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Abstract.: In this paper, we have introduced a new subclgss; of uni-
valent and analytic functions defined by fractiopal differintegral oper-

ator in the unit disdJ = {z € C : |z| < 1}. We obtained, among other
results, coefficient inequality, convex set, extreme points, growth and dis-
tortion theorem, radii of a class of starlikeness, convexity, and neighbor-
hood and Hadamard product for this subclass.
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1. INTRODUCTION

Let A be the class of analytic function of form

z)=z+ ialzl (1.1
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defined inU. LetS be the class of4 and is univalent ifU. A function p of A is called
bi-univalent inU if p andp~" are univalent irlJ.
Let A,, be the class of univalent and analytic functions of the type

p(z)=z+ Z awz, meN 1. 2)
l=m+1

defined inU. Also, letA,, be the subclass ofl,,,, which contains analytic and univalent
functions expressed in the form

p(z)=2— Z wz', a;>0,meN. 1. 3)
l=m+1
Purohit and Raina [17] defined “a fractiongt differintegral operatof2g , for a functions
p(z) of the form (1. 2) given by

r,2-ao)l,(l+1) ,
Q. p(z) =2+ 4 < az', (1. 4)
4 l_%:ﬂ r,2)r,(l+1—a)
I',(2-
:Z‘qu(‘(z)a)zlﬂg"zp(z), —co<a<2meN0<qg<l,z€el,
q

whereQg p(z) in (1. 4) represents, respectively a fractiopal integral ofp(z) of order
awhen—oo < a < 0 and a fractionay— derivative ofp(z) of ordera: when0 < o < 2.
Joshi and Sangle [14] defined and studied the new subglgss, 5, &; m) consisting of
analytic function(z) € A which satisfy the condition

(D"p(2)) =1
2[(D™p(2)) — o] = [(D™p(2)) — 1]

where D™p(z) is the generalized Salagean operator introduced by Al-oboudi [3] and is
defined as

1 1
’<57 5§f§1,0§a<§£,0<ﬁ§1,m€NU0,

D™p(z) =z+ > [14 (- DA™a2', A>0,meNy=NUO.
1=2
Motivated by the above works, we introduce the class of functions involving the operator
Q¢ as
q,z

T p(z) = {p<z> € A,

(Q2.p(2)) — 1
26[(% p(2)) — 0] — [ p(2)) — 1] ’ <0 }
1. 5)

1 1
—o<a<?2, igggl, Ogégig, 0<pB<1 meNO0O<g<l z€U.

Recently, several authors defined and studied the new subclass of analytic
functions (see[1, 2, 4,5, 6,7, 8,9, 10, 11, 12, 13, 15, 16, 18, 19, 22]). In the following, we
obtain different results for functions of the form (1. 2) and ( 1. 3) belonging to the class

Ties:
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2. MAIN RESULTS

Theorem 2.1. A functionp(z) given by(1.3) is in the classl; 5 if and only if

X Ty(2— )y (l+1)

DR TS e L L UL A
Proof. Now, assume that (2. 6 ) hold. Foit = 1, we have
[(95.0()) = 1| = B|2¢ [(@5..0(= ))’—5: - [(Q“ p(z))/—lﬂ
r,i+1 ,,
—2¢ l z
— ‘ Z (l+1)alzl_1 _3 Z l"‘l_a)al
lm+1r l+1_0‘) + Z l (Z-I-l)azlfl
Iy( l—|—1 — ) !
l=m+1
L2 —a)l(1+1)
SR ET R =y [1+B(2¢ = D] = 286(1 - 5) (By (2.6))
< 0

Thus by maximum modulus theorep(z) € T,
Conversely, suppos€z) is given by (1. 3) and belonglng I'c 5- Then it follows that

(92G,.p(2)) -1

<pB
‘25[(93,zp(2))’ — 0] = [(Qg .p(2)) — 1]
1 Da(2=o)ly(1+1)
Z?oerl T, (2T, (+1— a)alz - <3
T,(2—a)T4(I+1) j L@l (1) :
21 =0)E+26372,, 11 Ip )T (+1— a)azl DAL (2T, (41— a)azl '
Since|Re(z)| < |z| (V2),
@)y (14+1)
Re o mi r 2)F T+ a)az ! <5
oo j L 2—a)T, (141 j L=l (41 :
26(1=0) + 26 307y G a) 0 = S I E Gt e 0 !

