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Abstract.: The main aim of this investigation is to establish the weighted
Simpson-like type identity and related variants for a mapping for which
the power of the absolute of the first derivativesipreinvex. By con-
sidering this identity, numerous novel weighted Simpson'’s like type and
related estimation type results for bounded first order differentiable func-
tions are apprehended. Several notable results can be obtained as con-
sequences for the suitable selectionmodndw. Meanwhile, the results

are illustrated with two special functions involving modified Bessel func-
tion andg-digamma function to obtain the efficiency and supremacy of
the proposed technique for many problems of wave propagation and static
potentials.
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1. INTRODUCTION

Hermann Minkowski and Werner Fenche were two outstanding mathematicians who
have investigated Some geometric aspects of convex sets and, to a lesser extent, of convex
functions before the 1960s. The convexity theory yields a wide range of techniques to
study and analysis problems related to both pure and applied mathematics [26, 27, 28,
30, 29, 31, 32, 51, 9, 38, 10, 39]. These techniques have provided many ways to study
different problems related to convex analysis. Consequently, during last few years by using
these techniques different inequalities has been formed. The idea of convexity is basically
adopted from geometry, but it is also involved in many branches of mathematical science.
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As a result, there is a wide range of research in this field [11, 2, 52, 40, 41, 42, 43, 1, 44].

At the beginning of the 1960s, the convex analysis was enormously evolved in the works of

R. Tyrrell Rockafellar and Jeean-Jacques Morreau who initiated a systematic investigation
of this new field. There are several books and articles dedicated to various parts of convex
analysis and optimization theory, see [7, 8, 13, 14, 45, 18, 3, 33,34 49, 35, 36, 37].

The following inequality is known as Simpson’s integral inequality:

G2
! ™ [0 (¢2 — C1)*
)+ w(@)} - [ et < =t L)
(61

wherey : [(1, (2] — Ris fourth order differentiable function qd;, ¢») with the condition
that

1 G+ ¢
‘6 |:‘19(C1) + 490(T

leW o = sup |p(2)] < oo.
2€(¢1,¢2)

Several generalizations and extensions concerning to (1. 1) have been proposed by many
researchers, for instance, Set et al. [46], Rashid et al. [25] and Du et al. [50] estab-
lished certain Simpson’s type variants for Riemann-Liouville fractional integrals, which
are convex,s-preinvex and extendetk, m)-convex, respectively. Our aim is to derive
some novel estimates for weighted Simpsons-like type integral inequalities and related es-
timation type results fos-preinvex functions. For more details see, [46, 25, 50] and the
references therein.

In [12], Craven introduced the “term” for calling this class of functions because of their
component characterized as “invariance by convexity”. Weir and Mond [48] explored the
idea of preinvex functions Hanson [16] contemplated the possibility of differentiable invex
in the context of their precise global optimum behavior Noor [24] derived the most cap-
tivating Hermite-Hadamard inequality for preinvex functions. In [23], Mohan and Neogy
presented a notable condition C.

In [22], Mititelu characterized the idea of invex sets as follows:

LetQ C R be a set and a continuous bifunctiomis, .) : R x R™ — R".

Throughout this investigation, the getis an invex set, unless otherwise it is specified.

2. NOTATIONS AND PRELIMINARIES
Definition 2.1. ([22]) A set( is said to be invex if
<2+677(<13<2) EQ, <2a<1 EQv €€ [Oa 1]

The invex set is known to bg-connected set. Observe thaty{;,(2) = (1 — (s, this
makes the sense that every convex sets is an invex set, but converse is not true.

Example 2.2. LetQ = [5F,0) U (0, §]

cos(z1 — 22), 29 € (0,7/2], 21 € (0,7/2];
—cos(z1 — 22), zo € [-7/2,0),2 € [-7/2,0);
n(z1, 22) = COS 29, 29 € (0,7/2],21 € [-7/2,0);
[

— €08 29, z9 € [-7/2,0),2 € (0,7/2];
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then() is an invex set in respectingfor e € [0, 1].

Definition 2.3. ([48]) A mappingy : 2 — R is said to be preinvex if the inequality

P(G+en(G, ) < (1 - e)p) +ep(Gr) (2.2)
holds for¢;, (2 € Q, € € [0,1].

Example 2.4. ([15]) The mapping(z) = *=2=1 (> ¢ R) in respecting the subsequent

2(z1 — 22), o>tz >t >,
0, Zg > 5,21 2 5,21 < 22,
0, Z2<%721§%,Z1>227
21— 2, < 3,25 < 5,2 < 2,

n(z1,22) = ¢ 1 =21 — 2, 20 < 321> 3z 20 > 1,

0, m<ia>iatn<l,

0, zo >4 <Lz 20> 1,

1— 2 — 29, zo> o <Lz 42 <1,

is preinvex orR while it is not convex oiR.

