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Abstract. In this paper, we introduce the concept of fuzzy bipolar soft
quasi-ideals in ordered semigroup theory. First some characteristics of the
structure are examined and hence a few useful results are established. It
is proved, among others, that the concepts of fuzzy bipolar soft bi-ideal
and fuzzy bipolar soft quasi-ideal in regular ordered semigroups coincide.
In addition, fuzzy bipolar soft quasi-ideals over ordered semigroups are
linked with the ordinary quasi-ideals. Thereafter, a few classes of ordered
semigroups are characterized in terms of their fuzzy bipolar soft left, fuzzy
bipolar soft right and fuzzy bipolar soft quasi-ideals, and thus some im-
portant characterization theorems are established. We also define fuzzy
bipolar soft semiprime quasi-ideals and characterize completely regular
ordered semigroups by their fuzzy bipolar soft (semiprime) quasi-ideals.
Itis proved that an ordered semigrofps completely regular if and only

if every fuzzy bipolar soft quasi-ideal4 over S is a fuzzy bipolar soft
semiprime quasi-ideal.
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1. INTRODUCTION

Whenever the real-world problems (ranging from engineering to medical sciences to social
sciences) and their modeling come under discussion, we face the existence of uncertainty
in the data. Thus to deal with the data having uncertainty, Zadeh [36] initiated the the-
ory of fuzzy sets. Within few years of the initiation of Zadeh'’s theory a natural question

of possible connection between algebraic structures and Zadeh'’s theory raised in mind.
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Therefore, Rosenfeld [31] connected group theory with fuzzy set theory by introducing
fuzzy group theory and, following his footprints, Kuroki [16-21] defined the concept of
fuzzy semigroup theory and investigated fuzzy ideals, fuzzy (generalized) bi-ideals, fuzzy
interior-ideals, fuzzy semiprime ideals and fuzzy semiprime quasi-ideals. Similarly, the
concept of fuzzy quasi-ideals in semigroups was introduced by Ahsan et al. [1]. Later the
concepts given in [1, 16-21] were further studied in the structure of ordered semigroups
by Kehayopulu and Tsingelis [13-15], Kehayopulu [9], Kehayopulu et al. [12], and Shabir
and Khan [32]. Obviously, in the real-world problems many a time an information about a
specific phenomenon has two aspects, that is, the presence or absence of a particular prop-
erty. In other words, the information is bipolar with a positive and a negative pole, where
the positive pole represents what is granted to be possible and the negative pole represents
what is reflected to be impossible. Therefore, Zadeh's theory of fuzzy sets [36] is inap-
propriate to deal with such problems. Thus to handle the problems that involve a bipolar
data, several generalizations of Zadeh's theory are attempted. One of these generalizations
is known as bipolar fuzzy set [37] whose membership degree rangé,is][ An element

may have) membership degree or its membership degree may (i¢ ifj orin [—1, 0) and,

in these cases, we say that the element is irrelevant to the corresponding property or some-
what satisfies the property or somewhat satisfies the implicit counter-property, respectively.
The motivation behind this notion was to remove the inadequacy of parameterization tools
in the existing theories of fuzzy mathematics. Later, Molodtsov [25] further generalized
Zadeh's theory [36] and introduced soft set theory to deal with uncertainties which cannot
be handled by the existing mathematical tools. In addition, Maji et al. [23] studied both the
concepts of [25] and [36], and came up with the idea of fuzzy soft set theory. Later, Maji

et al. [24] applied the concept of [25] to handle decision making problems. Even though
rough set theory [22, 29] can deal well with the issues of parameterization, whereas its hy-
brid structures such as fuzzy rough sets [30] can also be used for the purpose of dealing with
the fuzziness of data, but the addition of any further factor such as bipolarity of information
makes it complex to be used. Instead, soft set theory has no restrictions in the process of
making approximations for an object and, therefore, this theory is more applicable than
the other ones. Akram et al. [2] studied uncertainty and vaguendssalgebra using the
concept of bipolar fuzzy soft set theory [35]. Muhiuddin and Mahboob [26] studied int-soft
(left, right, interior, bi-) ideals over soft sets in the structure of ordered semigroups. In the
same fashion, Muhiuddin et al. [27] introduced the concept ofare V(k*, ¢x))-fuzzy
semiprime subset in ordered semigroups and investigated several related properties. Talee
et al. [33] applied hesitant fuzzy set theory to orderesemigroups and studied hesitant
fuzzy ideals and their related properties. Likewise, Jun et al. [6] introduced the concept of
hesitant fuzzy semigroups with a frontier and examined some properties of the notion.

As mentioned above, Kuroki [21] and Ahsan et al. [1] studied fuzzy quasi-ideals in semi-
group theory and investigated the basic properties of semigroups in terms of their fuzzy
guasi-ideals. Likewise, Shabir and Khan [32] studied the same ideals in ordered semigroup
theory and characterized several classes of ordered semigroups by these ideals. As dis-
cussed earlier, there are several generalizations and extensions of Zadeh'’s fuzzy set theory,
for example, interval-valued fuzzy sets, intutionistic fuzzy sets, vague sets, fuzzy soft sets,
hesitant fuzzy sets and fuzzy rough sets. It is worth mentioning that all these theories have
useful applications in various fields that show the importance of these structures. In 2014,
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Naz and Shabir [28] presented another extension of fuzzy set theory named fuzzy bipolar
soft (FBS) set, which is a blending of fuzzy and bipolar soft set theories, and discussed its
application in decision making problems. The concept of [28] was redefined by the authors
and applied to ordered semigroup theory. Thus the concept of FBS ideal theory in ordered
semigroups was initiated [3-5]. Motivated by the research work of Kuroki, Ahsan et al.,
and Shabir and Khan, we apply in the article in hand the concept of FBS set theory to or-
dered semigroups and introduce the notion of FBS quasi-ideals. First a few fundamental
characteristics of the notion are examined. In this respect, we prove among others that
(i) every FBS quasi-ideal over an ordered semigrSup an FBS ordered semigroup; (ii)
every FBS (left, right) ideah 4 over S is an FBS quasi-ideal; (iii) an FBS s&f, over S

is an FBS quasi-ideal ovéf iff its (r,t)-level subset is a quasi-ideal §f (iv) every FBS
guasi-ideal 4 over S is an FBS bi-ideal; (v) every FBS bi-ideal, over a regular ordered
semigroupsS is an FBS quasi-ideal; and (vi) a non-empty suligeif S is a quasi-ideal

of S iff the FBS characteristic functioyﬁ of Q is an FBS quasi-ideal oveét. Thereafter,

some classes of ordered semigroups are characterized in terms of FBS sets and hence a few
characterization theorems are

characterized by means of their FBS quasi-ideals while the ordered semigroups that are
both intra-regular and left weakly-regular are characterized in terms of their FBS left (right)
and FBS quasi-ideals. Finally, left and right simple (resp., completely regular) ordered
semigroups are characterized by their FBS quasi-ideals [resp., FBS (semiprime) quasi-
ideals]. It is proved that' is completely regular iff every FBS quasi-idegah over S is

FBS semiprime quasi-ideal ovst

2. PRELIMINARIES

In this section, we recall some basic definitions that are helpful in the comprehension of
the content of the article.

An ordered semigroups, x, <) is a setS, where(S, %) is a semigroup angs, <) is a
partially ordered set (poset) such that the order relatiohis compatible with the binary
operation %" on S. Likewise, a non-empty subsgt of an ordered semigrougs, -, <) is
called a subsemigroup &fiff (i) AA C A and (ii) (A4, -, <) is an ordered semigroup. For
a nonempty subsét of an ordered semigrou, we denote by( P] the subset of' defined
as

(Pl={0c€S|o<p forsomep € P}.
Similarly, foro € S, we denote byX, the subset of x S defined as follows:
X, = {(a,b) € SxS|o<ab}.

Naz and Shabir [28] presented the notion of FBS sets and explained the application of
the structure in decision making problems through an example. The authors redefined the
notion and studied FBS (left, right) ideals [3], FBS semiprime ideals [4] and FBS bi-ideals
[5] in ordered semigroup theory. Let us recall the concept of FBS set as follows:

Definition 1. [3] AssumeS be an initial universe setF(S) be the collection of all fuzzy
subsets of and E be a set of parameters. Fot C E, let f : A — E be an injective
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function. Then, an FBS saty overS is an object of the form
+ —
)\A - ()\a )‘7 A)7

JF —
wherel : A — F(S) and X : f(A) — F(S) are set-valued functions such that the
condition

<3E)@) + AFE@) ) <1

holds, for allz € S ande € A.

