PunjabUniversity Journal of Mathematic&022),54(3),213-220
https://doi.org/10.52280/pujm.2022.540305

Extended Riemann Integral Equations Involving Generalized—hypergeometricFunctions

AneelaNadir
Departmenbf Mathematics,
NCBA&E, Gulberglll, Lahore, Pakistan,
Email: aneelanadir@yahoo.com

Received29 December2020/ Accepted:23 October,2021/ Publishednline: 15March, 2022

Abstract.: This research proves the existence of the solution for the Fred-
holm integral equation of the first kind. Initiallyy—Riemann integral
equation is considered involving thie-hypergeometric function as ker-
nel. k—fractional integration defined by Mubeen and Habibullad] is
used to investigate the solution of the integral equation

(g —t)Ft ai, k), (b, k x
Y <( o );1—t> (0t = ()

where\, a;,b,¢c; > 0,i=1,...,gandf € C,.

To prove the existence of solution, necessary and sufficient conditions are
defined.
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1. INTRODUCTION

Many times, during the solution of complex problems of PDEs in engineering and
sciences, we treat important functions dened by improper integrals and @@riesite
products). Those functions are generally called special functions. Special functions con-
tain a very old branch of mathematics. For example, trigonometric functions have been
studied for over a thousand years, due mainly to their numerous applications in astronomy.
Various special functions like Bessel and all cylindrical functions; the Gauss, Kummer,
conuent and generalized hypergeometric functions; the classical orthogonal polynomials
the incomplete Gamma and Beta functions, and error functions, the Airy, Whittaker func-
tions, and so on, will provide solutions to integer-order dierential equations and systems,
used as mathematical models. However, recently there has been an increasing interest in
and widely extended use of dierential equations and systems of fractional tivaleis, of
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arbitrary ordey, as better models of phenomena of various physics, engineering, automa-
tization, biology and biomedicine, chemistry, earth science, economics, nature, and so on.
The extensions of a number of well-known special functions were investigated recently by
several authorfl — 7] and[18 — 22]

In this paperk—Riemann integral equation is considered in whichkhéypergeometric
function is involved as kernels—fractional integration is used to investigate the solution

of the integral equation

* (p it k), (k)
/0 (Fk?C)qﬂFq,k <( (07) ]i) ); 1- t) f(t)dt = g(x) 1.1)

where\, a;,b,c; > 0,i=1,...,gandf € Cb,.
Diaz and Pariguafg] defined the integral representatiorkefgamma function anél—beta
function, respectively given by

Th(z) = kE-IT (3) - / #*le~ % di, Re(z)>0,k>0 (1. 2)

k 0

]. 1 xT y
Bk(x,y):g/ th N1 —t)*Lat, x>0,y >0 (1. 3)
0
Mubeen and Habibullafi 6] defined & —fractional integration by
1 x

I xzi/ -0 de k>00<z<t<oo 1.4
FDE) = ey ) @0 (14)

Habibullah [9] investigated the solution of integral equation in which confluent hypergeo-
metric function is involved as a kernel. The author made use of the fractional integral opera-
tors to solve the integral equation. Mubédef| has solved the conflueht-hypergeometric
function, which is reduced to Habibullgh] by takingk — 1. Habibullah[10] used
Erdelyi-Kobers fractional integrals and Stieltjes operators to find the solution of integral
equations. Lové13] solved the equations involving hypergeometric functiehs by us-
ing fractional derivatives.
In Podlubny[24], the fractional derivative of is given byI—¢f, which is defined as a
continuous functiorp such that/ ~¢y. It follows that ifa,b > 0 andI—*~? f exists, then
I—*I~"f exists and

I7eyb=gbrra—=gat (1.5)

erereref=f (1. 6)

Habibullah and Choudhary 1] proved that iff € C,, thenI® f exists and belongs t6',
whereC, be the class of those continuous functions on the intétval), open at, where
0 < b < oo, which are integrable &t

2. MAIN RESULTS

First, an integral operatdr} involving generalized —hypergeometric functiop, | F,
is defined, which is reduced to Batman Integral when 1 formulated by Love13].