Choosing the values afon the real axis so th&ty ;p(z) is real. Now let: — 1~ through
the real values and from the above inequality, we have

[e%S) F(2—Oé)F <l+1) 1— [e%S) F(2_a)p (l+1) i
z=%:+1lrz(2>Fq(l Fioa)tt 20720 zz%llrz(z)rq(z e ()
implies that

Ly(l+1)
Z r 1+1 )[1+ﬂ(2£—1)}al§255(1_5),
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Equation (2. 6 ) gives a sharp coefficient bound for
_ 206(1 — 6Ly (2)Tq(1+1 — o)
T2 —a)Ty(l+1)[1+ 5(26 —1)]
Corollary 2.2. Letp(z) be function given by1.3) is in the clas<l"; ; then
a 206(1 — 0)Iq(2)(l +1 —a)
"0, (2 — )T+ 1) [T+ B(26 — 1)]

Theorem 2.3. Let—oco < a <2, <£<1,0<6 <6 <260<B<1,0<qg<
1,m € N, then

p(z) = ,l=m+1,m+2,---;meN) (2.7)

,l=m+1m+2,--;meN).

Ties, © Toesn
Proof. By assumption, we have
26€(1 — 2) - 26€(1 — 1)

ILg(2—o)Tg(I+1)[14+B8(26—1)] — I0q(2—a)ly(I+1)[14+8(26—1)]
Lq(2)Tq(l+1-a) Fq(2)Tq(I+1-a)

Now, p(z) € T 5, implies that

o~ La@-a)ly(+1) 2860 —6y) _ 286(1—6)
o Ta@T U+ 1—a) '~ [L+BRE-1)] ~ [L+6(26 - 1)]
and by Theorem 2.1, we haygz) € T, ;. O

Theorem 2.4. The sef", ; is the convex.

Proof. Letp;(z) =z — Y2, 1 ai ;7' (j = 1,2) belong toT?, 5 and let
g9(z) = Ap1(2) + Aap2(2) with Ay and )\, are non-negative ankh + Az = 1.
Hence, we have

g(z) =2z — Z [Arar1 + Aza 2] 2
l=m+1
We prove thay(z) € T}, ;.
Now,
—a)T,(l+1)
l 4 [1+6(26—1)](Arai1 + Aar2)
1;1 L( FQ(+1 a) o o
o~ g2 —a)ly(1+1
Y qu(2 Sy LB D]a

l=m+1

(l+1-
< 2/\155(1 —6) +2X28¢(1 -
= (A1 +A2)26¢(1 - 6) = 26¢(1 - 6)
and by Theorem 2.1, we haygz) € T ;. O

)
)

Y Z ! QEQ ~ e - Dl
9
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3. EXTREME POINTS
The extreme points for the clagy', ; are proposed in this section.
Theorem 3.1. Letp,,(z) = z and

B 28¢(1 — 6)Ty(2)T4(1 +1 — )
p(z)=z- IT,(2— o)l (I + 1)L+ B(26 — 1)

]zl (l=m+1m+2---;meN),

(3. 8)
where—oco < < 2,2 <¢<1,0<6<3£0<B<1,0<g<1 Then
p(z) € T2 5 ifand only if p(z Z Aipi(z
l=m+1

wherel; > 0and) ° A =1lorl=X,+3>° X\

Proof. Letp(z) = >°72, .1 \imi(z), wherel; > 0and} = ., A = 1. To prove that
p(z) € T, 5. We can write

= 26€(1 - 0)Tq(2)T(l+1—a)
l;ﬂ {Z‘ T4(2— )Ty (l+1)[1+ﬂ(2§—1)]] |

266(1 = Ty (2T (I +1 — a)
l;—l)\l LT (2—a)Ty (l+1)[1+ﬂ(2§—1)1] -

Now,

2860 TN, 10) T2 aly(l 1)

T, — )T+ )1+ pEE— 1] < Ty@T, 0+ 1—a) TR DN

= 26¢(1 - 6) Z N < 266(1 - 6).

l=m+1

By Theorem 2.1, we havg(z) € T,
Conversely, lep(z) given by ( 1. 3 ) be in the clasg?, 5, then

