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Abstract.: In this paper, we have introduced a new subclassTα
q,ξ,δ of uni-

valent and analytic functions defined by fractionalq− differintegral oper-
ator in the unit discU = {z ∈ C : |z| < 1}. We obtained, among other
results, coefficient inequality, convex set, extreme points, growth and dis-
tortion theorem, radii of a class of starlikeness, convexity, and neighbor-
hood and Hadamard product for this subclass.
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1. INTRODUCTION

LetA be the class of analytic function of form

p(z) = z +
∞∑

l=2

alz
l (1. 1)
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defined inU. Let S be the class ofA and is univalent inU. A function p of A is called
bi-univalent inU if p andp−1 are univalent inU.
LetAm be the class of univalent and analytic functions of the type

p(z) = z +
∞∑

l=m+1

alz
l, m ∈ N (1. 2)

defined inU. Also, letAm be the subclass ofAm, which contains analytic and univalent
functions expressed in the form

p(z) = z −
∞∑

l=m+1

alz
l, al ≥ 0,m ∈ N. (1. 3)

Purohit and Raina [17] defined “a fractionalq− differintegral operatorΩα
q,z for a functions

p(z) of the form (1. 2 ) given by

Ωα
q,zp(z) = z +

∞∑

l=m+1

Γq(2− α)Γq(l + 1)
Γq(2)Γq(l + 1− α)

alz
l, (1. 4)

= z +
Γq(2− α)

Γq(2)
zlΩα

q,zp(z), −∞ < α < 2,m ∈ N, 0 < q < 1, z ∈ U,

whereΩα
q,zp(z) in ( 1. 4 ) represents, respectively a fractionalq− integral ofp(z) of order

α when−∞ < α < 0 and a fractionalq− derivative ofp(z) of orderα when0 ≤ α < 2.”
Joshi and Sangle [14] defined and studied the new subclassDλ(α, β, ξ; m) consisting of
analytic functionsp(z) ∈ A which satisfy the condition
∣∣∣∣

(Dmp(z))′ − 1
2ξ[(Dmp(z))′ − α]− [(Dmp(z))′ − 1]

∣∣∣∣ < β,
1
2
≤ ξ ≤ 1, 0 ≤ α <

1
2
ξ, 0 < β ≤ 1,m ∈ N∪0,

whereDmp(z) is the generalized Salagean operator introduced by Al-oboudi [3] and is
defined as

Dmp(z) = z +
∞∑

l=2

[1 + (l − 1)λ]malz
l, λ ≥ 0,m ∈ N0 = N ∪ 0.

Motivated by the above works, we introduce the class of functions involving the operator
Ωα

q,z as

Tα
q,ξ,δp(z) =

{
p(z) ∈ Am,

∣∣∣∣
(Ωα

q,zp(z))′ − 1
2ξ[(Ωα

q,zp(z))′ − δ]− [(Ωα
q,zp(z))′ − 1]

∣∣∣∣ < β

}

(1. 5)

−∞ < α < 2,
1
2
≤ ξ ≤ 1, 0 ≤ δ ≤ 1

2
ξ, 0 < β ≤ 1, m ∈ N, 0 < q < 1, z ∈ U.

Recently, several authors defined and studied the new subclass of analytic
functions (see [1, 2, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 15, 16, 18, 19, 22]). In the following, we
obtain different results for functions of the form (1. 2 ) and ( 1. 3 ) belonging to the class
Tα

q,ξ,δ.



New Subclass of Analytic Functions Associated with Fractionalq− Differintegral Operator 349

2. MAIN RESULTS

Theorem 2.1. A functionp(z) given by(1.3) is in the classTα
q,ξ,δ if and only if

∞∑

l=m+1

l
Γq(2− α)Γq(l + 1)
Γq(2)Γq(l + 1− α)

[1 + β(2ξ − 1)] al ≤ 2βξ(1− δ). (2. 6)

