bs)+ sinh(bs))




kgtr − knb
kgkn − trb

k2
n − t2r




+d2(cosh(bs)- sinh(bs))




kgtr + knb
kgkn + trb

k2
n − t2r




wherec0, d1, d2 are arbitrary constants. If we rearrange the homogeneous solution and
perform the necessary operations, then we get the homogenous solution as follows

Xh (s) = c0



−tr
−kn

kg


 +c1




kgtr cosh(bs)− bkn sinh(bs)
kgkn cosh(bs)− btr sinh(bs)

(k2
n − t2r) cosh x




+c2



−bkn cosh(bs) + kgtr sinh(bs)
−btr cosh(bs) + kgkn sinh(bs)

(k2
n − t2r) sinh(bs)



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whered1 + d2 = c1, d1 − d2 = c2. This gives the fundamental matrix of Equation 4 as
follows:

ϕ (s) =




−tr kgtr cosh(bs)− bkn sinh(bs) −bkn cosh(bs) + kgtr sinh(bs)

−kn kgkn cosh(bs)− btr sinh(bs) −btr cosh(bs) + kgkn sinh(bs)

kg (k2
n − t2r) cosh(bs) (k2

n − t2r) sinh(bs)


 .

With the use of the equalityXp (s) = ϕ (s)u (s) , the vector valued functionu (s) is found
by following equation

ϕ (s) u′ (s) =




1
0
0


 .

Actually, solving the3 × 3 linear equation by Crammer’s method, the particular solution
of the Equation 4 is found as follows:

Xp(s) =
1
b2




−t2rs

−kntrs + kg

kgtrs + kn


 .

By the homogeneous and particular solution of the equation, the general solution of the
system of linear differential equation is expressed as follows:

r0(s) = −c0tr + c1(kgtr cosh(bs)− bkn sinh(bs))

+ c2(−bkn cosh(bs) + kgtr sinh(bs))− t2rs

b2

r1(s) = -c0kn+c1(kgkn cosh(bs)− btr sinh(bs))

+c2(−btr cosh(bs) + kgkn sinh(bs))+
kg − kntrs

b2
,

r2(s) = c0kg + c1(k2
n − t2r) cosh(bs)

+ c2(k2
n − t2r) sinh(bs) +

kgtrs + kn

b2
.

It is suggested to the readers to see [3] for details of the methods of solving first order
nonhomogeneous linear differential systems of equations. ¤

Theorem 2. Let α : I ⊂ R → M be a unit speed timelike curve on a given timelike
surfaceM. Then the position vector of the curveα is given by the differentiable functions
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as follows:

r0(s) = −c0tr + c1(bkn sin(bs) + kgtr cos(bs))

+ c2(kgtr sin(bs)− bkn cos(bs)) +
t2rs

b2
,

r1(s) = -c0kn+c1(btr sin(bs) + kgkn cos(bs))

+c2(kgkn sin(bs)− btr cos(bs))-
(kg − skntr)

b2
,

r2(s) = c0kg + c1

(
k2

n − t2r
)
cos(bs) + c2

(
k2

n − t2r
)
sin(bs)− (kn + skgtr)

b2
,

wherek2
g + k2

n − t2r = −b2 < 0, b is a nonzero real constant,c0, c1 andc2 are arbitrary
constants.

Proof. Sincek2
g +k2

n− t2r = −b2 < 0, then the eigenvalues of the matrix in Equation 4 are
complex numbers. In this case, we obtain the eigenvalues of the matrix asλ1 = 0, λ2 = bi
andλ3 = −bi. Then the corresponding eigenvectors of the matrix are found as

V1 =



−tr
−kn

kg


 , V2 =




kgtr − knbi
kgkn − trbi

k2
n − t2r


 , V3 =




kgtr + knbi
kgkn + trbi

k2
n − t2r


 ,

respectively. The homogenous solution is obtained as follows:

Xh (s) = c0



−tr
−kn

kg


 + d1e

bsi




kgtr − knbi
kgkn − trbi

k2
n − t2r


 + d2e

−bsi




kgtr + knbi
kgkn + trbi

k2
n − t2r




= c0



−tr
−kn

kg


 + d1(cos(bs) + i sin(bs))




kgtr − knbi
kgkn − trbi

k2
n − t2r




+ d2(cos(bs)− i sin(bs))




kgtr + knbi
kgkn + trbi

k2
n − t2r




wherec0, d1, d2 are arbitrary constants. By rewriting the constants as follows

d1 + d2 = c1, d1i− d2i = c2,

the homogenous solution is given as

Xh (s) = c0



−tr
−kn

kg


 +c1




bkn sin(bs) + kgtr cos(bs)
btr sin(bs) + kgkn cos(bs)(

k2
n − t2r

)
cos(bs)