For recent results on preinvex functions and related speculations, modifications and de-
velopments we refer the readers to [5, 6].
In [25], Rashid et al. introduced a class of modifiedreinvex functions, which is a modi-
fication of preinvexity.
Recalling the concept of modifiedpreinvex function as follows.

Definition 2.5. ([25]) Lets € (0,1) and a functiony : Q& — R is said to be modified
s-preinvex if the following inequality

p(C+en(G ) < (1= €)p(C) + € 0(C) (2.3)
holds for¢s, (1 € Q, € € [0, 1].

Itis clear thatifs = 1, then modifieds-preinvex functions reduces to preinvex functions.
Also, for n(¢1,¢2) = (1 — (3, then the modifieds-preinvexity collapes with modified-
convex functions and along with the assumptioa 1, it coinsides with convex functions.

For the concerned outcomes associating with such kind of generalizations, we refer [5, 6,
19] and the references cited in.

Owing to the above mentioned trend, the principal aim of this paper is to derive some
novel estimates concerned with the weighted Simpsons-like type integral inequalities. By
considering the auxiliary result, we establish certain functions whose absolute value of
the first derivative is-preinvex, the first order differentiability of the proposed function is
bounded and also the first-order derivative fulfills the Lipschitz condition. In the application
viewpoint, the derived outcomes analyze by the special functions by utilizing modified
Bessel function ang-digamma function appears in many diverse scenarios, particularly
situations involving cylindrical symmetry.
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3. AUXILIARY |IDENTITY

This segment dedicated to our main contribution to this paper. The identification is
described as follows.

Lemma 3.1. For n € N and letp, i : Q, — R be two differntiable mappings of1;
(€2; is the interior of(2,)) with (a2, (2 + 1(C1, C2) € Q2 Withn((1,¢2) > 0. 1f ', h €—

([¢2, C2+n(¢1, C2)]) (the Lebesgue integrable functions). Thengfar [z, (o +n(C1, ¢2)],
we have the following identity

(w+n(<gr~lw)) (C ) (w n(Ciwlw))
n + n(C2,w n
p(w) v )

@( n+1
oG, ) / ezt =)

(w2S2))

h(z)dz

(C2,w)
(¢1,w) w (w +nn+1 )
plw+ 55)

1
+W / h(z)dz — n(Cr, G) / w(2)h(z)dz

(w+ l(gil“))) (w_,’_ 1((1 w))

1
_M € / w : w €
T UG, G) /‘M e ( o >)d

CQ} 1_6
+(n—|—l C1’C2 /@2 (w—&-n_’_ln(@,w))de,

0

3. 4)

where

o+ Tn(Grw) )8 — 5 o+ =0 Vo

2(n+1) n+1
E ’ 3. 5)
and
20 = gy | Ao ) o o =)
’ 3. 6)

Particularly,
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|Ap.n(n,m,w; 1, )|

(n(¢1,w))? 1
= (n+1)n(C¢1, C2) ”h”Q oo/’ +1 2(n+1)

( +%77(Cla ))dﬁ

1—e¢
I(w =+ M’I’](CQ,L&)) df,

(3.7)

(n(Cayw))?
o eGen ) 1l “/’2n+1

WhereHh’HQn7oo = Supzeﬂ |h(z)|'
Proof. Integrating by parts and exchanging variable,dgre (2, (2 + 1(¢1, ¢2), we have
1

I :/‘1’1() <w+1+177(Ch )>d€

0
1

ks o ) e [ o)

0
><s0( + %n(él, ))

1
17
Cl /QD w+777 Cl, )) ( +n_~_§77(§1,w>)d6
0

(
:M[M )+s0(w+77 (w )]/(:+n<w) h(z)dz

ey i o (2)h(z)dz

7W (w+%)

and

L = O/1<I>2( )¢’ < + 1—1177((2, ))

B 7(211 { th(w+ 0(Cayw ))dg_ n«lkl O/€h<w+m77(C2,w)>d9}
o) [ Ko i)
n+1 [ <w . 77} - ))] /<w+v<,fi;”) h(z)dz

n+ 1 )

2(n(Ga,w))?
m ~/(w+ I(Cz u)) Qp( )h(z)dz
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Taking product on both sides éf and I, by (n@zgz(‘zi);) and (nﬁgg;;;?;), respectively

and adding these two identitis, we get the desired identity (3. 8).
This completes the proof of Lemma 3.1.