Proof. Now, assume that (2. 6 ) hold. For|z| = 1, we have
∣∣∣
(
Ωα

q,zp(z)
)′ − 1

∣∣∣− β
∣∣∣2ξ

[(
Ωα

q,zp(z)
)′ − δ

]
−

[(
Ωα

q,zp(z)
)′ − 1

]∣∣∣

=

∣∣∣∣∣−
∞∑

l=m+1

l
Γq(2− α)Γq(l + 1)
Γq(2)Γq(l + 1− α)

alz
l−1

∣∣∣∣∣− β

∣∣∣∣∣∣∣∣∣∣

2ξ(1− δ)− 2ξ

∞∑

l=m+1

l
Γq(2− α)Γq(l + 1)
Γq(2)Γq(l + 1− α)

alz
l−1

+
∞∑

l=m+1

l
Γq(2− α)Γq(l + 1)
Γq(2)Γq(l + 1− α)

alz
l−1

∣∣∣∣∣∣∣∣∣∣

≤
∞∑

l=m+1

l
Γq(2− α)Γq(l + 1)
Γq(2)Γq(l + 1− α)

[1 + β(2ξ − 1)] al − 2βξ(1− δ) ( By (2. 6 ))

≤ 0.

Thus by maximum modulus theoremp(z) ∈ Tα
q,ξ,δ.

Conversely, supposep(z) is given by ( 1. 3 ) and belonging inTα
q,ξ,δ. Then it follows that

∣∣∣∣
(Ωα

q,zp(z))′ − 1
2ξ[(Ωα

q,zp(z))′ − δ]− [(Ωα
q,zp(z))′ − 1]

∣∣∣∣ < β

∣∣∣∣∣∣

∑∞
l=m+1 l

Γq(2−α)Γq(l+1)
Γq(2)Γq(l+1−α)alz

l−1

2(1− δ)ξ + 2ξ
∑∞

l=m+1 l
Γq(2−α)Γq(l+1)
Γq(2)Γq(l+1−α)alzl−1 −∑∞

l=m+1 l
Γq(2−α)Γq(l+1)
Γq(2)Γq(l+1−α)alzl−1

∣∣∣∣∣∣
< β.

Since|Re(z)| ≤ |z| (∀z),

Re




∑∞
l=m+1 l

Γq(2−α)Γq(l+1)
Γq(2)Γq(l+1−α)alz

l−1

2ξ(1− δ) + 2ξ
∑∞

l=m+1 l
Γq(2−α)Γq(l+1)
Γq(2)Γq(l+1−α)alzl−1 −∑∞

l=m+1 l
Γq(2−α)Γq(l+1)
Γq(2)Γq(l+1−α)alzl−1


 < β.

Choosing the values ofz on the real axis so thatΩα
q,δp(z) is real. Now letz → 1− through

the real values and from the above inequality, we have

∞∑

l=m+1

l
Γq(2− α)Γq(l + 1)
Γq(2)Γq(l + 1− α)

alz
l−1 < 2βξ(1−δ)−2β

∞∑

l=m+1

l
Γq(2− α)Γq(l + 1)
Γq(2)Γq(l + 1− α)

alz
l−1(2ξ−1)

implies that

∞∑

l=m+1

l
Γq(2− α)Γq(l + 1)
Γq(2)Γq(l + 1− α)

[1 + β(2ξ − 1)] al ≤ 2βξ(1− δ).

¤
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Equation (2. 6 ) gives a sharp coefficient bound for

p(z) = z− 2βξ(1− δ)Γq(2)Γq(l + 1− α)
lΓq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]

, (l = m+1,m+2, · · · ;m ∈ N) (2. 7)

Corollary 2.2. Letp(z) be function given by(1.3) is in the classTα
q,ξ,δ then

al ≤ 2βξ(1− δ)Γq(2)Γq(l + 1− α)
lΓq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]

, (l = m + 1,m + 2, · · · ;m ∈ N).

Theorem 2.3. Let−∞ < α < 2, 1
2 ≤ ξ ≤ 1, 0 ≤ δ1 ≤ δ2 ≤ 1

2ξ, 0 < β ≤ 1, 0 < q <
1,m ∈ N, then

Tα
q,ξ,δ2

⊆ Tα
q,ξ,δ1

.