266(1 = 0)Tq ()T (I +1—a) B '
M@= ), 0+ )T+ B¢ — 1) (I=m+1lm+2,.smeN)
Putting
2861 =0 (2)T(1+ 1 — ) B oo
NI, 2 - a0+ 1) 1+ﬁ(2§—1)] a”dl—AmJFl:;l%
we have

p(Z) = AnPm + Z )\lpl(z)

l=m+1
Hence the proof. O
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4. GROWTH AND DISTORTION THEOREMS

Theorem 4.1. Letp(z) be a function in the class’, ;, then
et 26E(1 = 6)T(2)Ty(m + 2 — ) .
= e o L s <)
20€(1 = 6)T4(2)Lg(m + 2 — a)
(m+1)e(2—a)lg(m+2)[1+ 526 -1

<r+rm+1[ )]],f0r|z|<7’<1.

4.9
Proof. By Theorem (2.1), for any functiop(z) € 17 5 We have

i qu(2 —a)l,(1+1)

T,2)0,(+1-a) [1+B(26 — )] ay < 28£(1 - 9)

l=m+1

— 206(1 = 6)I4(2)Tg(m +2 — o)
> a< (m—+ D)0y(2— a)Ty(m+2)[1+B2E—1)]

Therefore,

P 2 [zl = 32 ailel 2 Jo| = 2™ Y7 a
l=m+1 l=m+1
> |Z| _ ‘Z|m+1 |: 255(1 - 5)Fq(2)Fq(m + 2 — a) :|
- (m + 1)Tq(2 — a)Ty(m + 2) [1 + B(26 — 1)]
2B€(1 — 0)I'y(2)Tg(m + 2 — a) }
m+1)0(2 — a)Tg(m +2) [1+ (26— 1)] |

>r—rm+1[
- (

Similarly, we can prove

p(2)] < 7+t [ 2B¢(1 = O)Ly(2)Ty(m +2 — a) ]

(m+ 12— a)Ty(m+2)[1+6(26-1)] |

Theorem 4.2. Letp(z) be a function in the clasg; 5, then
[ 28601 = 0)T4(2)Ty(m+2 — a) ] ,
1- <
" | e e B A < P
266(1 = 6)Ty(2)Lg(m +2 — «
2—a)Ty(m+2)[1+[(2¢ —
Proof. By Theorem (2.1), for any functiop(z) € T,%; 5, we have

(4. 10)

m )
< < .
<1l+r {F ] Jforjz| <r<1

Z r +(1l+1§[ + B(26 = 1)]a; < 2B¢(1 - )

28§(1 = 0)T4(2)Tg(m + 2 — a)
Z l“l—r (2-a)Ty(m+2)[1+p(2£-1)]

l=m+1
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Therefore,

P =1— > dal ™t >1— 2™ Y la

l=m+1 l=m+1
2B6(1 — 6)Iq(2)Tg(m +2 — ) }
Tg(2 = a)ly(m+2) [1+ B(26 — 1)]
>1_pm { 2B6(1 — 6)Lq(2)Tq(m +2 — ) ] .
B Ly(2—a)Tg(m+2)[1 + B(2¢ — 1)]
Similarly, we can prove

21—|zm[

P (2) <1407 { 26€(1 — 8)04(2)Ly(m +2 — a) ] |

Lg(2 = a)Tg(m+2)[1 + B(2¢ - 1)]

5. RADIUS PROPERTIESFOR CLASS TV, &

Theorem 5.1. Let p(z) be a function in the clas$}, 5, thenp(z) is starlike of order
¢ (0<¢<1)in|z| <7, where

ry = inf {l(l — QT2 — )Ty (L +1)[(26 —1)8 + 1]
' (1 =T 2)T,(I+1—a)[28£(1 —6))

(5. 11)

Proof. It suffices to establish thz%% — 1' < 1—¢(. Thatis,

Zp/(Z) _ Z?inL-l—l(]' B l)al’zl Z?im+1(l B ]')al|2|l71
-l= o0 | < o0 1 <1-¢
p(2) Z = Zl:m+1 aiz 1- Zl:m+1 ar|z|"=
To prove the theorem, we must show that
> I=Qall T <1-¢
l=m+1

By using Theorem 2.1, we get

L1 < {za = OFy(2 = @)l (L +1) [1 + B(26 m]
=TT, + 1 - 0)RfE( - )]

equivalently,

(1= QN2 - )l (+ ) (26— DB+ 1]
|2|§[ (I —OT,(2)T (I + 1 —a)[26£(1 — 6)] } el <

Thus,

= inf{ {l(l = OTq(2 ~ oTg(+ DI - 1) + ”] ”} (I =m+1,m+2,--+ ;m € N).