O
Throughout our investigation, we utilize notations below.
Atp,h<n7 n,w; C17 CQ)
p(w) /<w+"€fi’f”> M)+ p(w+ M) perie) )z
= z)dz + ———+—
21(C1, C2) S 2 (¢, ¢2)  Ju
p(w+ 1) /w oy 1 /(w+”€§i’{”)) .y
+—— z)az — z)h(z)az,
2(C1yC2) St 2y (15 G2) Jiwr 2,
(3. 8)
wherew = (3 + un(¢1, ¢2), forall p € [0, 1].
Remark 3.2. If ones takei(z) = 1, then we have
ASO n,n,w; <17 <2
,_ 1 B n(¢,w) n(¢1,w)
= 2t (e &) NG, w) —n(G,w) ¢(w) +n((2,w)p w+ Thrl n(C,w)e w+ nrl
1 Z (wt 71(511“’))
(2)h(2)dz. (3.9)

B ¢
U(Ch@) (W+n(’§++wlw)

4. WEIGHTED SIMPSON-LIKE TYPE INEQUALITIES FOR DIFFERENTIABLE FUNCTIONS

Theorem 4.1. For some fixeds € (0,1], n € N,w € [(2,(2 + 1n(¢1,¢2)] with a >
1, a7t + 7! =1andletp, h: 2, — R be a differentiable and continuous functions on
Q; suchthaty’, h € L1[Ca, G2 + n(C1, ¢2)]- If |¢’|* is @ modifieds-preinvex function, then

’Acp,h(nv n, w; Cl? CQ) ‘

1Allge, o0 (525) " , 1
< Yt 1061, G) l(”“l’w” (- )l

i (m)’ﬂﬂ(gl)

a:| 1/«

1

+(n(¢2,w))? {(1 Tt ) GED

)‘w(w)

" (m)‘w@z)
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Proof. From the integral equation given in Lemma 3.1, th@dér's inequality and using
the modifieds-preinvexity of|¢’|~, we have

’Acp,h(na n, w; Cl? CQ) ‘

1
(n(¢1,w))?
(7l .00 [ |1—2€||¢ de
!

1-—
~ 2(n+1)?n(¢1,¢2) (w * ?U(Ch ))

1-—
2(n + 1)2 (Cl (2) <w * ?77(5% ))

B oot e )
+%jf$§g@ﬂmmm(jp_%ﬁ%) (Z (o )[4
SamifT(2£ﬁ||,w(/p_2¢u0 /”
(-Gl G5
i e Mones / 1aac)”
(bl Gy

 ((Gw)? 1\’
~ 2(n+1)2 (Ch@)” I "m(ﬁ+1>

de

w(w)

©(C1)

a 1/
)

p(w)

¢(C2)

o 1/«
)4

all/e@
T
Ot:| 1/0&

‘90 + (m) ‘@(Q

(n+1)® 5+1)

(1(C2, w)) 1\
2m+¢><@@>'“?”(6+1>

mroern) Pl

1
(767D

)‘@(Cz)

0-
¢-

(4. 11)
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where we have used the fact that
1

1
J (=G5t = (- ) O/(ili) o= i 12

0

and

1
/11—26;%: ﬁ (4. 13)
0

This completes the proof. O

Now we will consider Some special cases of Theorem 4.1.
I. Ifwetaken = 1, then we get a new result for modifiegpreinvex functions.

Corollary 4.2. For some fixed € (0,1], w € [(2, C2+1(C1, G2)]Witha > 1, =t +371 =
1 and lety,h : 2, — R be a differentiable and continuous functions @f) such that
¢ h€ L[l (2 + n(C1, C2)]. If |¢'|* is a modifieds-preinvex function, then

|A</J,7'L(17775w; Cla <2>|

Il o0 (557) o[/25(s+1)—1
ST RGG) l(”“l’“’” [ErsIi®

a+m‘<ﬂ(@)

a:| 1/a
a1/
] ] (4. 14)

Il.  If we takes = 1, then we obtain a new result for preinvex functions.

a 1

+ m’@(@)

(s+1)—1

Hca | (P2 et

Corollary 4.3. Forw € [(2,C + n(¢1,G)] witha > 1, a7t + 871 = 1 and lety, h :
Q, — R be a differentiable and continuous functions@fsuch thaty’, i € L1[(2, (2 +
n((1, G2)]. If |¢’|™ is a preinvex function, then

‘Agafl,(n? n,w; Cla CQ) ’
1/6
17l 00 (557) [

X 3 o 1 o 1/«
(6?3 + 3ot |
a:| 1/04‘|

. If we takefi(z) = 1, along withw = {3 orw = (3, then we have a new result for
s-preinvex functions.