Proof. By assumption, we have

2βξ(1− δ2)
lΓq(2−α)Γq(l+1)[1+β(2ξ−1)]

Γq(2)Γq(l+1−α)

≤ 2βξ(1− δ1)
lΓq(2−α)Γq(l+1)[1+β(2ξ−1)]

Γq(2)Γq(l+1−α)

Now, p(z) ∈ Tα
q,ξ,δ2

implies that

∞∑

l=m+1

l
Γq(2− α)Γq(l + 1)
Γq(2)Γq(l + 1− α)

al ≤ 2βξ(1− δ2)
[1 + β(2ξ − 1)]

≤ 2βξ(1− δ1)
[1 + β(2ξ − 1)]

and by Theorem 2.1, we havep(z) ∈ Tα
q,ξ,δ1

. ¤

Theorem 2.4. The setTα
q,ξ,δ is the convex.

Proof. Let pj(z) = z −∑∞
l=m+1 al,jz

l, (j = 1, 2) belong toTα
q,ξ,δ and let

g(z) = λ1p1(z) + λ2p2(z) with λ1 andλ2 are non-negative andλ1 + λ2 = 1.
Hence, we have

g(z) = z −
∞∑

l=m+1

[λ1al,1 + λ2al,2] zl.

We prove thatg(z) ∈ Tα
q,ξ,δ.

Now,
∞∑

l=m+1

l
Γq(2− α)Γq(l + 1)
Γq(2)Γq(l + 1− α)

[1 + β(2ξ − 1)] (λ1al,1 + λ2al,2)

= λ1

∞∑

l=m+1

l
Γq(2− α)Γq(l + 1)
Γq(2)Γq(l + 1− α)

[1 + β(2ξ − 1)] al,1

+ λ2

∞∑

l=m+1

l
Γq(2− α)Γq(l + 1)
Γq(2)Γq(l + 1− α)

[1 + β(2ξ − 1)] al,2

≤ 2λ1βξ(1− δ) + 2λ2βξ(1− δ)

= (λ1 + λ2)2βξ(1− δ) = 2βξ(1− δ)

and by Theorem 2.1, we haveg(z) ∈ Tα
q,ξ,δ. ¤
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3. EXTREME POINTS

The extreme points for the classTα
q,ξ,δ are proposed in this section.

Theorem 3.1. Letpm(z) = z and

pl(z) = z − 2βξ(1− δ)Γq(2)Γq(l + 1− α)
lΓq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]

zl (l = m + 1,m + 2, · · · ; m ∈ N),

(3. 8)
where−∞ < α < 2, 1

2 ≤ ξ ≤ 1, 0 ≤ δ ≤ 1
2ξ, 0 < β ≤ 1, 0 < q < 1. Then

p(z) ∈ Tα
q,ξ,δ if and only if p(z) =

∞∑

l=m+1

λlpl(z),

whereλl ≥ 0 and
∑∞

l=m+1 λl = 1 or 1 = λm +
∑∞

l=m+1 λl.

Proof. Let p(z) =
∑∞

l=m+1 λlpl(z), whereλl ≥ 0 and
∑∞

l=m+1 λl = 1. To prove that
p(z) ∈ Tα

q,ξ,δ. We can write

p(z) =
∞∑

l=m+1

λl

[
z − 2βξ(1− δ)Γq(2)Γq(l + 1− α)

lΓq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]

]
zl

= z −
∞∑

l=m+1

λl

[
2βξ(1− δ)Γq(2)Γq(l + 1− α)

lΓq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]

]
zl.

Now,
∞∑

l=m+1

2βξ(1− δ)Γq(2)Γq(l + 1− α)
lΓq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]

× l
Γq(2− α)Γq(l + 1)
Γq(2)Γq(l + 1− α)

[1 + β(2ξ − 1)] λl

= 2βξ(1− δ)
∞∑

l=m+1

λl ≤ 2βξ(1− δ).

By Theorem 2.1, we havep(z) ∈ Tα
q,ξ,δ.