+
For anye € A, the degreé\(¢)(z) characterizes the extent that the elemert S satisfies
the property of the corresponding fuzzy set, whereas the dé_qUé(e))(a:) indicates the
extent thatr satisfies the counter-property. Besides, foeadl A andz € S, the condition
+ —
0 < A(e)(@) + A(f(e))(z) <1

is imposed as consistency constraint. The FBS\gatan also be represented as
+ -
Ao = {(e,AE),A(f(e))) | e € A}.

+ -
If A(e) = ¢, the empty fuzzy set af and\(f(¢)) = S, the universal fuzzy set & for
anye € A, then the elemertt, ¢, S) will not appear in 4.

—_ —_ + —
For the sake of brevity, we shall dencdtéf (¢)) by A(e) and, similarly, write( A, \) instead
+ —
of (A, A, A).

Definition 2. [3] Let A4 be an FBS set ove such that, for alk € A, we haveA+(e) =S,

the universal fuzzy set of and X(e) = ¢, the null fuzzy set af. Then)\, is called
universal FBS set ove$. We denote it b4 = (g,g). Likewise if, for alle € A, we have
K(e) = ¢, the null fuzzy set of and;\(e) = S, the universal fuzzy set ¢f, then)\ 4 is

called null FBS set ove$. We denote it by 4 = (d+5, 35).

Definition 3. [3] Let A4 andd 4 be FBS sets ovef. We say thah 4 is an FBS subset ofs,

~ + o+ - -+ + — -
denoted as\4 =< 404, iff A < dandd < Niff A(e)(z) < d(e)(x) andd(e)(x) < A(e)(z),
forall x € S ande € A. Similarly, A 4 is said to be an FBS superset®f iff ¢ 4 is an FBS
subset of\ 4.

Def|n|t|on 4. [3] For two FBS sets\4 andd4 overS, we say that\4, andd4 are FBS
equal |ﬁ/\ = 6 and/\ — 5. This relatlonshlp is denoted byy = 4. Further, we note that

A_éand)\_élff)\( )z )_5( )(x )and)\( )(x )_6( )(x) forall z € S ande € A.
Equivalently\ 4 andé 4 are FBS equal iff

Aa g oa and oA g AA.
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Definition 5. [3] Let A4 andd4 be FBS sets ove$. The FBS intersection of the two FBS
sets is an FBS sety overS defined by

i + o+ o+ +
V(e o) = (AAG)(e)(o) = min{A(e)(0), d(e)(0)}

and
1e)o) = (AV)(e)(0) = max{A(e)(0), §() (o)}

~ + + - - =
forall o € S ande € A. We denoteyy = Aa Nda, Where$ =AAdandy = A V.
Here, the symbols andV respectively represent the operations of fuzzy intersection and
fuzzy union of two fuzzy sets.

Definition 6. [3] Let A4 andé 4 be FBS sets ove$. The FBS union of the two FBS sets is
an FBS sety4 overS defined by

+

L + + +
V() o) = (AV)(e)(o) = max{A(e)(x), 6(e)(x)}

and

YE)@) = (AAN(E)(0) = min{A(e)(@), d(e)(x)}

+
forall 0 € Sandes € A. We denoteyy = A4 Uda, Wherey =V 6 and-y

>/|
Oql

In what follows, S always represents an ordered semigroup.

Definition 7. [3] Let A4 be an FBS set ove$ such that, for any:,y € S, if z < y then

+ + - -
Ae)(x) > Ae)(y) and A(e)(z) < A(e)(y) for all e € A. We say that\4 is an FBS
ordered semigroup ove# iff, for all e € A andzx,y € S, the following assertions hold:

() A()(xy) > min{A(e)(x), ) ().

(i) Ae)(2y) < max{A(e)(), M) (1)}
Definition 8. [3, 4] Let A4 be an FBS sets ovét. Fore € Aandr € (0,1],¢ € [0,1), we

(rt)
denote by\ 4 (¢) the subset of that is defined as follows:

(rt) + _
Aa(e) ={x € S:A(e)(z) >r, Ae)(x) <t}

(r,t)

For anye € A, the subsed 4 (¢) of S is called an(r, t)-level subset of 4.

Definition 9. [3] Let I'4 andY 4 be FBS sets oves. Letp, ¢q,0 € S ande € A. Then, the
product ofl"4 andY 4 is defined to be the FBS sgf over S, where

N Vo min{FE) @), T @)} X, £ 6,
() (o) = { ma)exs,

0 if X, = o,
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and
_ A max{I'(e)(p),Y(e)(q)} if X, # o,
v(E) o) = 1§ maex,
1 if X, = ¢.

We denote/ 4, = I'4 o T4, where J& = f o ? and v = I'oT.
Definition 10. [3, 4] Let A4 be an FBS set ove§ such that, for any:,y € S, ifz < y
thenA(e)(x) > A(e)(y) and A(e)(x) < A(e)(y) for all ¢ € A. We say that, is an FBS
left ideal oversS iff, for all z,y € S ande € A, the following assertions hold:
CRICIENESEIN
(i) AE)(ay) < AE) ().
Dually, one can define an FBS right ideal ov&r

Definition 11. [3, 4] An FBS set\ 4 overS is called an FBS two-sided ideal or, simply, an
FBS ideal ovelS if itis both an FBS left ideal and an FBS right ideal overEquivalently,
Aa is an FBS ideal ovef iff, for all x,y € S ande € A, the following assertions are
satisfied:
T + +
(i) A(e)(zy) = max{A(e)(x), A(e)(y)}-
(i) A(e)(zy) < min{A(e)(x), Ae)(y)}-
Definition 12. [3] Let P be a non-empty subset 8f Then an FBS set ovér of the form
P + -
Xa = (Xp Xp, A)
is called an FBS characteristic function Bf where

+ 1 ifoePp,

M@Mﬂ={0W0¢P
and

- 0 ifoeP,

xAmw={1”0¢R

foralle e Aando € S.

3. THE CONCEPT OF FUZZY BIPOLAR SOFT QUASIDEALS IN ORDERED SEMIGROUPS

In this section, we introduce the concept of an FBS quasi-ideal in ordered semigroup theory.
The concept is elaborated by a suitable example.

Definition 13. A non-empty subse® of S is called a quasi-ideal of iff the following
axioms are satisfied:

(1) (@SN (SQ] C Q,and
(2) fae QandS > b < a,thend € Q.
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Definition 14. Let A4 be an FBS set ovef andz,y € S. Then, it is called an FBS
quasi-ideal ovels iff, for all e € A, the following axioms are satisfied:

(i) If 2 <y, thenA(e)(z) > A(e)(y) and A(e)(z) < AE)(y).
(i) (AaoS4)N(Sa0Xa) = A4, thatis,

+ + + + + - = - - -

(Ao S)A(SoN) <A, (AoS)V(SoA) >
Example 1. Consider the ordered semigrodp= {vo, 71, V2, V3, Y4, V5, V6 } With the mul-
tiplication “-” and the order relation “<” given below:

Y Y1 Y2 Y3 Y4 V5 V6
YoY% Yo Y Yo Yo Yo Yo
Y% 71 Y Y Y4 Yo Yo
Y21 7Y% Y2 Y% Yo Yo 7o
3% Y6 Yo Y3 Y3 Yo V6
Y4l Y1 Yo Y4 Y4 Yo M
Y5 Y% Yo Y0 Yo Yo V5 Y0
Y6 | Y0 Y6 Yo Yo Y3 Yo Y0

<= {(70,70), (v1:71), (v2,72)5 (¥3:73), (V45 74)5 (45, 75) (V65 76) }-
{

Let A = {0,1} = E = Z, be a set of parameters arfd: A — Z, be defined by
f(e) = e tforalle € A. Let A4 be an FBS set ove$ which is defined in terms of its
fuzzy approximate functions such that

0.6 if z € {v),2},

o= {02 226
0.3 ifx e {y3,7]},
0.3 if z € {v0,72},
:\(0)(17) _ 04 ifze{n,v},

0.5 ifx= ny,
0.6 ifzxe {73,’}/6},

0.5 if x € {y0,%},

K(l)(x) _ 8; ?f x i{’h,’h}v
3 ifx= Ay,

0.2 if z e {y3,7},

and

0.2 if x € {y,7},

- 0.3 ifxz € {v,7},

0.4 ifx= ~y,

0.5 ifzxe {737’76},
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Then one can check by routine calculations thatis an FBS quasi-ideal ove.