877((1,@)

a+%‘@(§2)

+alca. ) 3ot

Corollary 4.4. Forw € [(2, (o4n(¢1, )] witha > 1, a7t +57 = 1andletp, h: Q, —
R be a differentiable and continuous functions@psuch thath € L1[(z2, (2 + 7(C1, C2)]-
If |¢'|* is a modifieds-preinvex function, then
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2ot + 20 (SFILDY iy o] - [ el

2 n(C1, C2)
< (G —Cz)(ﬁ)l/ﬁ ]t
- 8.28/(s+ 1)1/ }

ijm]“ + (27 = 1)e(62)

]

+ [(QSH - 1)‘@@1) "+ “P(Q)

Remark 4.5. If we choosen = 1, along withn({1,(2) = (1 — (2, then Theorem 4.1
reduces to Theorem 2.3 [&#0].

Theorem 4.6. For some fixecs € (0,1], n € N,w € [{2,( + (¢, ¢2)] with a >
1, a”t+ 7! =1andletp, h: 2, — R be a differentiable and continuous functions on
Q; such thaty’, h € Li[Ca, G2 +n(C1, ¢2)]- If |¢'|* is @ modifieds-preinvex function, then

, [17ll2,00
A%.h. mmwil G < 22-1/a(n 4+ 1)2n(¢1, C2)
2 1 52° +1 a 52° +1 o e
G S T s e ey P9 T s nGernery A )
2 1 52° +1 o 52° +1 a e
O S sar e ey Y T Sarernery A
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Proof. From the integral equation given in Lemma 3.1, th@dér's inequality and using
the modifieds-preinvexity of|¢’|~, we have

|Aap,h(n7 n, w; Cla 42) |

1
( (Ch ) — 92

de

¢ (w + Tlh:n(@w))
(n(¢2, w))?

2(n+1)*n(C1, C2) (w+ 77C27 )‘de

= g(n(ﬁ(fjéj;’(?h@)|nm,,,oo( O/ I _QG,de)l‘” ’
(sl i)
+2(n(+(1C)2, ()C)l’ )Hh\ln “</|126|d6>11/“

P 1_ « 1/«
(w + ?U(CQ, )> dE)

x(/\l—Qe\
0
(1(¢1,w))? 1y 11/
< st (e ey llane= (3)

[ 2O Gl (55)

e i, (5)

2(n +1)*n(C1, C2) 2
o 1—ene o 7l/e
+ (551) T )

[0 G5

(n(¢1,w)) 1-1/a s2% +1
= 5t gy Moo (3) [(z‘zs<n+1>s(;+ Tl

1l o

©(C1)

p(w)

a 1/«
)

p(w)

52° o] Ve
+<2‘“(n+1)52(8111)(5+2))’S0(Cl)
(¢, w))? IN1-1/af /1 95 4+ 1
e L O (CR re e A
595 o1/
+<25(n+ 1)52(5—:11)(5 K 2))’@((2) 7
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where we have used the fact that

1
1—¢€.s 1 s2° + 1
1-2 (1— )d - ,
/| (1= Gp) )de=3 2(n+1)°(s+ 1)(s +2)
0
1

1—€\s s2° + 1
/|1_26’(n+1) b= T ) L 12

0
1
/|1 —2€|d€: %
0

Some special cases of Theorem 4.6 are stated as follows.

and

This completes the proof.

I. If ones taken = 1, then we have a new result for modifiegoreinvex functions.

Corollary 4.7. For some fixed € (0,1], w € [(2, Ca+1(C1, )| Witha > 1, a=t+371 =
1 and letp,h : ©, — R be a differentiable and continuous functions @f) such that

¢ h€ Li[Ca, (2 + n(C1, C2)]. If |¢'|* is a modifieds-preinvex function, then
7]

1 s2° +1

|A<p,h(17naw; Cla C2)| < 24—

s2° +1 1 52% +1

Qy,00
21=1/ap (¢, G) [(U(Chw)y {(2 S 22(s+1)(s+2

T+

a:| 1/a

)etcy

+<z2s(s+1)(s+2)

+< s2° +1
225(s+1)(s+2)

)’80(@)

Il. If ones taken = s = 1, then we have a new result for preinvex functions.