Conversely, letp(z) given by ( 1. 3 ) be in the classTα
q,ξ,δ, then

al ≤ 2βξ(1− δ)Γq(2)Γq(l + 1− α)
lΓq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]

, (l = m + 1,m + 2, · · · ;m ∈ N).

Putting

λl =
2βξ(1− δ)Γq(2)Γq(l + 1− α)

lΓq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]
and 1 = λm +

∞∑

l=m+1

λl ,

we have

p(z) = λmpm +
∞∑

l=m+1

λlpl(z) .

Hence the proof. ¤
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4. GROWTH AND DISTORTION THEOREMS

Theorem 4.1. Letp(z) be a function in the classTα
q,ξ,δ, then

r − rm+1

[
2βξ(1− δ)Γq(2)Γq(m + 2− α)

(m + 1)Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1)]

]
≤ |p(z)|

≤ r + rm+1

[
2βξ(1− δ)Γq(2)Γq(m + 2− α)

(m + 1)Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1)]

]
, for |z| ≤ r < 1.

(4. 9)

Proof. By Theorem (2.1), for any functionp(z) ∈ Tα
q,ξ,δ, we have

∞∑

l=m+1

l
Γq(2− α)Γq(l + 1)
Γq(2)Γq(l + 1− α)

[1 + β(2ξ − 1)] al ≤ 2βξ(1− δ)

∞∑

l=m+1

al ≤ 2βξ(1− δ)Γq(2)Γq(m + 2− α)
(m + 1)Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1)]

.

Therefore,

|p(z)| ≥ |z| −
∞∑

l=m+1

al|z|l ≥ |z| − |z|m+1
∞∑

l=m+1

al

≥ |z| − |z|m+1

[
2βξ(1− δ)Γq(2)Γq(m + 2− α)

(m + 1)Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1)]

]

≥ r − rm+1

[
2βξ(1− δ)Γq(2)Γq(m + 2− α)

(m + 1)Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1)]

]
.

Similarly, we can prove

|p(z)| ≤ r + rm+1

[
2βξ(1− δ)Γq(2)Γq(m + 2− α)

(m + 1)Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1)]

]
.

¤

Theorem 4.2. Letp(z) be a function in the classTα
q,ξ,δ, then

1− rm

[
2βξ(1− δ)Γq(2)Γq(m + 2− α)

Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1)]

]
≤ |p′(z)|

≤ 1 + rm

[
2βξ(1− δ)Γq(2)Γq(m + 2− α)

Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1)]

]
, for |z| ≤ r < 1.

(4. 10)

Proof. By Theorem (2.1), for any functionp(z) ∈ Tα
q,ξ,δ, we have

∞∑

l=m+1

l
Γq(2− α)Γq(l + 1)
Γq(2)Γq(l + 1− α)

[1 + β(2ξ − 1)] al ≤ 2βξ(1− δ)

∞∑

l=m+1

lal ≤ 2βξ(1− δ)Γq(2)Γq(m + 2− α)
Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1)]

.
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Therefore,

|p′(z)| ≥ 1−
∞∑

l=m+1

lal|z|l−1 ≥ 1− |z|m
∞∑

l=m+1

lal

≥ 1− |z|m
[

2βξ(1− δ)Γq(2)Γq(m + 2− α)
Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1)]

]

≥ 1− rm

[
2βξ(1− δ)Γq(2)Γq(m + 2− α)

Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1)]

]
.

Similarly, we can prove

|p′(z)| ≤ 1 + rm

[
2βξ(1− δ)Γq(2)Γq(m + 2− α)

Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1)]

]
.

¤

5. RADIUS PROPERTIESFOR CLASS Tα
q,ξ,δ

Theorem 5.1. Let p(z) be a function in the classTα
q,ξ,δ, thenp(z) is starlike of order

ζ (0 ≤ ζ < 1) in |z| ≤ r1, where

r1 = inf

{[
l(1− ζ)Γq(2− α)Γq(l + 1) [(2ξ − 1)β + 1]

(l − ζ)Γq(2)Γq(l + 1− α)[2βξ(1− δ)]

] 1
l−1

}
, (l = m+1,m+2, · · · ;m ∈ N).