4. RELATIONSHIP BETWEEN CRISP QUASIIDEALS OF ORDERED SEMIGROUPS AND
THIR FUZZY BIPOLAR SOFT QUASHIDEALS

In this section, a relationship between crisp quasi-ideals of ordered semigroups and the
FBS quasi-ideals is investigated by using the concept-of)-level subset (resp., FBS
characteristic function). In this connection, it is proved that an FBS\ gatver S is an

(rt)
FBS quasi-ideal ovef if and only if the (r, t)-level subset\ 4(¢) # ¢ of A4 is a quasi-
ideal of S for all » € (0, 1], ¢t € [0,1) ande € A. Likewise, it is revealed that a non-empty

subset® of S is a quasi-ideal of if and only if the FBS characteristic functiQﬁA of Q
is an FBS quasi-ideal ove.

(r,t)
Theorem 1. An FBS sef\ 4 overS is an FBS quasi-ideal ove¥ if and only if A\ 4(¢) # ¢

is a quasi-ideal of5 for all » € (0,1], ¢t € [0,1) ande € A.
Proof. It is straightforward. O

As an application of Theorem 1, we present the following example:

Example 2. Consider Example 1, where, has been defined to be an FBS quasi-ideal

over the ordered semigrouf = {~o,v1,72,¥3, V4,75, 76 }- Let us define thér, t)-level
(r,t) (r,t)

subsets\ 4 (0) and A 4 (1) of A4 as follows:

s if 7 € (0,0.3],
{70,715 Y2, v4, 75} if r € (0.3,0.4],
{70, 71,72, 75} if r € (0.4,0.5],
{70, 72} if » € (0.5,0.6],
iy =19 i re (06,1,
¢ if t €[0,0.3),
{70, 72} if £ €[0.3,0.4),
{70,71,72,75} if ¢ €[0.4,0.5),
{70, 71,72, 74,75} if ¢ €[0.5,0.6),
S if t €[0.6,1),




On Fuzzy Bipolar Soft Ordered Semigroups 383

and

S if € (0,0.2],
{0, 71,727,795} if 7€ (0.2,0.3],
{70,715,72, 75} if r € (0.3,0.4],
{70, 75} if r € (0.4,0.5],

A(i{t()n _)e it re(05.1]
¢ if ¢ €[0,0.2),
{70, 75} if t €0.2,0.3),
{70,715,725 75} if t €[0.3,0.4),
{v0, 71,72, 74,5} if t € [0.4,0.5),
S if £ €[0.5,1).

(T,t)
We note that, for alt € (0,1],¢ € [0,1) and0, 1 € A, the(r,t)-level subsets\ 4 (0) # ¢
(Tvt)
and A4 (1) # ¢ of A4 are quasi-ideals of. Then, by Theorem 1, we have, is an

FBS quasi-ideal ovef. Thus, as an application of Theorem 1, it is verified that the FBS
quasi-ideal ovef defined in Example 1 is, in fact, an FBS quasi-ideal aver

Before establishing the main theorem that characterizes ordinary quasi-ideals of ordered
semigroups by the FBS quasi-ideals using the concept of FBS characteristic function, we
introduce the following results:

Proposition 4.1. Let P and @ be nonempty subsets 8f LetXF; and XQA be FBS charac-
teristic functions of? and @), respectively. The® C @ if and only if

+ + - -
Xp S Xgr Xp 2 Xg-
Proof. Itis straightforward. O

Proposition 4.2. Let P and @ be nonempty subsets 8f LetXPA and X(ix be FBS charac-
teristic functions of? and @, respectively. Then, we have

+ o+ + - = -
Xp ANXo = Xpngr Xp VXo = Xpno-
Proof. Itis straightforward. O

Lemma 4.3. Let P and@Q be nonempty subsets®f LetXPA and XQA be FBS characteristic
functions ofP and @, respectively. Then, we have

+ + + - - -
(xP o Xxq) = X(PQ]» (xp o Xxq) = X(PQ]
Proof. Itis straightforward. O

The following theorem characterizes crisp (or, ordinary) quasi-ideals of an ordered semi-
groupsS by the FBS quasi-ideals ovér.
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Theorem 2. Let¢ # @ C S. Then(@ is a quasi-ideal ofS if and only if the FBS
characteristic functior)& of @ is an FBS quasi-ideal oves.

Proof. First assume tha&) be a quasi-ideal of. Let X%x be the FBS characteristic function
of Q. Then, by virtue of Lemma 4.3, Proposition 4.2 and the fact.that XSA, we have

+ & Lo+ + o+ + o+
(X@oS)A(Soxg) = (xqoxs)A(Xs°Xq)

—~

+
(Qs] AX (sQ]

Il
=+

I
=+

(RSN (SQ]
and

(X_Q OS) \ (SOXQ) = (X_Q OX_S) \ (X_s OX_Q)

= Xs V X(sq

X (QsIn(sQl”

Since (QS] N (SQ] C Q, thus, by Proposition 4.1, we ha\Z@a < X+Q and

QSN (SQ]
> xo. Then, it follows that

=

(RSIN(SQ]

+ +
(xooS)A(Soxa) < Xo

and
(xQoS)V(Soxq) > Xo

Now, letz,y € S suchthat <y.If y ¢ Q, thenX+Q(€)(y) =0 andyg(e)(y) = 1. Thus,
it follows that

Xo(®)@) = Xo@)W), xa(e)() < Xo(e)®).
If y € Q, thenXJrQ(z-:)(y) = landxq(e)(y) = 0. Further, since) € @, thusz € Q. Then,
we haVeX+Q(€)(l') =l andyg(e)(x) = 0. Thus, once more, it follows that

Xo(©)@) = Xo©)®):  xa(e)() < Xo(#)®)-
Therefore, we conclude thg%; is an FBS quasi-ideal ové.

Conversely, assume that the FBS characteristic fungﬁ@of Q is an FBS quasi-ideal over
S. Then, sinceS, = XSA, we have

+ o+ + o+
xQ = (x@oxs)A(xsoxq)
+ o+ + o+
= (x@oxs) A (XsoxQ)
+ +
= Xigs M X s
+
= X

(RSIN(SQ]
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and, similarly,

Xq < X(@sinesal’
Then, by Proposition 4.1, it follows th&&)S]N (SQ] C Q. Now, letz € Sandz <y € Q.
Then, sinchA is an FBS quasi-ideal ovéf, we have

Xa(e)(@) > Xo(e) ),

Xq(e)(@) < xq(e) ).
Moreover, sincey € @, we havexg(s)(y) = landxq(¢)(y) = 0. Thus, it follows that
X+Q(€)(37) = 1 andxq(e)(z) = 0 which implies that: € Q. Therefore( is a quasi-ideal
of S. O

In the following section, we further discuss some properties of FBS quasi-ideals over or-
dered semigroups.

5. SOME MISCELLANEOUS CHARACTERISTICS OF FUZZY BIPOLAR SOFT
QUASI-IDEALS IN ORDERED SEMIGROUPS

In this section, we examine some miscellaneous properties of FBS quasi-ideaks dter

is proved that every FBS quasi-ideal oveis an FBS ordered semigroup. In addition, it

is revealed that every FBS (left, right) ide®} over.S is an FBS quasi-ideal, however,

by a counterexample, it is exposed that the converse of the assertion is not true in general.
Moreover, it is proved that every FBS quasi-idéal over S is an FBS bi-ideal, yet, by a
counterexample, it is revealed that every FBS bi-ideabver S is not necessarily an FBS
quasi-ideal. It is interesting to note that the concepts of FBS bi-ideal and FBS quasi-ideal
in regular ordered semigroups coincide.

An ordered semigroup is regular iff, for everyc € S, there existst € S such that
o < ozo. Equivalently, we have (i§ is regular iffc € (0So] for all o € S and (ii) S is
regular iff A C (ASA] VA C S[8].

Proposition 5.1. Let A4 and 4 be FBS sets ove$. Then, the following assertions are
satisfied:

0} A D64 = Aa, AaNba =<4
(i) )\Aj)\ALNJ(SA, 5Aj>\ACJ(5A.

Proof. Itis straightforward. O

Proposition 5.2. Let A4, d4, 74 and¥ 4 be FBS sets ove¥ such that we hava 4 % 0a
and~vy4 = 94 . Then the following assertions are satisfied:

(i) Aa 5%4 g SaND4.
(i) AaU~va =264U004.