Corollary 4.8. For w € [(2,C + n(¢1,G)] witha > 1, a7t + 871 = 1 and lety, h :
2, — R be a differentiable and continuous functions(@p such thaty’, i € L1[(2, (2 +

n((1, G2)]. If |¢’|~ is a preinvex function, then
|Aap,h(17 1, w; Clv C2) |

17,00 3
< T69(C1. G2) l(U(ChW))Q L“P(W)

} 1/a
7T

a+i‘@(§1)

+ca)? | 3o+ g et

lll. If ones taken = fi(z) = 1, along withw = ¢; orw = (s, then we have a new result

for s-preinvex functions.

Corollary 4.9. For w € [(2,( + n(¢1,G)] witha > 1, a7 + 871 = 1 and lety, h :
2,, — R be a differentiable and continuous functions:cfm‘; suchthaty’, i € L1[(2, (2 +

n((1, G2)]. If |¢'| is as-preinvex function, then

2 25(s+1)(s+2)
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h i z C2+n(¢1,¢2)
i 9@ 2 SEEERE oG emGe) - e ol2)dz

_ s o s o e
(CQ Cl) s2° +1 s2° +1 (,0((1)

1
P R R ) B ] PR )T PR

<

1/

G S PY70% BT, C o S Y7S% B VR

1
MR CES ) 25 (s + 1)(s + 2)

Remark 4.10. If we chooser = 1, along withn({;,¢{2) = (1 — (2, then Theorem 4.6
reduces to Theorem 2.6 [&0].

~ Our next result is the better approach in the literature that can be derived bylierH
Iscan integral inequality.

Theorem 4.11. For some fixeds € (0,1, n € N, w € [¢2,(2 + n(¢1, )] with o >
1, a 4+ 7 =1andletp, i : 2, — R be a differentiable and continuous functions on

Qy suchthaty’, h € L1[Ca, G2 + n(C1, ¢2)]- If |¢’|* is @ modifieds-preinvex function, then

Ao n,m,w;C1, G2

MHEHSZ 2n(B+2)+1 1/p
= 2(n+1)%n(¢1, C2) T 2+ D)(B+1)(B+2)
2n +1 n(s+2)+1 o n(s+2)+1 o e
2t D i) ernery Yt Ginernery YO
(n(¢2,w))? Al 1 1/8
2(n + 1)2n(¢1, C2) T 2+ 1)(B+1)(B+2)
1 1 o 1 o e
o) T+ () : (. 16)

20n+1)  (n+1)5(s +2) (n+1)s(s + 2)
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Proof. From the integral equation given in Lemma 3.1, th@dér's inequality and using
the modifieds-preinvexity of|¢’|~, we have

|A‘Pyh(n7 m, W3 Cla CQ) |

1
(n(¢r,w))? -
T 2(n+ 1)277(C1’C2)|h|ﬂ"’°°0/|1 2e|

1
(n(¢2,w))? B
2(”+1)27I(C1,<2)|h|9"’°°0/‘1 2€|

de

1 _
¢’ (W+ n_f_iﬁ(ﬁ,w))

de

1 _
¢ (W + n+i77(§27w))

1

(U(CI»W))z ( n-+e€ _ 8 )1/6
B 2(n+1)27)(@,@)”5“9"7"0 O/n+1‘1 2¢|"de
«@ 1/a
de)

1
/n—i-e
X
( n+1
0

1
(1n(C2,w))? ( l—c. s )1/ﬂ
2+ 172G, Go) e 0/ e

1 1—¢ , 1—¢ « 1/«
X(O/”+1 ® <w+n+1n(Cg,w)) de>
(n(¢1,w))* (B +2) +1 1/8
< Tt e Mo (s D@ DG TD)

[ (-Gl G

(77(4.27"‘)))2 ||h|| ( 1 )1/6
20+ 1)20(C1, &) \2(n+ 1) (B + 1)(5 + 2)

[ GElel s G5

1—
o (o 2o

a 1/«
)

©(C1)

p(w)

a 1/«
)4

©(C2)

p(w)

S e L o e )
R s s =) LG I (e e | Y ]/
T v L Coes e e
| Gorn - wrper) P+ (rper) o@ } .