(5. 11)

Proof. It suffices to establish that
∣∣∣ zp′(z)

p(z) − 1
∣∣∣ < 1− ζ. That is,

∣∣∣∣
zp′(z)
p(z)

− 1
∣∣∣∣ =

∣∣∣∣∣

∑∞
l=m+1(1− l)alz

l

z −∑∞
l=m+1 alzl

∣∣∣∣∣ ≤
∑∞

l=m+1(l − 1)al|z|l−1

1−∑∞
l=m+1 al|z|l−1

< 1− ζ

To prove the theorem, we must show that
∞∑

l=m+1

(l − ζ)al|z|l−1 < 1− ζ

By using Theorem 2.1, we get

|z|l−1 ≤
[
l(1− ζ)Γq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]

(l − ζ)Γq(2)Γq(l + 1− α)[2βξ(1− δ)]

]

equivalently,

|z| ≤
[
l(1− ζ)Γq(2− α)Γq(l + 1) [(2ξ − 1)β + 1]

(l − ζ)Γq(2)Γq(l + 1− α)[2βξ(1− δ)]

] 1
l−1

; |z| < r1 .

Thus,

r1 = inf

{[
l(1− ζ)Γq(2− α)Γq(l + 1) [(2ξ − 1)β + 1]

(l − ζ)Γq(2)Γq(l + 1− α)[2βξ(1− δ)]

] 1
l−1

}
, (l = m+1,m+2, · · · ;m ∈ N).

¤



354 D. D. Bobalade, S. B. Joshi and N. D. Sangle

Theorem 5.2. Let p(z) be a function in the classTα
q,ξ,δ , thenp(z) is convex of order

ζ (0 ≤ ζ < 1) in |z| < r2, where

r2 = inf

{[
(1− ζ)Γq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]

(l − ζ)Γq(2)Γq(l + 1− α)[2βξ(1− δ)]

] 1
l−1

}
, (l = m+1,m+2, · · · ; m ∈ N).

(5. 12)

Proof. It suffices to establish that
∣∣∣ zp′′(z)

p′(z)

∣∣∣ < 1− ζ. That is,

∣∣∣∣
zp′′(z)
p′(z)

∣∣∣∣ =

∣∣∣∣∣
−∑∞

l=m+1(l − 1)lalz
l−1

1−∑∞
l=m+1 lalzl−1

∣∣∣∣∣ ≤
∑∞

l=m+1 l(l − 1)al|z|l−1

1−∑∞
l=m+1 lal|z|l−1

< 1− ζ

To prove the theorem, we must show that
∞∑

l=m+1

l(l − ζ)al|z|l−1 < 1− ζ

By using Theorem 2.1, we get

|z|l−1 ≤
[
(1− ζ)Γq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]

(l − ζ)Γq(2)Γq(l + 1− α)[2βξ(1− δ)]

]
.

Equivalently,

|z| ≤
[
(1− ζ)Γq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]

(l − ζ)Γq(2)Γq(l + 1− α)[2βξ(1− δ)]

] 1
l−1

; |z| < r2 .

Thus,

r2 = inf

{[
(1− ζ)Γq(2− α)Γq(l + 1) [(2ξ − 1)β + 1]

(l − ζ)Γq(2)Γq(l + 1− α)[2βξ(1− δ)]

] 1
l−1

}
, (l = m+1,m+2, · · · ; m ∈ N).

