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Abstract.: This research proves the existence of the solution for the Fred-
holm integral equation of the first kind. Initially,k−Riemann integral
equation is considered involving thek−hypergeometric function as ker-
nel. k−fractional integration defined by Mubeen and Habibullah[16] is
used to investigate the solution of the integral equation
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1. INTRODUCTION

Many times, during the solution of complex problems of PDEs in engineering and
sciences, we treat important functions dened by improper integrals and series(or innite
products). Those functions are generally called special functions. Special functions con-
tain a very old branch of mathematics. For example, trigonometric functions have been
studied for over a thousand years, due mainly to their numerous applications in astronomy.
Various special functions like Bessel and all cylindrical functions; the Gauss, Kummer,
conuent and generalized hypergeometric functions; the classical orthogonal polynomials,
the incomplete Gamma and Beta functions, and error functions, the Airy, Whittaker func-
tions, and so on, will provide solutions to integer-order dierential equations and systems,
used as mathematical models. However, recently there has been an increasing interest in
and widely extended use of dierential equations and systems of fractional order(that is, of
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arbitrary order), as better models of phenomena of various physics, engineering, automa-
tization, biology and biomedicine, chemistry, earth science, economics, nature, and so on.
The extensions of a number of well-known special functions were investigated recently by
several authors[1− 7] and[18− 22]
In this paper,k−Riemann integral equation is considered in which thek−hypergeometric
function is involved as kernel.k−fractional integration is used to investigate the solution
of the integral equation
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f(t)dt = g(x) (1. 1)

whereλ, ai, b, ci > 0, i = 1, . . . , q andf ∈ C◦.
Diaz and Pariguan[8] defined the integral representation ofk−gamma function andk−beta
function, respectively given by
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x
k−1Γ

(x

k

)
=

∫ ∞

0

tx−1e−
tk

k dt, Re(x) > 0, k > 0 (1. 2)
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k−1dt, x > 0, y > 0 (1. 3)

Mubeen and Habibullah[16] defined ak−fractional integration by

Iα
k (f)(x) =

1
kΓk(α)

∫ x

0

(x− t)(α/k)−1f(t)dt k > 0, 0 < x < t < ∞ (1. 4)

Habibullah [9] investigated the solution of integral equation in which confluent hypergeo-
metric function is involved as a kernel. The author made use of the fractional integral opera-
tors to solve the integral equation. Mubeen[15] has solved the confluentk−hypergeometric
function, which is reduced to Habibullah[9] by taking k → 1. Habibullah [10] used
Erdelyi-Kobers fractional integrals and Stieltjes operators to find the solution of integral
equations. Love[13] solved the equations involving hypergeometric functions2F1 by us-
ing fractional derivatives.
In Podlubny[24], the fractional derivative off is given byI−cf , which is defined as a
continuous functionϕ such thatI−cϕ. It follows that if a, b > 0 andI−a−bf exists, then
I−aI−bf exists and

I−aI−b = I−bI−a = I−a−b (1. 5)

IaIaI−aI−af = f (1. 6)

Habibullah and Choudhary[11] proved that iff ∈ C◦, thenIαf exists and belongs toC◦
whereC◦ be the class of those continuous functions on the interval(0, b), open at0, where
0 < b < ∞, which are integrable at0.

2. MAIN RESULTS

First, an integral operatorTλ
k involving generalizedk−hypergeometric functionq+!Fq,k

is defined, which is reduced to Batman Integral whenk → 1 formulated by Love[13].
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Proof Applying integral operatorTλ1
k on q+1Fq,k(z)
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By changing the order of integration and summation, and applyingk−Beta function, fol-
lowing required result is obtained:
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Now, by applying operator onF ′ and iterating the operators up toqth times, following
required result is obtained.
Substitutez = t−x
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By continuing this way, at theqth step, substitutez = t−x
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2.2. Theorem. If λi, ci > 0, i = 1, . . . , q are real numbers andf ∈ C◦ then the solution
to thek−Riemann integral equation
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Changing the order of integration and substituting the result from (2.10), we get
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Continuing this way andIλq

k applying on (2.16) and changing the order of integration
by using Fubinis theorem [10] and using the result (2.11), we get
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Combining all the results, it implies that
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3. FORMAL SOLUTION:

To consider thek−hypergeometric integral (1.1), let us formulate an integral equation
with a given functiong and the functionf to be determined.
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Whereai, ci > 0, i = 1, . . . , q. Applying formally the fractional integralIa1
k on (3.20),

we get

Ia1
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Using (2.17), we find that
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By continuing this way and applying the fractional integral operator

I
aq

k Hk (ai, b, c1 + a1, . . . , cq−1 + aq−1, cq) f(x) = I
aq

k . . . Ia2
k Ia1

k g(x)

This leads to the following equations:

Hk (ai, b, c1 + a1, . . . , cq + aq) f(x) = I
aq

k . . . Ia2
k Ia1

k g(x)

I
cq

k Hk (ai, b, c1 + a1, c2 + a2, . . . , cq−1 + aq−1, aq) f(x) = I
aq

k . . . Ia2
k Ia1

k g(x) (3. 25)

I
cq

k I
cq−1
k Hk (ai, b, c1 + a1, . . . , cq−2 + aq−2, aq−1, aq) f(x) = I

aq

k . . . Ia2
k Ia1

k g(x)
(3. 26)

By continuing this way and iteratingq times, we get
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Continuing this way, applying the fractional derivativeq times, we obtain
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4. SOLUTION OF THEk−RIEMANN INTEGRAL EQUATION INVOLVING q+1Fq,k

We now attempt to find the solution of thek−fractional integral equation given in (1.1)

4.1. Theorem. If f ∈ C0, then the solution to thek−Riemann integral equation (1.1) is
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4.2. Proof. Consider the equation (3.27). On expanding, we get
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This implies that
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SinceF (−, b,−; z) = (1− z)−b,we obtain the following result which simplifies to the

solution of the equation as shown below
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5. NECESSARY ANDSUFFICIENT CONDITIONS

To prove the existence of solution, consider the solution, which includesk−fractional
integral operator and functions.

f(x) = x−bI−a
k xbI−c1

k . . . I
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k I
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Now, we know thatg(x) ∈ C0. So, from [9], we get that

Ia1
k g(x) ∈ C0 (5. 40)

Now if Ia1
k g(x) = h(x) andh(x) ∈ C0, again from [9], we get

Ia2
k h(x) = Ia2

k Ia1
k g(x) ∈ C0 (5. 41)

Continuing this way since we can say that
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I
aq

k . . . Ia2
k Ia1
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Now, sinceci > 0, i = 1, . . . , q, it implies that
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k I
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Sinceb > 0 so xb is a continuous function, and we know that product of continuous
function is continuous,
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From (5.38), we can say that

f ∈ C0 (5. 47)

sof(x) exists and it is continuous.

6. CONCLUSION

In the present paper, the solution of integral equation in whichk−hypergeometric func-
tion is involved as a kernel, is investigated. The author made use of thek−fractional
integral operators defined by Mubeen and Habibullah [16] to solve the integral equation,
which is reduced to Habibullah [10] by takingk → 1. On account of the general nature and
usefulness of the fractional integral operators involved in the present study, the findings of
the paper are believed to be useful in fields of applied Mathematics.
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