634 F. Safdar, M. Attique

where we have used the fact that
1

n+e —€\s n n(s )
/n—tl(<1_ (TlL-l-]_) )de= (22(n11) a (n+1)s(_£—?— 1_|)—(i—|—2)>7

33
+]+
=
—
S|
+ |
=]
~—

V)
|

( n(s+2)+1 )
S \(n+1)s(s+1)(s+2)

i;i(lf (leli)) ‘= (2(n1+1) a (n+1)1’(s+2))’

0
1
2 2 1
/n+6’1—2e‘ﬂde— n(B+2) +
0

n+1 2+ 1)(B+1)(B+2)
and
h 1 1
0/n+1|12€| TR Y
This completes the proof. O

I. If ones taken = 1, then we have a new result for modifiegpreinvex functions.

Corollary 4.12. For some fixeds € (0,1], w € [¢2, ¢ + n(C1, C2)] Witha > 1, a7t +
=1 =1and lety, i : Q, — R be a differentiable and continuous functions:dn;, such
thaty', h € L1[C2, G2 + n(C1,C2)]. If |¢'|* is @ modifieds-preinvex function, then

‘Acp h(l n, ws Cla CQ) ’

<( (Ch )) H HQ ( 4(ﬁ+2)+1 )1/[3

~ 8n(G¢2) B+ 1)(B+2)

|G-yl

(1(Ca, )2 | /5
Fante gy e (5 (ﬂ+1)(6+2))

g [(411 - m)’SO (m)‘w C2)

(e}

+ (M) ‘80(41)

a:| 1/«

1/«
} . (4. 17)

5. ESTIMATION TYPE RESULTS

In our coming result, we utilize the boundedness property’ of
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Theorem5.1.Forn € N, w € [(2,(2+7(¢1,¢2)] and lety, 7i : ©,, — R be a differentiable
and continuous functions anQ2; such thaty’, i € Li1[C2, (2 + 1(C1, ¢2)]. Suppose that
there exist constantg < Q such that-oo < ¢ < ¢’ < M < +oo. Then

1

Aenlnnwitn ) - 5 Jc)? [ @i(ede+ (n(cew)? [ @a(e)de
0 0

2(n+1)n(Gr, C2)

CRRIL. : 2
koo | CACKR UG

where®, (e) and @, (e) are given in Lemma 3.1.

Proof.

ALP h(n n, w; Clv C2)
1

o <17 € _Q+q Q+q
- n+1 41742 /q’l [ ( i +1”(§1’“’)> 2 T2 }‘k

0
1

 (n(Gyw))? . 0ra 04
n—|—1 C17C2 O/(I)Q [ < ++177(C2,W))—2_|_2}d6
_ 1

— g | (6 / O e ) R
0

H(n(Gasw))? / <I>2<e>[sa< (G ))-Q;—q]de
0

T2+ G &)

Therefore

1 1
21 Jw)? [ @@t (G w)? [ s
0 0

2(n + 1)n(C1, C2)
C17 / 1—¢€ Q+q
- ”+1 Cl,@ /| 1 <w+”+1n(<bw> 2 e

CZ7 Q+q
n+1 41742 /' ! (””“* )>_2d6'

Sincey’ satisfies—co < ¢ < ¢’ < Q < +o00, we have

B Q;rqng)_ Q;q_g Q;q

1 1
Aenlnn i) - 5 [c))? [ @a(ede+ (n(ce,w)? [ @ate)de
0 0
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implies that
Q+gq Q—q
¢z - =5 ‘S 2
Hence, we conclude that
Q 1 1
. _ i )2 )2
‘Ag),h(nanawaclac2) 2(n+1)n(<17C2 Cla !®1 d6+ C2a 0/¢2 ‘
Q—gq / /
<= D4 (e)|d i} d
= 2(n+1)n (C17C2 n(Gu,w [@1(e)]de + (G2 J [22()] 6}
1

(Q—9)7lle, 0 ) i e 1 o
§4(n+ DR [(n(ﬁ,w)) 0/|Qe 1|de + (n(¢2,w)) /|2 1|d]
q)
1)

0
(Q - d)lhlle,
8(’11—1— (ChCQ)

This completes the proof. O

(G w))? + (n(Gav)?].

Corollary 5.2. If ones takdi(z) = 1 in Theorem 5.1, then we have a new result
< Q-9
~ 8(n+1)*n(¢1, ¢2

Our next result is the further estimation type result governed by the weighted Simpson-
like type inequality wherp' satisfies Lipschitz condition.