+c2




kgtr sin(bs)− bkn cos(bs)
kgkn sin(bs)− btr cos(bs)(

k2
n − t2r

)
sin(bs)


 .
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The fundamental matrix is obtained as follows:

ϕ (s) =



−tr bkn sin(bs) + kgtr cos(bs) kgtr sin(bs)− bkn cos(bs)
−kn btr sin(bs) + kgkn cos(bs) kgkn sin(bs)− btr cos(bs)
kg

(
k2

n − t2r
)
cos(bs)

(
k2

n − t2r
)
sin(bs)


 .

By using the same method, which is given in the proof of Theorem 1, we obtain the partic-
ular solution of Equation 4 as follows:

Xp(s) =
1
b2




st2r
− (kg − skntr)
− (kn + skgtr)


 .

Thus, the general solution of the system of linear differential equation is found as follows

r0(s) = −c0tr + c1(bkn sin(bs) + kgtr cos(bs))

+ c2(kgtr sin(bs)− bkn cos(bs)) +
1
b2

st2r,

r1(s) = -c0kn+c1(btr sin(bs) + kgkn cos(bs))

+c2(kgkn sin(bs)− btr cos(bs))-
1
b2

(kg − skntr) ,

r2(s) = c0kg + c1

(
k2

n − t2r
)
cos(bs)

+ c2

(
k2

n − t2r
)
sin(bs)− 1

b2
(kn + skgtr) .

¤

3. CHARACTERIZATIONS OFSPACELIKE CURVE LYING ON TIMELIKE SURFACE

In this section, characterization of spacelike curve on a given timelike surfaceM is
investigated. Let the position vector of unit speed spacelike curve be given by

α (s) = p0 (s) t (s) + p1 (s) y (s) + p2 (s)n (s) (5)

for some differentiable functionsp0, p1 andp2 of s ∈ I ⊂ R. If we take the derivative of
Equation 5 with respect to the arc length parameter and use derivative formulas of darboux
frame, then we obtain the following equations:

p′0 (s) = −kg(s)p1 (s)− kn(s)p2(s) + 1,

p′1 (s) = −kg(s)p0 (s)− tr(s)p2(s), (6)

p′2 (s) = kn(s)p0(s)− tr(s)p1(s)

with the use of the equalityα′(s) = t(s).
Theorem 3. Let M be a given timelike surface andα : I ⊂ R → M be a unit speed

spacelike curve onM. Then the position vector of the curveα is given by the differentiable
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functions as follows:

p0(s) = −c0tr + c1(akn sinh(as)− kgtr cosh(as))

+ c2(akn cosh(as)− kgtr sinh(as)) +
t2rs

a2
,

p1(s) = -c0kn+c1(atr sinh(as)− knkg cosh(as))

+c2(−knkg sinh(as) + atr cosh(as))+
kntrs + kg

a2
,

p2(s) = c0kg + c1(k2
n − t2r) cosh(as)

+ c2(k2
n − t2r) sinh(as)− kgtrs + kn

a2
,

wherek2
g − k2

n + t2r = a2 > 0, a is is a nonzero real constant,c0, c1 andc2 are arbitrary
constants.

Proof. First of all, equations in 6 are written as follows:



p′0 (s)
p′1 (s)
p′2 (s)


 =




0 −kg −kn

−kg 0 −tr
kn −tr 0







p0 (s)
p1 (s)
p2 (s)


 +




1
0
0


 . (7)

The eigenvalues are obtained asλ1 = 0, λ2 = a, λ2 = −a and the corresponding eigen-
vectors of coefficient matrix in Equation 7 as follows:

V1 =



−tr
−kn

kg


 , V2 =



− (kgtr − kna)
− (kgkn − tra)

k2
n − t2r


 , V3 =



− (kgtr + kna)
− (kgkn + tra)

k2
n − t2r


 .

wherek2
g − k2

n + t2r = a2 > 0 anda is a nonzero real constant. Thus, the homogenous
solution of Equation 7 is obtained as follows:

Xh (s) = c0



−tr
−kn

kg


 + d1e

as



− (kgtr − kna)
− (kgkn − tra)

k2
n − t2r


 + d2e

−as



− (kgtr − kna)
− (kgkn − tra)

k2
n − t2r




= c0



−tr
−kn

kg


 + d1(cosh(as) + sinh(as))