(I - C)Fq@)rq(l +1—a)[285(1 - 9)]

=
] },(l:m—l—l,m—i—Q,---;mEN).
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Theorem 5.2. Let p(z) be a function in the clas$}’, ;, thenp(z) is convex of order
¢ (0<¢<1)in|z| < rg, where

_ f{ {(1_@3(2_@)@(1“) [1+8(2¢ -1
T9 = 111 (

Z_C)Fq(2)rq(l+1—a)[2ﬂ§(1—5)]] }7(1— +1,m+2,--- ;m € N).

(5.12)
Proof. It suffices to establish thz%% < 1—¢(. Thatis,
2p(2)| |~ Z;’imﬂ(l — Diagz!=! Z?im+1 11— V)ag|z|'~t <l_¢
p(z) | | 1- ey lagz Tt 1= gzt
To prove the theorem, we must show that
Sl = Qalzl Tt <1-¢
l=m+1

By using Theorem 2.1, we get

L < [u — QT2 — a)Ty(1+ 1) [1 + H(26 1)}]
S - Qr,er, G+ 1-aRsEd -0 |

Equivalently,

(1= OTy(2 — )T, (1 + 1) [1+ B(26 — 1)]] 7 L
o S{ (1= QOTg(2Ty (1 + 1 — ) [26¢(1 - 6)] } el <ra

Thus,

ry = inf {(1 — QP2 =)Ly (I +1)[(26 —1)B + 1]
’ (I1—=Or,2)T (I +1—a)28¢(1 —6))

=
] },(Z:m+1,m+2,--~;m€N).
O

6. NEIGHBOURHOODAND HADAMARD PRODUCT PROPERTIES

Definition 6.1 ([20, 21]). “Let v > 0 andp(z) € A,,, the~y neighborhood of a function
p(z) defined by

Nv(p):{gefbn:g(z):z— i bzt and i lal—bl|§'y}. (6. 13)

l=m+1 l=m+1

For the identity functiore(z) = z, we have

N,(e) = {g €A, g(z)=2z— Z bz and Z I|by] < fy} J (6. 14)
l=m+1 l=m+1
Theorem 6.2. Let
_ D,@T(m + 2 - )20~ 6)]
T, (2= a)l,(m+2) [1+ A2 — 1)

then T,'; 5 C N, (e). (6. 15)
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Proof. Letp(z) € T, ; then by Theorem 2.1, we have

T,(2 — a)Ty(m +2)[1 + T,(0+ 1)L+ B(2¢ — 1)]
T, )T, (m+2—a l;ll‘” = %:Hl Z)Fq(l+1—a) “
<2B¢(1-9) .

Therefore,

S < 20Ty +2 )
- Ty

A= (2—a)ly(m+2) 14 3(2§ — 1)]

from (6. 15), we get

i lag <~ .

l=m+1
Thereforep(z) € N (e). O

Definition 6.3. The functiorp(z) € A,, is called as a member of the subclags, ;. if

there is functiorh € 77, 5 such that

p(z)

— -1 <1 - < 1 . .1

‘h(z) ’_ n(0<n<1 2€el) (6. 16)

Theorem 6.4. Leth e 137 sandn =1 — ~vd. ThenN,(h) C T2 5.,

where—co < a < 2,1 <§<10<6<2§0<ﬁ<10<q<10<n<1meN

and

_ [y(2—a)ly(m+2)[14 526 - 1)]
(m+ 1)q(2 — a)lg(m +2) [1+ B(28 — 1] = 286(1 = 6)Lq(2)Tq(m +2 - o)

(6. 17)

Proof. Letp(z) € N,(h) then by definition (6.1), we have,,” .. l|a; — bi| < .

Therefore,

oo

Yo a bl < ©. 18)

l=m+1 m+ 1
Sinceh € T, 5, we have

> 2B£(1 = 0)Ty(2)Ty(m +2 — a)
PR g DT,(2—a)Ty(m+2)[1+ 526 —1] °

l=m+1
Now,
’p<z> . 1‘ I N TR
h(z) T l-Yr b

< { Iy(2—a)ly(m+2)[1+ 52— 1)]
=T+ D2 — a)Ty(m + 2) [1 + B(2E — 1] — 2BE(1 — 0) T, (2)Ty(m + 2 — @)
=yd=1—-n.