LS
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1 (ai, k), (b, k); ,
VTS Wi Y (e =2,... 2.8
Tr (c1+ A)° z’k( (e14+ A1, k), (cj, k) ; 2),)=2,...,m (2. 8)

2.1. Theorem. If \;,a;,b,¢; > 0,i = 1,...,q are real numbers, thef™, T2, ..., T,

(aiak)v(ba k) .
;zu| be a generalized

are continuous integral operators, ajd Fy « (ci. k)
Ci,

k—hypergeometric function then
T) T TM oy Fyp(z) =

1 1 1 P (( k), (b, k); ) (2.9)
T (c1+ A1) Tr (ca + A2) T (eg + Ag) T PF U (ei + A k)5

Proof Applying integral operatdFAl oN g1 Fy 1 (2)

A 1(1 Bl m (aiak)a(bvk)
T i Fasla) = Iy Crther f<q>q+1Fq”“[ (k)
— 1 1 1 Akt u® — [e%e] (aL)n (b)nk P u
= IO T 7 Jo (L= w) /B e 550 ) S = S du

— 1 A1/ k7T uct -1 e’} (a:) nk(b)nk P
- Fk(/\l)Fk(cl fo (1 —u)M/ / P o~ rdu

By changing the order of integration and summation, and applyinBeta function, fol-
lowing required result is obtained:

At _ 1 (ai k), (b, k)
TetarFan(®) = o=y on Fas ey 400, 8), (c;, b)5 2
wherei=1,...,¢,j=2,...,q

aivk ’ b7k 5
Let Fk(c11+>\1)q+1Fq’k ( (a1 EI— )\17)/€)(, (Cj), k); Z> =
Now, by applying operator o’ and iterating the operators up ¢8' times, following
required result is obtained.
Substitutez = 2%,y = ==L

(2.7) to obtain

x A1 ‘1 _ (ai7k)a(b7 k)7 s
7(1 71_‘;,(161) Jiw=s)® s —t)% 1 Fyp ( (cirk); 1—¢)ds

xr— +771 ai7k ) b7k7 -
_( t)k q+1Fq,k(( ( ) ( ) 1_5;)

Fk(c1+>\ ) Cl+Al7k)a(Cjak);
(2. 10)
By continuing this way, at the" step, substitute = =2, u = 2=t
1 1 /T 2q_q fq_ 1
[ (z—9)F (s—t)F "
L (Ag) Tk (cq) Ji
(ai7k)7(ba k)v $
F, 1--)d
atitek < (c1+ A1, k), (ca+ A2 k) sy (cg—1+ A1, k), (g, k) ds; t )%

(:c t)kq+’“_ (al7 )a(vk)v z
Fk(cq+/\ ) q+1F ok < (Cz + )\’La k') H 1- t

2. 11)
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2.2. Theorem. If \;,;¢; > 0,9 = 1,...,q are real numbers anfl € C, then the solution
to thek—Riemann integral equation

x =1 i .
| qﬂFqk< (i 2 O g f) fodt=g(r) (@2 12)
is [ ... 1IN Hy (ai,b,¢;) f(z) = Hy, (as, b, ¢; + ) f(z)

Proof: Consided(a;, b, ¢;) f(x)

Now, by applyingl,?1 on both sides, this implies that

A1 - b.c ) = z(zfs)%il s 8(570%71 (ai,k) (b k), s
R Huasboe) o) = [ S (2

(2. 14)

Changing the order of integration and substituting the result from (2.10), we get

A,
Tw—t)®F Tt
[QlHk(aub,Ci)f(x):/O ECESYE

(as, k), (b, k) 219
a;, » \Uy ; z

q+1Fq,k ( (Cl + A17 k) ) (625 k) PR (Cq7 k) ; B t) f(t)dt

I Hi(ai,b, ;) f(x) = Hy, (ai,b,c1 + A1, ca, ..., ) f(2) (2. 16)

Continuing this way and,j“ applying on (2.16) and changing the order of integration
by using Fubinis theorem [10] and using the result (2.11), we get

I;;\qu(aub, c1+ A, Cqm1 F Agm1,¢q) f ()

B xT (x_t)%lJrchfl (ai,k) (b ]{7), T (2 17)
- [ St (Y 1 7) o

L Hy(ai, by 1+ Ay .oy Cgo1 4 g1, ¢) f (@) = Hy (ai,byci + A) f(z) (2. 18)
Combining all the results, it implies that

L. L2 TN Hy (a3,b,¢;) fz) = Hy (ai, by + \) f(x) (2. 19)

3. FORMAL SOLUTION:

To consider thé&—hypergeometric integral (1.1), let us formulate an integral equation
with a given functiory and the functiory to be determined.