¤

6. NEIGHBOURHOODAND HADAMARD PRODUCT PROPERTIES

Definition 6.1 ([20, 21]). “Let γ ≥ 0 andp(z) ∈ Am, theγ neighborhood of a function
p(z) defined by

Nγ(p) =

{
g ∈ Am : g(z) = z −

∞∑

l=m+1

blz
l and

∞∑

l=m+1

l|al − bl| ≤ γ

}
. (6. 13)

For the identity functione(z) = z, we have

Nγ(e) =

{
g ∈ Am : g(z) = z −

∞∑

l=m+1

blz
l and

∞∑

l=m+1

l|bl| ≤ γ

}
.” (6. 14)

Theorem 6.2. Let

γ =
Γq(2)Γq(m + 2− α)[2βξ(1− δ)]

Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1)]
then Tα

q,ξ,δ ⊂ Nγ(e). (6. 15)
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Proof. Let p(z) ∈ Tα
q,ξ,δ then by Theorem 2.1, we have

Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1)]
Γq(2)Γq(m + 2− α)

∞∑

l=m+1

lal ≤
∞∑

l=m+1

l
Γq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]

Γq(2)Γq(l + 1− α)
al

≤ 2βξ(1− δ) .

Therefore,
∞∑

l=m+1

lal ≤ 2βξ(1− δ)Γq(2)Γq(m + 2− α)
Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1)]

from ( 6. 15 ), we get
∞∑

l=m+1

lal ≤ γ .

Therefore,p(z) ∈ Nγ(e). ¤

Definition 6.3. The functionp(z) ∈ Am is called as a member of the subclassTα
q,ξ,δ,η, if

there is functionh ∈ Tα
q,ξ,δ such that
∣∣∣∣
p(z)
h(z)

− 1
∣∣∣∣ ≤ 1− η (0 ≤ η < 1, z ∈ U). (6. 16)

Theorem 6.4. Leth ∈ Tα
q,ξ,δ andη = 1− γd. ThenNγ(h) ⊂ Tα

q,ξ,δ,η,
where−∞ < α < 2, 1

2 ≤ ξ ≤ 1, 0 ≤ δ ≤ 1
2ξ, 0 < β ≤ 1, 0 < q < 1, 0 ≤ η < 1,m ∈ N

and

d =
Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1)]

(m + 1)Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1]− 2βξ(1− δ)Γq(2)Γq(m + 2− α)
.

(6. 17)

Proof. Let p(z) ∈ Nγ(h) then by definition (6.1), we have
∑∞

l=m+1 l|al − bl| ≤ γ.
Therefore,

∞∑

l=m+1

|al − bl| ≤ γ

m + 1
. (6. 18)

Sinceh ∈ Tα
q,ξ,δ, we have

∞∑

l=m+1

bl ≤ 2βξ(1− δ)Γq(2)Γq(m + 2− α)
(m + 1)Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1]

.

Now,∣∣∣∣
p(z)
h(z)

− 1
∣∣∣∣ ≤

∑∞
l=m+1 |al − bl|

1−∑∞
l=m+1 bl

≤ γ

[
Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1)]

(m + 1)Γq(2− α)Γq(m + 2) [1 + β(2ξ − 1]− 2βξ(1− δ)Γq(2)Γq(m + 2− α)

]

= γd = 1− η .

Considering definition (6.3), we havep(z) ∈ Tα
q,ξ,δ,η . ¤
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Theorem 6.5. Let

g(z) = z −
∞∑

l=m+1

blz
l and p(z) = z −

∞∑

l=m+1

alz
l (al, bl ≥ 0),

be in the classTα
q,ξ,δ1

. Then the Hadamard producth(z) = z −∑∞
l=m+1 alblz

l is in the
subclassTα

q,ξ,δ2
, where

δ2 ≤ lΓq(2− α)Γq(l + 1) [(2ξ − 1)β + 1]− 2βξ(1− δ1)2Γq(2)Γq(l + 1− α)
lΓq(2− α)Γq(l + 1) [1 + (2ξ − 1)β]

.

Proof. By Theorem 2.1, we get
∞∑

l=m+1

lΓq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]
2βξ(1− δ1)Γq(2)Γq(l + 1− α)

al ≤ 1

and
∞∑

l=m+1

lΓq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]
2βξ(1− δ1)Γq(2)Γq(l + 1− α)

bl ≤ 1 .

We have only to find the largestδ2 such that
∞∑

l=m+1

lΓq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]
2βξ(1− δ2)Γq(2)Γq(l + 1− α)

albl ≤ 1 .