Considering definition (6.3), we hayéz) €

T s - O
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Theorem 6.5. Let

9(z) =z — Z bzt and p(z) = 2z — Z ai? (a, by > 0),
l=m+1 l=m+1

be in the clasg, ; . Then the Hadamard produét(z) = = — Y22, ., ;b2 is in the
subclassl’; 5, where

5. < g2 = )y (+ 126 = 1)B+1] = 26¢(1 = 61)°Ty Ty (1 + 1~ )

c ITy(2 = a)Ty I+ 1) [1+ (26 — 1)) |
Proof. By Theorem 2.1, we get

o0

E:zr< Q)T+ 1)1+ 526~ 1]
266(1— 01)Ty(Tg( +1—a) ' =

l=m+1

N T, (2 — )T, (1 + 1) [1 4 B(2¢ — 1))
and 3. 2&@—&)<>na+1—® =

l=m+1
We have only to find the largeét such that

oo

$° a2 )ly(+ D1+ 526~ 1)
Lo B~ BT, @)L, 1 - a)

By Cauchy-Schwarz inequality, we have

o0

ITy(2 — )Ty (L + 1) [1 + (26 —
1:%;1 26¢(1 — 6)),(2)T, (1 + 1 — «) F<1

we need only to show that

Lq(2 =)l + 1) [1 + 5(2€ — V)] ITy(2— a)Tg(l+1)[1 4 B(2§ — 1)]
2B6(1 = 62)T(2)T (I +1— ) aib; < TS T M .

albl S 1.

(6. 19)
Equivalently,
02— a)lq(U+1)[(26 - 1) B+1] 2661 - 0)Iq(2)T6(1+1—a)
VS T BE T 0T, @T (L 1~ a) I,(2 — Dy + 1) 1+ B2 1]
< (1—199)
- (1 — 61)
But from ( 6. 19 ),we have
266(1 —0)T(2)T(1+1 - a)
Vb S ip o o, + DL AEE 1]
Consequently, we need to prove that
206(1 = 8Ty +1 =) _ (1-3)
02— a)Tq(l+ 1)1+ B2 -1)] — (1=061)

aib; <

or equivalently, that
ITy(2 — )Ty (L + 1) [1+ B(2€ — 1] — 266(1 — 61)°T ()T (L +1 — )

02 < ITy(2 — )Ty + 1)L+ A(2€ — 1]
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O

Theorem 6.6. Letp(z) be a function in the class*; ; andd (d > —1) any real number,

then the function

Hz) = L1 /thflp(t)dt (d> 1),

Zd 0
H 67
in the classT’; 5

Proof. Sincep(z) € A,

d+1 (% ., d+1
H(z) = — /Otd Lp(t)dt = i / < Z ittt 1)

l=m+1
LN (LY L
- l;ll(l+d) '
Now,
)L+ 1)1+ B2 1] (d+1
lZHl T e (l+d)c”
a)lg(l+1)[1+ 826 —1]
< L ey <
Smce(ﬁ(}) < 1 and by theorem (2.1), we géf(z) € T 5- O

Theorem 6.7. Letp(z) be a function in the clasf’, ; and

Fn(z):z(l—n)—i—n/ Eo)dga (n>0,z€U).
Thenk, (z) isinthe classl; 5, if 0 <n < (m +1).

Proof. Sincep(z) € A,,,

z _ 0 a !
Fn(2)=(1—77)2+77/0 (w Zi=m lw)dw

¥
S Y (D)e

l=m+1

Now,

)T (I +1)[1+ 32 —1] /7
lz—i-ll 265(1_) 2 +1—a) (f)al

o I,2—a)ly(l+1)[1+ B(2¢ —1]
- l:%;.ll 23£(1 — 5)Fq(2)rq(l +1—a)

Since(7) < 1 and by theorem (2.1), we g&,(2) € T ;- O

a; < 1.
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7. CONCLUSIONS

In this paper, we introduced and investigated some properties of the subclass of analytic
functions withg— differintegral operator. Based on this work further useful study on dif-
ferent subclasses of analytic functions associated with fractipndifferintegral operator
can be established.
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