Hy, (as,b,¢;) f(x) = /0“’ %qﬂFq,k ( (ai’(g”k()b;k% 1- f) ft)dt = g(z)
(3. 20)
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Wherea;,c; > 0,i = 1,...,q. Applying formally the fractional integral,’* on (3.20),
we get

L Hy (@i, b, ¢;) f(x) = I g(x) (3. 21)
Using (2.17), we find that

Hy, (a;,b,c1 +ay, ¢, .0 ¢q) fz) = 117 g() (3. 22)
Applying then the fractional integral operatf® on (3.22)

12 Hy (aisbyer +ar, ca,. . cq) (@) = 2L g(2) (3.23)
Using (2.17), we obtain

Hy (a;,b,c1 4+ a1,c0 +as,cs,...,¢q) f(x) =121 g(x) (3. 24)
By continuing this way and applying the fractional integral operator

L Hy (a;,bycr +ay, ..., cqo1 + ag—1,¢q) f(x) = " ... I TP g(2)
This leads to the following equations:

Hy (a;,b,c1 4+ a1,....cqg+aq) f(z) = I,?q LI g(x)

I.*Hy (a;,b,c1 4 a1, 02 + ag, ..., cq1 +ag—1,aq) f(x) = " ... I} I g(x) (3.25)

LA Hy (ai byer +an, ..., oo + ag2,aq-1,0aq) f(z) = L} ... TP g(x)

(3. 26)
By continuing this way and iteratingtimes, we get
LOL I8 Hy (ai,bya;) flz) = L. IR I g(x)

Applying the fractional integral operatdj, “ on (3.25) and using the fact
I1“I~*f =[1~*I“f = f, we obtain

L' I Hy (a,b,a0) f(x) = 1, L 12T g(x) 3. 27)
Continuing this way, applying the fractional derivatiyéimes, we obtain

Hy (a;,b,a;) f(x) = I, L. I, “ L. [T g(2) (3. 28)

4. SOLUTION OF THE k—RIEMANN INTEGRAL EQUATION INVOLVING 41 F 1

We now attempt to find the solution of tthe-fractional integral equation given in (1.1)

4.1. Theorem. If f € Cy, then the solution to the—Riemann integral equation (1.1) is

fla) = b b e L L TR T g () (4. 29)
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4.2. Proof. Consider the equation (3.27). On expanding, we get
‘ (l‘—t)% aiak ) b,k’ ; €T —c1 —Cq—1 7~ Cq 70q az rai
(4. 30)

This implies that

T (x—t)% b, k); T e e e —a o ra
/0 ()q+1F7k< (b, k) 1—t> Flt)dt = IO IS TSI T T g(x)

Fk (a) )
(4. 31)
SinceF(—,b, —; z) = (1 — z)~°,we obtain the following result which simplifies to the
solution of the equation as shown below

Tx—t)E A e —Cy—1 y—Cq y—a as 1a
/ (7)(1—(1—7)) Ft)dt = T¢I [ %" g(x)
; t

L'k(a)
(4. 32)
* (l'—t)%il (1’)_1) —_c —Cq—17—Cq 7—Q as ra
— (= tydt = I, .. I I, 1" I I g(x)  (4.33
|l () = e T () @ 39)
* -1 k-l —c —cqg 7—a
x_b/ utbf(t)dtzlk’cl...lk LT ML I g(n) (4. 34)
0 Ik (a)
eI (b f(e)) = I L T L L TR g () (4. 35)
It (2 f(2)) = 2P, L L M TP T () (4. 36)
ab f(x) = I b1 . L L T T g () (4.37)
f(@) =2 b1 b o T, T I T g () (4. 38)

5. NECESSARY ANDSUFFICIENT CONDITIONS
To prove the existence of solution, consider the solution, which inclikddgactional
integral operator and functions.

f(x) =2 b1 2t o T L I T g () (5. 39)
Now, we know thay(z) € Cy. So, from [9], we get that

I g(x) € Cy (5. 40)
Now if I g(x) = h(x) andh(z) € Cy, again from [9], we get

I?h(z) = L2 I g(z) € Cy (5. 41)
Continuing this way since we can say that
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L. IPIg(x) € Co (5. 42)
Now, sincec; > 0,7 =1,...,q, itimplies that
I LT M LRI g () € C (5. 43)

Sinceb > 0 soz’ is a continuous function, and we know that product of continuous
function is continuous,

= a1 LT L TP g(x) € C (5. 44)
= L%l L T L L TR g(x) € Gy, a >0 (5. 45)
= o PL b LCT L IR T g () € Co (5. 46)

From (5.38), we can say that

fely (5. 47)
so f(x) exists and it is continuous.

6. CONCLUSION

In the present paper, the solution of integral equation in whichypergeometric func-
tion is involved as a kernel, is investigated. The author made use of-tifiactional
integral operators defined by Mubeen and Habibullah [16] to solve the integral equation,
which is reduced to Habibullah [10] by takiig— 1. On account of the general nature and
usefulness of the fractional integral operators involved in the present study, the findings of
the paper are believed to be useful in fields of applied Mathematics.
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