LCRETNS) 5[0 )? + (G )7

Theorem 5.3.Forn € N, w € [(2,(2 + 1(¢1,¢2)] and letp, h : Q,, — R be a differ-
entiable and continuous functions 6 such thaty’, i € L1[(2, (2 + 1(C1, (2)]. Suppose
that ' satisfies the Lipschitz condition for somie> 0. Then

1
1

‘Aw,h(n,mw;CuCz) T mEOnG.G) {(H(Chw))Z C1, /(I)1

0

+(n(C2,w)) %’ (w + 777(527_’_’(1})) /@Q(E)dﬁ}
0

L||Allg, 00
~ 8(n+1)3n(¢1,¢2)

(G w))? + (v ))?. (5. 18)

where®; (¢) and®,(¢) are given in Lemma 3.1.
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Proof. By means of Lemma 3.1, we have

A@ah n,n,w; Cla CQ

Z
_ W) 1<1>1(e) ¢ ot I ) —¢ w M) ) g
(”+1)77(C17C2)0 n+1"7°7 n+1 n+1
1
(77(@7 w))Q / 1—e¢ w o T](C27 UJ) / 77(@: UJ) p
(n—&-l)n((u(z)o 2(c) @ W+n+177(C27 ) ow n+1 T wt n+1 d
L Z 1 ()
- - 2 / — € o G, w
- (n+1)n(<~17§2) (n(Claw)) . q)l(e) ® W+n+177(C17W) Y w+ n+1 de
Z1 1 #
G @) a0 ¢ vt i) ¢ wr LY g,
0
P ncw) © nGw) ©
2 7 1, 2 7 2,
+(n+1)7](C1742) (¢, w)) ¢ w+ —— 0 ®1(e)de + (n(C2,w)) ¢ w+ T 0 By (e)de .
Thus
h zZt
: S S 20 oy MW
A<P7h ”7777W7C17CQ (n+1)n(<17<-2) (n(Claw)) 2 w+ n+1 (Pl(e)de
0
Z1 i
+(n(G,w)*¢" w+ *nffi’f) @3 (e)de
0
71
(W(Cl:w))z ’ 1—ce¢ ’ n(¢1,w)
< (n+ )n(Ce, G) i Pi(e) ¢ w+ n+177(417w) - w+7n+1 de
71
(77(@7 w))Q / 1—ce¢ / U(C2,W)
+(”+1)"7(C1»§2) @2(6) ® w+n+177(C27w) - W+ n+1 de.

0

Sincey’ satisfies Lipschitz condition for som& > 0, we have

/ 1—ce¢ / W(Clvw) 1—e¢ U(Chw)
- - _ RASLE Rt < - - W —
® w+n+1n(Cl7W) ¢ owt T ,Ew+n+1n(cl7w) W
:ﬁ(Cl,w)ﬁe
n+1
and
/ € / 7(C2,w) 1—e¢ 1((2,w)
- - _ MASLhhats < - - o — )
¢ w+ +1n(§z,w) ¢ Wt _£w+n+1n(@,w) W

77(<27 Lu') L e

n+1
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It follows that

Apn mom,w;i G, G2 — Mmh(n(Chw))Qw' w+ 775517;:) jl D1 (€)de
(e w o+ L) " auoae
0
S e C
0
e ey )+ e .19
This completes the proof. a

Corollary 5.4. If ones takéi(z) = 1, then we have

R
8(n +1)3n(C1, C2)

A (03 G, o ((r(G1.))* + (n(G2))* | (5. 20)
6. INEQUALITIES FOR SPECIAL FUNCTIONS

This segment inaugurating some applications to the estimations of modified Bessel
function and the;-digamma for weighted Simpson type inequalities for differentiable
preinvex functions by use of our results.

6.1. Modified Bessel functions. Recalling the series representation of the first kind mod-
ified Bessel function ([47])

P e
Uy(2) _gnlf(p+n+l)’ Vz € R,

analogously, the second kind modified Bessel funckiris defined as

/C,,(Z) — EU—P(Z) Jrup(z)'

2 sin pm
Let us assume the functidf, : R — [1, 00), defined by
I,(2) = 2T (p+ 1)z U,(2),
whereI'(.) is the gamma function.

Proposition 6.2. For p > —1 and(, > (; > 0, then
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[ [E(@) + 23, (SF2EL)Y 7, 1 an(cr, )]

1 C2+n(C1,¢2)
(G, G2) / Ip(z)dz‘

(G- G)(54) """
— 8.2%/(s4+ 1)V (p+1)

:|1/(x

1 1/1 . 6. 21)

{CA‘ p+1(<l)‘ + (28T — ’ o+1(C2)

+ {Q(?s“ - 1)‘Ip+1(C1)‘a + C2‘Ip+1(c2)

Choosingp = —1/2, then

11 [cosh(@e) + 2cosh (S 20(60:0)

1 C2+n(¢1,¢2)
—777@1 C2)/ cosh(z)dz‘

(G G) (72)"”
= 4.28/a(s 1)V

) + cosh(¢z + 21(¢y, C2))}

w sinh(Cl)‘a (24— 1) sinh(Ga) O‘] o

Oc:| 1/«

Proof. Applying inequality (4. 15) to the mappinty(z) = Z,(z), z > 0 andZ;(z) =
—27w,11- Now we have used the fact that ; j5(2) = cosh z andw 5(2) = Snh(z) then