By Cauchy-Schwarz inequality, we have
∞∑

l=m+1

lΓq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]
2βξ(1− δ1)Γq(2)Γq(l + 1− α)

√
albl ≤ 1,

we need only to show that

lΓq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]
2βξ(1− δ2)Γq(2)Γq(l + 1− α)

albl ≤ lΓq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]
2βξ(1− δ1)Γq(2)Γq(l + 1− α)

√
albl .

(6. 19)
Equivalently,

√
albl ≤ lΓq(2− α)Γq(l + 1) [(2ξ − 1) β + 1]

2βξ(1− δ1)Γq(2)Γq(l + 1− α)
2βξ(1− δ2)Γq(2)Γq(l + 1− α)

lΓq(2− α)Γq(l + 1) [1 + β(2ξ − 1]

≤ (1− δ2)
(1− δ1)

But from ( 6. 19 ),we have
√

albl ≤ 2βξ(1− δ1)Γq(2)Γq(l + 1− α)
lΓq(2− α)Γq(l + 1) [1 + β(2ξ − 1]

.

Consequently, we need to prove that
√

albl ≤ 2βξ(1− δ1)Γq(2)Γq(l + 1− α)
lΓq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]

≤ (1− δ2)
(1− δ1)

,

or equivalently, that

δ2 ≤ lΓq(2− α)Γq(l + 1) [1 + β(2ξ − 1]− 2βξ(1− δ1)2Γq(2)Γq(l + 1− α)
lΓq(2− α)Γq(l + 1) [1 + β(2ξ − 1)]

.
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¤

Theorem 6.6. Let p(z) be a function in the classTα
q,ξ,δ andd (d > −1) any real number,

then the function

H(z) =
d + 1
zd

∫ z

0

td−1p(t)dt (d > −1),

in the classTα
q,ξ,δ.

Proof. Sincep(z) ∈ Am,

H(z) =
d + 1
zd

∫ z

0

td−1p(t)dt =
d + 1
zd

∫ z

0

(
td −

∞∑

l=m+1

alt
l+d−1

)
dt

= z −
∞∑

l=m+1

al

(
d + 1
l + d

)
zl.

Now,
∞∑

l=m+1

l
Γq(2− α)Γq(l + 1) [1 + β(2ξ − 1]

2βξ(1− δ)Γq(2)Γq(l + 1− α)

(
d + 1
l + d

)
al

≤
∞∑

l=m+1

l
Γq(2− α)Γq(l + 1) [1 + β(2ξ − 1]

2βξ(1− δ)Γq(2)Γq(l + 1− α)
al ≤ 1.

Since
(

d+1
l+d

)
≤ 1 and by theorem (2.1), we getH(z) ∈ Tα

q,ξ,δ. ¤

Theorem 6.7. Letp(z) be a function in the classTα
q,ξ,δ and

Fη(z) = z(1− η) + η

∫ z

0

p(ϕ)
ϕ

dϕ (η ≥ 0, z ∈ U).

ThenFη(z) is in the classTα
q,ξ,δ, if 0 ≤ η ≤ (m + 1).

Proof. Sincep(z) ∈ Am,

Fη(z) = (1− η)z + η

∫ z

0

(
ϕ−∑∞

l=m+1 alϕ
l

ϕ

)
dϕ

= z −
∞∑

l=m+1

al

(η

l

)
zl.

Now,
∞∑

l=m+1

l
Γq(2− α)Γq(l + 1) [1 + β(2ξ − 1]

2βξ(1− δ)Γq(2)Γq(l + 1− α)

(η

l

)
al

≤
∞∑

l=m+1

l
Γq(2− α)Γq(l + 1) [1 + β(2ξ − 1]

2βξ(1− δ)Γq(2)Γq(l + 1− α)
al ≤ 1.

Since
(

η
l

) ≤ 1 and by theorem (2.1), we getFη(z) ∈ Tα
q,ξ,δ. ¤
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7. CONCLUSIONS

In this paper, we introduced and investigated some properties of the subclass of analytic
functions withq− differintegral operator. Based on this work further useful study on dif-
ferent subclasses of analytic functions associated with fractionalq− differintegral operator
can be established.
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