− (kgtr − kna)
− (kgkn − tra)

k2
n − t2r




+ d2(cosh(as)− sinh(as))



− (kgtr − kna)
− (kgkn − tra)

k2
n − t2r




wherec0, d1, d2 are arbitrary real constants. To express the coefficients more simply, let’s
assume the following equations:

d1 + d2 = c1, d1 − d2 = c2.
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By rearranging the constants, the homogenous solution of Equation 7 is found as follows:

Xh (s) = c0



−tr
−kn

kg


 +c1




akn sinh(as)− kgtr cosh(as)
atr sinh(as)− knkg cosh(as)

(k2
n − t2r) cosh(as)




+c2




akn cosh(as)− kgtr sinh(as)
−knkg sinh(as) + atr cosh(as)

(k2
n − t2r) sinh(as)


 .

It can be seen that, the fundamental matrix of the nonhomogeneous of Equation 7 can be
expressed as

ϕ (s) =



−tr akn sinh(as)− kgtr cosh(as) akn cosh(as)− kgtr sinh(as)
−kn atr sinh(as)− knkg cosh(as) −knkg sinh(as) + atr cosh(as)
kg (k2

n − t2r) cosh(as) (k2
n − t2r) sinh(as)


 .

The particular solution of Equation 7 can be found by using the equality

ϕ (s) u′ (s) =




1
0
0


 .

Then we may use Crammer’s method to find the derivative of the vector fieldu(s). The
particular solution of Equation 7 is found as

Xp(s) =
1
a2




t2rs

(kntrs + kg)

−(kgtrs + kn)




by making all the necessary calculations. Therefore, the general solution of Equation 7 is
obtained as follows

p0(s) = −c0tr + c1(akn sinh(as)− kgtr cosh(as))

+ c2(akn cosh(as)− kgtr sinh(as)) +
t2rs

a2
,

p1(s) = -c0kn+c1(atr sinh(as)− knkg cosh(as))

+c2(−knkg sinh(as) + atr cosh(as))+
kntrs + kg

a2
,

p2(s) = c0kg + c1(k2
n − t2r) cosh(as)

+ c2(k2
n − t2r) sinh(as)− kgtrs + kn

a2
.

¤

Remark: Since
a2 = k2

g − k2
n + t2r = κ2 + t2r

is always greater than zero, the position vector of the curve is obtained in only one case.
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4. CHARACTERIZATIONS OFSPACELIKE CURVE LYING ON SPACELIKE SURFACE

In this section, we give characterization of spacelike curve on a given spacelike surface
M . Assume that the position vector of unit speed spacelike curveα is given by

α (s) = m0 (s) t (s) + m1 (s) y (s) + m2 (s)n (s)

for some differentiable functionsm0, m1 andm2 of s ∈ I ⊂ R. By taking the derivative of
the above equation with respect to the parameters and using derivative formulas of darboux
frame, we get the following equations:

m′
0 (s) = kg(s)m1 (s)− kn(s)m2(s) + 1,

m′
1 (s) = −kg(s)m0 (s)− tr(s)m2(s), (8)

m′
2 (s) = −kn(s)m0(s)− tr(s)m1(s).

There are two cases−k2
g + k2

n + t2r > 0 and−k2
g + k2

n + t2r < 0 depending on the
eigenvalues of the coefficients matrix of the nonhomogeneous linear system of differential
Equation 8.

Theorem 4. Let M be a given spacelike surface andα : I ⊂ R → M be a unit speed
spacelike curve onM. Then the position vector of the curveα is given by the differentiable
functions as follows:

m0(s) = −c0tr − c1 (qkn sinh (qs) + kgtr cosh (qs))

− c2 (qkn cosh (qs) + kgtr sinh (qs)) +
t2rs

q2
,

m1(s) = c0kn-c2 (qtr cosh (qs)− kgkn sinh (qs))

-c1 (qtr sinh (qs)− kgkn cosh (qs)) +
kg − q2skntr

q2
,

m2(s) = c0kg + c1 cosh (qs)
(
k2

n + t2r
)

+ c2 sinh (qs)
(
k2

n + t2r
)

+
kn − q2skgtr

q2
,

where−k2
g + k2

n + t2r = q2 > 0, q is a nonzero real constant,c0, c1 andc2 are arbitrary
constants.