Proof. Itis straightforward. O
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Proposition 5.3. Every FBS quasi-ideal ovef is an FBS ordered semigroup.

Proof. It is straightforward. d

Proposition 5.4. Leta < a? for all a € S. Then, for every FBS quasi-ide&), overS, we
have

1 1 2 \ 2
Ae)(a) = Ae)(a”), A(e)(a) = A(e)(a”)
forall e € A.
Proof. Let A4 be an FBS quasi-ideal ovef. Further, lete € A anda € S. Then,

by Proposition 5.3, we have, is an FBS ordered semigroup ov&€r Moreover, since
a < a?, we have

+ + + + +
Ae)a) > Ae)(a?) = min{A(e)(a), ANe) (@)} = A()(a)

and
M) a) < AE)(a?) < max{A(e)(a), A(e)(a)} = A(e)(a).

This completes the proof. O

Proposition 5.5. Every FBS right ideal ove$ is an FBS quasi-ideal.

Proof. Let A4 be an FBS right ideal ove§. Lete € A anda € S. If X, = ¢, then

Rod)e)a) = 0=(SoN(e)(a)

and
Ao S)(e)a) = 1=(SoA)(e)(a)
So, we have
+ + + + + + + +
(Ao S)A(SoN)(E)a) = min{(AoS)(e)(a),(SoN)(e)(a)}
— 0<AE))
and

= 1> \e)(a)
Let X, # ¢. Then, we have
+ + + +
(AoS)e)a) = \/ min{A(e)(p),S(e)(9)}
(p,9)€Xa
and
AoS)e)a) = A max{Ae)p), S()(q)}
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On the other hand, ifp, ¢) € X,, thena < pg. So, we have

+ + + + +
AE)(a) = Ae)(pg) = Ale)(p) = min{A(e)(p), S(e)(q)}

and

M) a) < AE)(pa) < AE)(p) = max{A(e)(p), S(e)(q)}-
So, it follows that

\/ min{K(E)(p), g(E)(Q)}

(p,9)€Xa

+
Ae)(a)

Y

and, similarly,

Thus, we obtain

and

Therefore\ 4 is an FBS quasi-ideal ovet. O

Similarly, one can prove the following proposition:

Proposition 5.6. Every FBS left ideal ove$ is an FBS quasi-ideal.

In the light of Propositions 5.5 and 5.6, we establish the following result:

Proposition 5.7. Every FBS two-sided ideal ovéris an FBS quasi-ideal.

The converse of Proposition 5.7 is not true in general. Thus, we have the following asser-

tion:

Remark 1. Every FBS quasi-ideal ovef is not necessarily an FBS ideal ov&r

Lemma 5.8. An FBS set\ 4 over S is an FBS two-sided ideal (resp., FBS left ideal, FBS
(rit)

right ideal) overS if and only if A 4(e) # ¢ is a two-sided ideal (resp., left ideal, right

ideal) of S for all € (0,1], t € [0,1) ande € A.

Proof. It is straightforward. O

To justify Remark 1, we present the following example:
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Example 3. Consider the ordered semigrodp= {~o, 71, V2, V3, 74} With the multiplica-
tion “-” and the order relation “<” given as follows:

Yo

Y1 Y2 73

Y4

Y0
ga!
V2
73
V4

Y0
Yo
Yo
Yo
Yo

Yo Y Y0
Y1 Y2 Yo
Yo Y0 Yo
Y% 7Y 73
Y4 Yo Yo

Y0
Yo
Yo
Yo
Yo

<={(70,70)> (70, 71)> (Y0, 72)> (Y0, 74)> (V1 71)5 (V25 7¥2)5 (735 73) 5 (Va5 74) }-

LetE:S?,:{Go:(l 2 3),61 2(3 1 2),62:(2 3 1),63:

(2 1 3),ea4=(3 2 1),es=(1 3 2)}beasetofparameters, whefgis

the group of permutations ¢fl, 2,3}. Let A = {¢p, €1} be asubsetoF andf : A — Z3

be defined byf(0) = o~ ! forall p € A. Let A4 be an FBS set ove¥ which is defined in
terms of its fuzzy approximate functions such that

>+

0.6
(e0) @) = {02

Nea)(a) = {8‘6‘

(r,t) (r,t)

if z € {70771573}7
if x € {72774}3

if z € {y0,71,73},
if HAS {72a74})

if T e {70771)73}7
ifz e {72774}a

if = € {707'71773}7
if 2 € {7y2,74}.

The (r, t)-level subseta 4 (o) and X 4(e1) of A4 are defined as follows:

S
{70,71,73}
¢
¢

{707’71»’73}
S

if r € (0,0.2],
if 7 € (0.2,0.6],
if r € (0.6,1],
if t €10,0.4),
if ¢t €[0.4,0.5),
ift €[0.5,1).
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S if 7 € (0,0.3],
{70,71,73} if 7 € (0.3,0.5],
A(:(til) _ ) ifre (05,1,
o} if t €10,0.4),
{v0,71,73} if t €[0.4,0.6),
S if t €0.6,1).

Here, we see that for all € (0,1], ¢ € [0,1) andeg,e; € A, the (r,t)-level subsets
(r,t) (7,t)

Aa(eo) # ¢ andra(er) # ¢ of A4 are quasi-ideals of. Then, by Theorem 1, we have

A4 is an FBS quasi-ideal ove§. Further, we note thafyo,y1,73} is not an ideal ofS.

Then, by Lemma 5.8, we havk, is not an FBS ideal ovef. Thus we conclude that

Remark 1 stands valid.

Proposition 5.9. Every FBS quasi-ideal 4 overS is an FBS bi-ideal.

Proof. Let A4 be an FBS quasi-ideal ovérande € A. Suppose:, y € S, thenzy € X,,,.
SinceX,, # ¢, we have

+
Ae)(zy)

V
4+
O
at
>
At
O
>+
=
o
]
NS

(P,q)EXzy (P,9)EXzy
+ + + +
> min[min{A(e)(z), S(e)(y) }, min{S(e)(x), A(e) (y) }]

+ +
= min[A(e)(x), AMe)(y)]-
Similarly, we obtain

Ae)(ey) < max[A(e)(@), A(e)(y))-

Thus) 4 is an FBS ordered semigroup overNow, letz, y, z € S. Thenzyz = (zy)z =
z(yz) and hencézy, z), (z,yz) € Xgy.. SinceX,,. # ¢, we have

Me)zyz) < (Ao S)V (SoN)(e)(xyz)
Ao S)(e)(wyz), (S 0 N)(e)(zy2)]

= max|(
= max| A max{A©)®).56)(@} A max{S()p), Me)(a)}

(P, 9)E€EXzy= (P, @) €Xay=

< max[max{A()(z), S(e)(y2) }, max{S(e) (zy), A(e) (2)}]

= max[A(e)(z), A(e) (2)].
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Similarly, we obtain

+ R +
A(e)(zyz) = min[A(e)(x), A(e)(2)]-

Finally, let z,y € S such thatr < y. Then, since\, is FBS quasi-ideal, we have

+ + - -

Ae)(x) = A(e)(y) andA(e)(x) < A(e)(y). Therefore\ 4 is an FBS bi-ideal ovef. O

The converse of Proposition 5.9 is not true in general. Thus, we have the following asser-
tion:

Remark 2. Every FBS bi-ideah 4 over S is not necessarily an FBS quasi-ideal over

Lemma 5.10. (cf. [5, Theorem 4]) An FBS set4 overS is an FBS bi-ideal oves iff the
(r,t)

(r,t)-level subseh , (¢) # ¢ of A4 is a bi-ideal of S, for all » € (0,1], ¢t € [0,1) and

e e A

To justify Remark 2, we present the following example:

Example 4. Consider the ordered semigrodp= {0, 71, V2, V3, 74 } With the multiplica-
tion “-” and the order relation “<” given below:

Y Y1 Y2 Y3 T4
Y| Yo Y0 Yo Yo
Y| Y1 Y Y Yo
Y2 7% Yo Yo Yo Yo
Y3 Y% Yo Yo Y4 2
Y4 Yo Yo Y2 Yo