+ {(28+1 - 1)‘ sinh((l)‘a + ) sinh(Cz) 6. 22)

we the inequality (6. 27 ) reduces to (6. 22). a
Proposition 6.3. For p > —1 and(, > (; > 0, then
ihmqg) o1, <2+2+<<1<2> PTG+ 20 G2) s ZC:W’(““” 7,(2)dz
S retT @3- maaters W@ o maapagy D@’ v
bl AL e 2wt e

2 225(s+4+1)(s+2) 225(s 4+ 1)(s + 2)

Choosingp = —1/2, then

h i Z cptm(crica)
! cosh(§2)+2cosh C2 + (61, 62) + cosh(¢2 + 2n(¢1,¢2)) R armtee cosh(z)dz
4 n(¢1,¢2) ¢,
(¢2 —¢1) 1 s2° +1 ) o s2°5 +1 ) o /e
- =T h __ "2 T sinh
= 93-1/a 2 225(s+1)(s+2) sinh(¢2) + 225 (s + 1)(s + 2) sinh(¢1)
#
1 s2° 41 a 52° 41 o e
+oo- 2 @) TG et sinh(ca) : (6. 24)

2 225(s 4+ 1)(s + 2) 225(s4+1)(s+2)
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Proof. Applying inequality (4. 15) to the mappinty(z) = Z,(2), z > 0 andZ;(z) =
~i7wp+1- Now we have used the fact that ; />(z) = cosh z andw /2(2) = W, then
we the inequality (6. 28 ) reduces to (6. 24). O

6.4. g-digamma function. For ¢ € (0, 1), the g-analogue of the digamma function is
denoted byp, is stated as follows

- IC+Z
$q(2) —In(l—gq —i—lnqz o
K= O —q
&0 q—lCz
——ln(l—q)-i-lnqzliq,c. (6. 25)
K=0
Forg > 1 andz > 0, theg-digamma functioméq is stated as follows
. 1 (K+=z)
$q(2) 1H(1Q)+1HQ[221_Q(;C+Z)}
=—In(l—¢q)+1In z—l—iﬂ (6. 26)
q q Py el -

However, in [47], it has been observed that, .,+ ¢,(z) = lim, .- ¢4(2) = &(2).
Proposition 6.5. Letq € (0, 1), (2 > ¢; > 0, then the following inequality holds holds

L6 () + 26, (SEHUGGY L g1, 4 g o) - (G800,

2 la =1y
; (Cl—CQ)(ﬁ)l/ﬂ |: :|1/a

= 8.25/a(s 4+ 1)1/
b @ z, « l/a
+[<28+11>]¢Ef><<1>\ + 512)(42)\] ] (6. 27)

forall z > 0.

P + e -

Proof. Taking into account the definition of functio@[, we conlude that a completely
monotone function — q§q'(z) defined on0, co) and also is-preinvex on(0, co). There-

fore, applying inequality (4. 15 ), we get the immediate consequences. O
Proposition 6.6. Letq € (0, 1), (2 > ¢; > 0, then the following inequality holds holds
h i . .
1" . ~ 7 2 ~ o) — !
1 ¢q (C2) + 204 S+ 20(61,¢2) 772(417@) + ¢q (G2 +21(¢1,¢2)) — $all2) = &4 (1) 2l)2 _(Zq (h)
(CQ - Cl) l _ SQS + 1 (2) 823 —+ 1 (2) e
<o 3T EeieTy 4@ T mainery @)
. £ i ) 52" +1 @) e
MR I CES ) () "+ (s D(s 1 2) C) " , (6. 28)

forall z > 0.
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Proof. Taking into account the definition of functio@[, we conlude that a completely

monotone function — éq'(z) defined on0, co) and also is-preinvex on(0, co). There-
fore, applying inequality (4. 15 ), we get the immediate consequences. O

7. CONCLUSION

A novel idea of the weighted identity of Simpson-like type, we established numerous
generalizations of Simpson-like type integral inequalities for modifiggteinvex map-
pings. Moreover, several intriguing results are computed, for instance, we applied the
explored outcomes to two special functions including modified Bessel functiory-and
digamma function. With these strategies and concept established in this investigation, it
is important to additionally investigate the weighted inequalities of Simpson-like type. we
may use these results in inequality theory, machine learning, weather forecasting, quantum
calculus, robotics and optimizations.
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