Proof. First of all, we rewrite the nonhomogeneous linear differential system of equations
in 8 as a matrix equation:




m′
0 (s)

m′
1 (s)

m′
2 (s)


 =




0 kg −kn

−kg 0 −tr
−kn −tr 0







m0 (s)
m1 (s)
m2 (s)


 +




1
0
0


 .
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Similarly to proof of previous theorem, the homogenous solution of Equation 8 is obtained
as follows:

Xh = c0



−tr
kn

kg


 +c1



− cosh (qs) kgtr − sinh (qs) qkn

cosh (qs) kgkn − sinh (qs) qtr
cosh (qs)

(
k2

n + t2r
)




+c2



− cosh (qs) qkn − sinh (qs) kgtr
−qtr cosh (qs) + sinh (qs) kgkn

sinh (qs)
(
k2

n + t2r
)




wherec0, c1, c2 are arbitrary constants. It can be seen that, the fundamental matrix of the
nonhomogeneous of Equation 8 can be expressed as

ϕ (s) =



−tr − cosh (qs) kgtr − sinh (qs) qkn − cosh (qs) qkn − sinh (qs) kgtr
kn cosh (qs) kgkn − sinh (qs) qtr −qtr cosh (qs) + sinh (qs) kgkn

kg cosh (qs)
(
k2

n + t2r
)

sinh (qs)
(
k2

n + t2r
)


 .

The particular solution of Equation 8 is found as follows:

Xp(s) =
1
q2




st2r
kg − skntr
kn − skgtr




by making all the necessary calculations. Therefore, the general solution of Equation 8 is
obtained as follows:

m0(s) = −c0tr − c1 (qkn sinh (qs) + kgtr cosh (qs))

− c2 (qkn cosh (qs) + kgtr sinh (qs)) +
t2rs

q2
,

m1(s) = c0kn-c2 (qtr cosh (qs)− kgkn sinh (qs))

-c1 (qtr sinh (qs)− kgkn cosh (qs)) +
kg − q2skntr

q2
,

m2(s) = c0kg + c1 cosh (qs)
(
k2

n + t2r
)

+ c2 sinh (qs)
(
k2

n + t2r
)

+

(
kn − q2skgtr

)

q2
.

¤

Theorem 5. Let M be a given spacelike surface andα : I ⊂ R → M be a unit speed
spacelike curve onM. Then the position vector of the curveα is given by the differentiable
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functions as follows:

m0(s) = −c0tr + c1 (qkn sin(qs)− kgtr cos(qs))

+ c2 (qkn cos(qs) + kgtr sin(qs))− t2rs

q2
,

m1(s) = c0kn+c1 (qtr sin(qs)+kgkn cos(qs))

+ c2 (qtr cos(qs)− kgkn sin(qs)) +
kg + skntr

q2
,

m2(s) = c0kg + c1 cos(qs)
(
k2

n + t2r
)

− c2 sin(qs)
(
k2

n + t2r
)

+
kn + skgtr

q2

where−k2
g + k2

n + t2r = −q2 < 0, q is a nonzero real constant,c0, c1 andc2 are arbitrary
constants.

Proof. The proof can be done by similarly to other proofs. ¤

5. CONCLUSION

There are many studies in the literature dealing with the position vectors of curves. In
most of these studies, the position vector is expressed as a linear combination of Serret
Frenet frame. Recently, the curve whose position vector can be expressed with the help of
Serret Frenet frame inn dimensional Euclidean space in [1]. Then similar discussions are
done with use of parallel transport frame of Euclidean 3-space in [2]. Not only in Euclidean
space, but also in Minkowski space, the curves are studied with position vectors. In this
case, different studies have been carried out depending on the character (spacelike, timelike
or null) of the curves. For example, the position vector of a spacelike curve is expressed by
a linear combination of its Serret Frenet frame with differentiable functions in [21]. Since
this study deals with the differential geometric structure of the curves on the surface, the
more suitable darboux frame is used. Examination of the position vector of the curves on
the surface with the darboux frame is a new method, and its applications in Euclidean space
are discussed in study [24]. This study will accompany the scientists who will conduct new
studies on curves on higher dimensional Minkowski space as a main source since it is one
of the first studies on this subject.

According to all findings of this paper, we can summarize the results on the charac-
terization of nonlightlike curves on nonlightlike surface. In the homogeneous solution of
the differential equation systems in Equations 2, 6 and 8, coefficientsc0, c1 andc2 appear
which are arbitrary coefficients. Of course, there is no requirement that all coefficients are
zero. But we can consider the case, where the homogeneous solution is trivial. This means
that we may consider only particular solutions of Equations in 3, 6 and 8. Furthermore,
following table shows the differences that will occur in each different casual character of
the curve and surface:
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FIGURE 1. Characterizations of curves on surface with components of
position vectors according to darboux frame
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