<= {(70,70), (70,72)> (70,73)> (Y0, 74)> (v1,71)5 (V25 72)5 (3,73)5 (45 74) }-

Let E = G = {1,-1,4,—i} be a set of parameters which is the multiplicative group of
the fourth roots of unity. Letd = {1,i} C Fandf : A — E be given byf(s) = ¢!
foralle € A. Now, let A4 be an FBS set ovef which is defined in terms of its fuzzy
approximate functions such that

K(l)(x) _ {0.5 if x € {v0,v1,74},

02 ifze {’)/2,’}/3},

;\(1)(.%) _ 04 ifxe {FY0771774}7
0.6 ifx € {va2,7s},

If HAS {,70’717’74}7
if MRS {’72773}7

;\(_2)(1‘) — 03 If HAIS {,70771/7/4}7
0.5 ifx € {va,v3}
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(r,t) (r,t)
Finally, the(r, t)-level subsets 4 (1) and 4 () of A4 are defined as follows:

S if r € (0,0.2],
{70, 71,74} if r € (0.2,0.5],
/\(Zt()l) _ )¢ if € (0.5, 1],
o if t €[0,0.4),
{v0,71,74} ift €[0.4,0.6),
S if t €[0.6,1),
S if » € (0,0.3],
{Y0,71,74} if r € (0.3,0.6],
)(\Z;t()z') _)e if € (0.6, 1],
¢ if t €1[0,0.3),
{70,71,72} ift€[0.3,0.5),
S if £t €[0.5,1).

Here, we note that for att € (0,1], ¢ € [0,1) andi,1 € A, the (r,t)-level subsets
r,t

( () 1) # ¢ andAA()) # ¢ of A4 are bi-ideals ofS. Then, by Lemma 5.10, we have

>\A is an FBS bi-ideal ovef. Further, we note th&tyy, v1,v4} is not a quasi-ideal of.

Then, by Theorem 1, we have, is not an FBS quasi-ideal ovér Thus, we conclude that

Remark 2 stands valid.

In the following proposition, the condition of regularity is imposed.®mnder which an

FBS bhi-ideal\ 4 over S happens to be an FBS quasi-ideal.

Proposition 5.11. Let S be regular. Then every FBS bi-ideal oveis an FBS quasi-ideal.
Proof. Itis straightforward. O

By virtue of Propositions 5.9 and 5.11, we formulate the following result:

Proposition 5.12. Let.S be regular. Then the concepts of FBS bi-ideal and FBS quasi-ideal
over S coincide.

Proposition 5.13. Let A 4 be an FBS set ove$. Then, for alle € A andz,y € S, the
following axioms are satisfied:

1) (50N @w) 2 M) ).
(2) (SoA)(e)(zy) < Ale)(y).
+ o+ + +
(3) (SoA)(e)(zy) = (SoN)(e)y)
@) (SoN)(e)(zy) < (SoN)(e)(y).
Proof. Itis straightforward. d

Proposition 5.14. Let A 4 be an FBS set ove$. Then, for alle € A andzx,y € S, the
following assertions hold:



392 Aziz-Ul-Hakim, H. Khan, I. Ahmad and A. Khan

+ + +
(1) (Ao 9)(e)(y) > Ae)(@).
) (Ao 9)(e)(zy) < Ale)(x).
+ + + +
(3) (Ao S)(E)(wy) = (Ao 5)(e)(a).
(4) (Ao S)(e)(zy) < (Ao S5)(e)(x)
Proof. Itis straightforward. O

Proposition 5.15. Let A4 be an FBS set ove¥ andx < y for anyx,y € S. Then, for all
e € A, the following axioms are satisfied:

+ 4+ + 4+
W) (SoNE)(@) 2 (S0 NE)).
(i) (SoA)(e)(x) < (SoA)(e)(y).
Proof. It is straightforward. O

Proposition 5.16. Let A4 be an FBS set ove¥ andx < y for anyx,y € S. Then, for all
e € A, the following axioms are satisfied:

Lo+ o+ + +
W) (Ao S)(E)(@) > (Ao 9)()w).
(i) (Ao S)(e)(x) < (Ao S)(e)(y).
Proof. Itis straightforward. O

Proposition 5.17. Let A4 be an FBS set ove$. Then, for alle € A andz,y € S, the
following assertions are satisfied:

Proof. Itis straightforward. O

Proposition 5.18. Let A 4 be an FBS set ove$. Then, foralle € A andz,y € S, the
following assertions are satisfied:

Proof. It is straightforward. O

Proposition 5.19. Let A 4 be an FBS set ove$. If, for all z,y € S such thatr < y, we
have

O 2 A ), AE) @) < A,
forall = € A, theni, U (S40A4)isan FBS left ideal oves.
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Proof. Lete € A andz,y € S. By Proposition 5.1,/iwe have

+ o+ o+ + o+ o+

AV (SoX)E)(zy) = (AV(SoN)(e)(y)
and

AA(SoA)E)@y) < (AA(SoA)(E)W).
Now, letx < y. Then, by Proposition 5.15, we have

1) GodE@ > (SoNEw)

2)  (SoNE)@) < (SoNE)®).
Further, by the hypothesis, we have

3) AO@) 2 AEW), M@ < AE)W).
Then, using1), (2) and(3), we have

and
(AA(SoN)(E)(z) = min{AEe)(@), (S0 N)(e)(x)}
< min{Ae)(y), (S0 N (e)()}
= (AA(SoN)(E))
This completes the proof. O

Similarly, one can prove the following proposition:

Proposition 5.20. Let A 4 be an FBS set ove$. If, for all z,y € S such thatr < y, we
have

+ + -
AE) (@) > Ae)(y), M) (@) < Ae)(y),
forall e € A, then\y U (Aa o Sa)isan FBS right ideal oves.

As an immediate consequence of Proposition 5.5 and 5.20, we establish the following re-
sult:

Proposition 5.21. Let A4 be an FBS set ove§. If, for all z,y € S such thatr < y, we
have

+ + -
Ale)(x) = Ale)(y), Ale)(x) < Ale)(y)

forall e € A, then\y U (Aa 0 Sa)is an FBS quasi-ideal oves.
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Similarly, as an immediate consequence of Proposition 5.6 and 5.19, we formulate the
following result:

Proposition 5.22. Let A 4 be an FBS set ove$. If, for all z,y € S such thatr < y, we
have

+ —

+ -
AE)(z) = AE)(y), Ae)(x) < Ae)(y)
forall e € A, then\y U (Sa 0 Aa)isan FBS quasi-ideal ideal ové.

In the light of Propositions 5.9 and 5.21, we formulate the following result:

Corollary 1. Let)4 be an FBS set oves. If, for all 2,y € S such thatr < y, we have

+ —

D)@ = M), AE) (@) < AE)W),
forall = € A, theni, U (A4 0S4)is an FBS bi-ideal ovef.

In the same fashion, combining Propositions 5.9 and 5.22, we establish the following corol-
lary:

Corollary 2. Let\4 be an FBS set ove. If, for all z,y € S such thatr < y, we have

+ + - -
AE)(@) = AE)(y), Ale)(x) < AE)(y),

forall e € A, then\y U (S4 0A4)isan FBS bi-ideal ideal ove$.

To prove Theorem 3, we need the following result:

Lemma 5.23. (cf. [3, Proposition 3.5]) Let\ 4, 74 andd 4 be FBS sets ove$. Then, the
following distributive laws hold:

(AaN64).
(/\A U (5,4).

(I) )\AE(TALNJ(SA):()\AETA)LNJ
(II) /\AU(TAQ(SA)Z(/\AUTA)ﬂ

The following theorem characterizes FBS quasi-ideals 6vby FBS left and FBS right
ideals overs.

Theorem 3. Let A4 be an FBS set ovef. Then the following conditions are equivalent.

(i) A4 isan FBS quasi-ideal oves.
(i) There exist an FBS right ideals and an FBS left ideal 4 overS such that\ 4 =

YaNb4.

Proof. Let A4 be an FBS quasi-ideal ovét. By Proposition 5.5 and 5.6, we hawg U
(AaoSa)andiy U (Sa0X4) arerespectively FBS right and FBS left ideals ogefThen,



On Fuzzy Bipolar Soft Ordered Semigroups

395

by Lemma 5.23, we have

AaU(Sa0da)N(AaU(Aa054)) = (AaU(Sa0ra))NAA)U

(AaU(Sa0ra)) N (AaoSa))

AaNAa) U((Sq0Aa) N Aa)U

AN (Aa084)) U((Saora)N(AaoSa))

= A U((Sa0x)NA)UAAN(Aa084))
O((Sa024) N (Aa0Sa)). 1)

Since)\ 4 is an FBS quasi-ideal ovedt, we have

(
(
(
(

@ (AaoSa)A(Saora) = Aa.
Moreover,
3 (Sa0Xa)(Aa = Aa
and
4) Aaf(AaoSa) = Aa.
Hence, applyind2), (3) and (4) tq1), we obtain
AaU(Sa0ra)N(AaU(Aao0Sa)) = Aa.

Thus Condition(i7) holds.
Conversely, assume th@t) holds. If X, = ¢, then

+ + + +
(Ao S)(e)(z) = 0= (SoA)(e)(x)
and

This implies that

(Rod) A B0l = min{(ho8)(e)(@). (50N (E)())

+
= 0< A(e)(x)

and

So, in this case, we obtain

+ o+ o+ o+ + -
(AoS)A(SoX) < A (AoS)V(SoA)> A

This means that
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If X, # ¢, then
+ + +
RoS)E)@) = \/ min{AE)m),56))
(y,2)€X,
-V e (5)
(y,2)EXy
and
(AoS)(e)(x) = /\ max ), S(e)(2)}
(y,2)EXy
= A X (6)
(y,2)EXy
Similarly, we have
BoNE@ = \ min{(5E)w), A6 ()}
(y,2)EXy
-V e (7)
(y,2)€EXy

and

(SoNE@) = A max{(SE)w), \e)(2)}

(y,2)EXy
/\ {)\5 2)}. (8)
(y,z)GXI

Further, for(y, z) € X,, we haver < yz. Then, sincey 4 is an FBS right ideal ovef§, we
have

© 0@ > 3w =T = A0 w)
and

(100 () (@) < 7)) < () y) < Ae)(y).
Similarly, sinced 4 is an FBS left ideal ovef, we have

+ + + +
(1) b(e)(x) = 6b(e)(yz) = d(e)(2) = Ale)(2)

and

(12)  8(e)(z) < 6(e)(y2) < 6(e)(2) < Ae)(2).
Thus, applying (9) to (5) and (10) to (6), we obtain

Rod)@) = V D <iEw,

(y,2)EXy
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AoS)e)x) = \/ MW} =)

(y,2)€Xa
Similarly, applying (11) to (7) and (12) to (8), we obtain
+ + + +
(SeNE) (@) =\ {AMe)E)}<oE) (@),

(v,2)€Xa

AoS)e)@) =\ {AE)R)} = 8() ().

(y,2)€EXy
Thus, we have
+

+ + + + + + +
(Ao S) A (SoA)(e)@) = min{(AoS)(e)(x), (S0 A)(e)(x)}
< min{{(e)(x), 5(e) (@)} = M) (@)
and
(Ao S)V(SoA)(e)(x) = max{(AoS)(e)(x),(SoA)(E)(x)}

max{7(e)(z), 6(e)(2)} = A(e)(x).

Y

Then, it follows that

A
>+
>~
[e]
2
<
@
o
=
Y
> |

(Ao S) A (S0
Thus, we have
(Aa0Sa)N(Saora) = Aa.
This completes the proof. O

6. CHARACTERIZATIONS OF WEAKLY-REGULAR ORDERED SEMIGROUPS IN TERMS
OF THEIR FUZZY BIPOLAR SOFT QUASIIDEALS

In this section, we give the main theorem that characterizes weakly-regular ordered semi-
groups by means of their FBS quasi-ideals.

An ordered semigroups, -, <) is right weakly (resp., left weakly) regular iff, for every

a € S, there existr,y € S such thats < azay (resp.,a < zaya). Equivalently,S is right
weakly (resp, left weakly) regular ifi € (aSaS](resp,.a € (SaSal), for everya € S.
Moreover, S is weakly regular if it is both left weakly-regular and right weakly-regular
[34].

Lo i . i . +
Definition 15. An FBS sef 4 overS is called idempotentifkig o Ag = A4 iff Ao A = A
andAo ) = \.

To prove Theorem 4, we need the follpowing lemmas:

Lemma 6.1. (cf. [3, Proposition 5.12]) Let 4 be an FBS set ove§. ThenS4 o I'4 is an
FBS left ideal ovelS.
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Lemma 6.2. (cf. [3, Proposition 5.13]) Let 4 be an FBS set ove$. Thenl'y o S4 is an
FBS right ideal ovelrs.

Lemma 6.3. The following assertions are equivalent Sn
(i) Sis left weakly-regular.
(i) Aa = A4 o \y, for every FBS left ideal ove¥.

Proof. It is straightforward. O

Lemma 6.4. The following assertions are equivalent 8n
(i) S isright weakly-regular.
(i) Aa = X4 o A4, for every FBS right ideal oves.
Proof. Itis straightforward. O

In the following, we establish the main theorem that characterizes weakly-regular ordered
semigroups by their FBS quasi-ideals.

Theorem 4. The following assertions are equivalent 8n
(i) S is weakly-regular.
(i) For every FBS quasi-ideal4 over.sS,
Aa=(Aa054)2N (Sa0A4)2
Proof. First assume that is weakly regular. Let\ 4 be an FBS quasi-ideal ovéf. By
Lemmas 6.1 and 6.2, we ha$ig o A 4 and\ 4 0 S4 are respectively FBS left and FBS right
ideals ovelS. By Lemmas 6.3 and 6.4, we ha¥ig o A 4 and\ 4 0.5 4 are respectively idem-

potent becausé is left weakly-regular and right weakly-regular, being weakly-regular.
Thus, we have

= (A10Sa)N(Sa0A)
< (1)

Now, let us prove the reverse inclusion. For this,det A anda € S. Then, sinceS is
left weakly-regular, there exist, y € S such thatx < azay = (ax)(ay). Similarly, since
S is right weakly-regular, there exist y € S such thata < zaya = (za)(ya). Thus
(ax,ay) € X, and(za,ya) € X,. SinceX, # ¢, we have

(AoS)%E)a) = N max[(AoS)(e)(p), (Ao S)(e)(q)]

(Aa0S4)% N (Sa0r4)?

max[(\ o §)(¢)(az), (A o S)(&)(ay)]
= max| A max{Ae)(r),SE)(s)}, A max{Ae)(w), () ()}]

(r,8)EXaz (u,v)EXay

IN
2
<

< max[max{A(¢)(a), S()(x)}, max{A(e)(a), S(£) (v)}]
= max[A(e)(a), A(e)(@)] = A(e)(a).
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Similarly,
Thus, it follows that

Moreover, we have

+ ot o+
(SoN*(e)@ =\ minl(SoA)(e)®), (50N (E)(a)]

+ o+ + o+
min[(5 o X)(e)(za), (5 0 X)(e)(ya)]
= min[ \/ min{SEE AN\ mindSE) W), A )}

(u,v)EXza (r,s)EXya

v

vV
>/+
=
E
=
—~
N+
/‘\
V
/-\
\_/
S
—
™
SN~—
IS
SN—
hma

mln[mln{S(E)( ), Ae)(a)},

>/+
X

+ +
= minf[A(¢)(a), A(e)(a
Similarly, we obtain

Thus
+ + + - - -
(3) A< (SoN? A>(So))?
Then, from (2) and (3), we obtain
+ + + + +
A< (Ao8)2A(SoN)?
and

This means that
4) A = (Aa0Sa)2N(Sa0A)2

Therefore, by(1) and(4), we have Assertiofi:) is satisfied.
Conversely, let 4 be an FBS right ideal ove§. By Proposition 5.5, we havg, is an FBS
quasi-ideal ovef. Then, we have

+ + + + + + + + + o+

A= (Ao08)2A(SoN2<(No8)2<Aod< A
Similarly,
A = (AoS)2V(SoN2Z>(AoS)2> Ao > A
Thus, we obtaim\y = A4 o A4. Then, by Lemma 6.4, we haveis right weakly-regular.
Similarly, we prove that is left weakly-regular. Therefore is a weakly-regular ordered
semigroup. O
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7. CHARACTERIZATION OF INTRA-REGULAR AND LEFT WEAKLY-REGULAR ORDERED
SEMIGROUPS IN TERMS OF THEIR FUZZY BIPOLAR SOFT LEFFUZZY BIPOLAR
SOFT RIGHT AND FUZZY BIPOLAR SOFT QUASIIDEALS

In this section, we give a characterization of ordered semigroups (having the identity ele-
ment 1) that are both intra-regular and left weakly-regular by their FBS left, FBS right and
FBS quasi-ideals.

To begin, let us recall the following:

An ordered semigrouf is said to be intra-regular iff, for every € S, there existe,y € S
such thats < za?y [10].

Lemma 7.1. [4] Let P be a non-empty subset8f The following assertions are equivalent
onsS:

(1) P is aright (resp., left, two-sided) ideal 6f.
(2) XPA is an FBS right (resp., left, two-sided) ideal over

The following characterization of the ordered semigroups (with the identity element 1) that
are both intra-regular and left weakly-regular is due to Shabir and Khan [34].

Lemma 7.2. Let S contains the identity element 1. Then the following assertions are
equivalent ons:

(1) Sis both intra-regular and left weakly-regular.

(2) LN RNQ C (LRQ] for every quasi-ideal), every left ideall and every right
ideal R of S.

(3) L(a) N R(a) N Q(a) C (L(a)R(a)Q(a)] for everya € S.

In the following, we give another characterization of the ordered semigroups (with the
identity element 1), which are both intra-regular and left weakly-regular, by means of their
FBS left, FBS right and FBS quasi-ideals.

Theorem 5. Let .S contains the identity element 1. Then the following axioms are equiva-
lent onS.

(i) Sis both intra-regular and left weakly-regular.
(i) For every FBS left ideah 4, every FBS right ideal 4, and every FBS quasi-ideal
04 overs,

)\A F\’)/AH(FA j >\AO’YA05A-

Proof. First assume that Axior(¥) holds. Let\ 4 be an FBS left idealy4 be an FBS right

ideal andy 4 be an FBS quasi-ideal ovét. Leta € S. Then there exist, y € S such that

a < za’y becauses is intra-regular. Moreover, sincg is left-weakly regular, there exist
u,v € S such thatw < uava. Thus, we have

a < uava < u(za*y)va = ((ux)a)(a(yv)a).
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Then((uz)a, a(yv)a) € X,. SinceX, # ¢, thus, for alle € A, we have

(Aovod)e)a) = A max[(AE)®). (7 0 §)()()]

IA
I
el
> |
—~
™
-
—~
—
IS
8
~—
S
~
—~
=2
o
(o2
~
—~
L)
~—
—~
Q
—~
<
<
~—
S
=

(P1,91)E€EX (a(yv)a)

= max {X(E)((ux)a), A max{v(e)(p1), 5(e>(q1)}
A

Similarly, we obtain

+ 4t + 4+
(Aodod)(e)a) = (AATA)E) ).
Thus Axiom(ii) is satisfied.
Conversely, let € A anda € S. To show that Axiom(z) holds, it is enough to prove by
Lemma 7.2 that

L@)NR(a)NQa) € (L(a)R(a)Q(a)] YaceS.
Letb € L(a) N R(a) N Q(a) whereL(a) is a left, R(a) a right andQ(a) a quasi ideal of
generated by.. Then, by Lemma 7.1, we ha\%(j) and};cg(j) are respectively FBS left and
FBS right ideals oves and, similarly, by Theorem 2, we ha\%j) is an FBS quasi-ideal
overS. By the hypothesis, we have

+ + + + + +
(X4 0y © Xy © X)) ENB) = (X, ) AN Xy N X)) (E)(D)

= min{X,,, (©)(b) X, (E)B): X, ) () (B)}

=1
and
6<L<a) © ;(R(a) ° iQ(a))(E)(b) < (;(L(a) v >_<R<a> v >_<c9</1))(€)(b)
= max{x,  (£)(b). X, (), X,,)E)0)}
= 0.
This implies that
+ + +

(X o0y © Xy © X)) (E)B) =1
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and
(XL(a) © XR(a) © XQ((l))(s)(b) = 0

Further, by Lemma 4.3, we have

+ 0¥ o o+

XL(G) XR(a) XQ(G) B X(L(HV)R(G)Q(G)]
and

XL(a) © XR(a) © XQ(&) = X (L(a)R(a)Q(a)]
Thus

+ —_

X(L(a)R(a)Q(a)l ’ X(L(a)R(a)Q(a)]
which implies thab € (L(a)R(a)Q(a)]. This completes the proof. O

8. CHARACTERIZATIONS OF BOTH LEFT SIMPLE AND RIGHT SIMPLE(RESP.,
COMPLETELY REGULAR) ORDERED SEMIGROUPS BY THEIR FUZZY BIPOLAR SOFT
QUASI-IDEALS

In this section, we characterize the ordered semigroups that are both left and right simple
by means of their FBS quasi-ideals. Moreover, we define FBS semiprime quasi-ideals in

ordered semigroup theory and characterize completely regular ordered semigroups by their
FBS (semiprime) quasi-ideals. It is proved, among others,Shatcompletely regular iff

every FBS quasi-ideal 4, over S is an FBS semiprime quasi-ideal.

An ordered semigroufs is said to be right (resp., left) regular iff, for evesqye S, there
exists somer € S such thatu < a?z (resp.,a < za?) [7, 14]. Similarly, S is said to be
completely regular iff it is regular, left regular and right regular [11].

Lemma 8.1. [15] An ordered semigroups is left (resp., right) simple iff Sa] = S (resp.,
(aS] = S) for everya € S.

Lemma 8.2. Leto € S. Then(oS] (resp., (Sc]) is a quasi-ideal of5.

Proof. Firstly, we have
((6S] SN (S (o8] C (¢S] N (SaS] C (05].

Secondly, ifzx € (oS]andS > y < z, theny € ((¢S5]] = (¢5]. Thus, (¢S] is a
guasi-ideal ofS. d

In the following, we characterize the ordered semigroups that are both left and right simple,
having the identity element 1, by means of their FBS quasi-ideals.

Theorem 6. Let .S contains the identity element 1. Then the following axioms are equiva-
lent onS:

(1) S'is left and right simple.

(2) S = (aSa]foralla € S.

(3) Sisregular, left and right simple.

(4) Every FBS quasi-ideal ovéf is a constant function.
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Proof. First assume that Axiom (1) holds. Lete S. It is well known by Lemma 8.1 that
S = (Sa] = (aS]. Then, it follows that

S = (aS] = (a (Sa]] = (aSaq].

Thus Axiom (1) implies (2). Second, assume that Axiom (2) holds.aLetS. Then, by
Axiom (2), we have

S = (aSa] C (Sa)] C (S]=S5
and
S = (aSa] C (aS] C (S] = S.
So, we obtain
a € (aSa] and S = (Sa] = (aS].

Thus Axiom (2) implies (3). Third, we show that Axiom (3) implies (4). L%be regular,
left and right simple. Further, Iet, be an FBS quasi-ideal ovéranda € S. We consider
the set

Es = {e€S|e*>e}
SinceS is regular, there exists € S such that: < aza. Then, we have
(az)? = az.ax = (aza)r > ax
which implies thatx € Eg and thusEs # ¢.

(i) First, we show thah 4 is constant orf’s. Lett € Eg. SinceS is left and right simple,
we have(St] = S and (¢S] = S. Moreovere € (St] ande € (¢S] because € S. Thus,
there existr, y € S such that < zt ande < ty. If e < xt, then, we have

e? = ee < xt - xt = (vtx)t
which implies tha{xtz, t) € X 2. If e < ty, then, we have
e? =ee < ty-ty = t(yty)
which implies that(t, yty) € X,.:. SinceX.2 # ¢, thus, for alle € A, we have

+ + + +
Ae)(e?) = ((AoS)A(SoN)(e)(e?)
+ + + +
= min[(A o 5)(e)(e?), (S0 A)(e)(e?)]
+ + + +
= min { \V  wmin{A©)®),SE) @)\ min{S(E)(U)v/\(@@)}]
(p,q)€EX 2 (u,w)eX 2

+ + + +
> min [minwe)(t), S(e)(ata)}, min{S(e)(yty), A(e)(t)}}

+ + +
= min[A(e)(t), A(e)(t)] = Ae)(D).
Similarly, we obtain
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+ +
Sincee € Eg, we havee? > e. Then, for alle € A, we havel(g)(e?) < A(e)(e) and
A(£)(€?) = A(¢)(e), and thus we obtain

+ + - -
Ae)(e) = Ae)(t), Ale)(e) < A(e)(1).

On the other hand, sinceis left and right simple, we havg = (Se] = (eS]. Sincet € S,

hencet € (Se] andt € (eS]. Then there exist, v € S such that < ue andt < ev. Since

t € Eg, then, under the same considerations as in the previous case, we have

;\(5) (e).

+ —_

X0 = AE)e), AE)®)

IN

Thus, we obtain

Therefore )\ 4 is constant ors.

(ii) Secondly, we show that 4 is constant orb. Leta € S. Then there exists € S such
thata < axa becauses is regular. We consider the elements andxa in S. Thus, we
have

2 = z(aza) > za, (ax)?® = (azxa)r > ax,

(za)
which implies thatea, ax € Fg. Then, by (i), we obtain

+ —

AE)(xa) = AE) (D), Ae)(xa) = AE) (1),

and

AE)(ar) = A€, Mo ar) = AE)0),
forall t € S. Moreover, we have
(ax)(aza) > axa > a, (axa)(za) > aza > a,
which implies that(az, axza), (axa,za) € X,. SinceX, # ¢ and\4 is an FBS quasi-
ideal overS, then, for alle € A, we have

Ae)(a) (Ao S) A (SoN)(E)(a)

IA

= max[(X o S)(e)(a), (S o N)(e)(a)]

(e, d)eXq

= max[ A max{AE)(a), SO}, A max{S(s)(c),X(g)(d)}]
(a,b)eXq

< max {max{)\(s)(ax), 5‘(5) (aza)}, max{é(e)(ama), A(s)(xa)}}

= max[\(e)(az), M) (za)]
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Similarly, we obtain that(c)(a) > A(e)(t). Thus A(e)(a) > A(e)(t) and A(e)(a) <

A(e)(t). SinceS is left and right simple, we hav&.S] = S and (Sa] = S. Further, since
t € S, there existu,v € S such thatt < au andt < va. Thent? = tt < a(uau) and
t? = tt < (vav)a. Therefore, it follows thata, uau), (vav,a) € X;2. SinceX,: # ¢,

then, for alle € A, we have

+ + +
A2 > ((AoS)A(SoA))(a)(tQ)
+ + o+
= min( OS SO)\)(é?)(tz)]

- [ Vo minfAE)m), 56 @) mm{&g)(r)j(g)(s)}]

(P,9)E€EX 2 (rs)€X,2
+ +
> min {mm{)\ ), (6)(uau)}, min{S(e)(vav), /\(5)((1)}}
+ +
= min[\(e)(a), 6 (@)] = A(e)(a).

Similarly, we obtaln
AEE) < AE)(a).
Sincet € Eg, which implies thatt?> > ¢ , we haveK(s)(t) > J):(s)(tQ) and \(e)(t) <
ME)(2). ThenA(2)(#) > A(e)(a) andA(2)() < A()(a). Thus, we have
AE)(a) = M) 1), Me)a) = AE)@).
Finally, we show that Axiom(4) implies Axiom (1). Lete € A anda € S. Then, by

Lemma 8.2, we havéaS] is a quasi-ideal of. Further, by Theorem 2, we ha\gaef] is an

FBS quasi-ideal ove$. Then by the hypothesi(s?f] is a constant function, that is, for all
x € S there existy, ¢ € {0,1} C [0, 1] such that

X(aS]( e)(z) = c1, ;((aS](E)(x) = C2.
Let (aS] C S and7 be an element it such that- ¢ (aS]. Then, we havet(as] (e)(r) =
0 andx (,s(¢)(7) = 1. On the other hand, sineg < (aS], we have;?(as] (e)(a?) =1

andy (,5)(¢)(a*) = 0 which contradicts the fact tha(ff] is a constant function. Thus it
follows that (a.S] = S. In the same way, by symmetry, we prove tfi&t:] = S. Therefore,
S is left and right simple. O

Lemma 8.3. [11] An ordered semigrougs, -, <) is completely regular iffA C (AQSAQ}
for everyA C S. Equivalently,S is completely regular ift: € (a?Sa?] for everya € S.

The following theorem characterizes completely regular ordered semigroups by their FBS
quasi ideals.

Theorem 7. The following assertions are equivalent 8n
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(i) Sis completely regular.
(i) For every FBS quasi-ideal 4 overS, we have

+ + - -
Ae)(@) = Ae)(@?), Ale)(o) = Ale)(0®),

foralle € Aando € S.

Proof. First assume that Assertiqn) holds. Leth4 be an FBS quasi-ideal ové. Let
e € Aando € S. There existz,y € S such thar < zo? ando < o2y asS is left and
right regular, being completely regular. Thén o?), (¢2,y) € X,. SinceX, # ¢, we
have

M) < (Ao S)V(SoN)(E)(o)

IN

— max[(A o 9)(£)(0), (S 0 A)(e) ()]

= max( A max{Ae)@). SE) @)} rnax{§<e><m,A<s><s1>})

(p1,q1)€EXo (r1,51)€X s

< max[max{A(¢)(0?), S(e)(y)}, max{S(e) (), () (02)}]
= max[A(e)(0%), A(e) (0?)]

= A(e)(0?) < max{A(£)(0), Ae) (0)} = A(e)(0)-
Similarly, we have
+ + + + +
AE)(@) = Ae)(0®) = min{A(e)(0), A(e)(0)} = A(e)(0).
Thus, we obtain
+ + -
Ae)(0) = Ae)(a?), Ae)(o) = Ale)(a?).
)

Therefore, Assertiof) is satisfied.
Conversely, let € S. Consider the quasi-ideg)}(c?) of S generated by?, i.e., the set

Q(c?) = (62U (028 N So?)]. Then, by Theorem 2, we ha\%:) is an FBS quasi-ideal
overS. By the hypothesis, we have

X, E@) =X, o ()02, Xy (@) =X, . (E)(0).
Sinces? € Q(o?), then
g, E@*) =1, X, _, (€)0?) =0
Thus, we get
oo, @) =1, X, ()() =0,

which implies thatr € Q(0?) = (62 U (65 N So?)]. Then, either < o oro < oz
ando < yo? for somez,y in S. If o < 02, theno < 02 = oo < 0202 = go0? <
02002 € 02802, which implies thatr € (02502)]. If o < 0%z ando < yo?, then
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o < (0%z)(yo?) = o?(xy)o? € o2So? which implies thatr € (02S0?)]. Thus, by
Lemma 8.3, we havé' is completely regular. O

Definition 16. [4] An FBS set\ 4 overS is called FBS semiprime iff

NO (@) 2 MO0, A)(0) < A(O)(0?),
forall 0 € S ande € A.

Definition 17. An FBS quasi-ideak 4 over S is called FBS semiprime quasi-ideal Nfy
is FBS semiprime.

In the light of Definitions 16, 17 and Proposition 5.4, we formulate the following result:

Proposition 8.4. Leta < a? for all « € S. Then every FBS quasi-ideal, over S is an
FBS semiprime quasi-ideal ovst

Similarly, in the light of Definitions 16, 17 and Theorem 7, we establish the following
theorem that characterizes completely regular ordered semigroups in terms of their FBS
guasi-ideals and FBS semiprime quasi-ideals.

Theorem 8. The following assertions are equivalent 8n

(i) Sis completely regular.
(i) Every FBS quasi-ideal ovef is an FBS semiprime quasi-ideal.

9. CONCLUSION

The existing literature contains several extensions of Zadeh'’s fuzzy set theory. All these
theories have found many applications in the domain of mathematics and elsewhere. The
notion of FBS sets is another important extension of fuzzy set theory. In this paper, we
extend the concept of FBS sets to ordered semigroup theory and introduce the notion of
FBS quasi-ideals. First some fundamental characteristics of the structure are examined
and, most importantly, FBS quasi-ideals over ordered semigroups are linked with the crisp
quasi-ideals. Thereafter, weakly-regular ordered semigroups are characterized by means
of their FBS quasi-ideals while the ordered semigroups that are both intra-regular and left
weakly-regular are characterized in terms of their FBS left (right) ideals and FBS quasi-
ideals. Finally, left and right simple ordered semigroups are characterized by their FBS
guasi-ideals. We also introduce FBS semiprime quasi-ideals in ordered semigroup theory
and characterize completely regular ordered semigroups by their FBS (semiprime) quasi-
ideals. To extend this research work, one can study the properties of FBS sets in other
algebraic and non-algebraic structures such as (ordered) ring theory, (ordered) semiring
theory, (ordered) hypersemigroups, lattice theory and (partial) metric spaces. In particular,
ideal theory in terms of FBS sets may be studied in (ordered) ring theory, (ordered) semiring
theory and (ordered) hypersemigroups.
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