
Punjab University Journal of Mathematics (2022),54(10),621-643
https://doi.org/10.52280/pujm.2022.541001

Extended weighted Simpson-like type inequalities for preinvex functions and their
use in physical system

Farhat Safdar
Department of Mathematics,

SBK Women’s university, Quetta, Pakistan,
Email: farhat.safdar@sbkwu.edu.pk

Muhammad Attique
Department of Mathematics and Statistics,

University of Agriculture, Faisalabad, Pakistan,
Email: muhammad.attique@uaf.edu.pk

Received: 09 September, 2021 / Accepted: 24 August, 2022 / Published online: 31 October,
2022

Abstract.: The main aim of this investigation is to establish the weighted
Simpson-like type identity and related variants for a mapping for which
the power of the absolute of the first derivative iss-preinvex. By con-
sidering this identity, numerous novel weighted Simpson’s like type and
related estimation type results for bounded first order differentiable func-
tions are apprehended. Several notable results can be obtained as con-
sequences for the suitable selection ofn andω. Meanwhile, the results
are illustrated with two special functions involving modified Bessel func-
tion andq-digamma function to obtain the efficiency and supremacy of
the proposed technique for many problems of wave propagation and static
potentials.
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1. INTRODUCTION

Hermann Minkowski and Werner Fenche were two outstanding mathematicians who
have investigated Some geometric aspects of convex sets and, to a lesser extent, of convex
functions before the 1960s. The convexity theory yields a wide range of techniques to
study and analysis problems related to both pure and applied mathematics [26, 27, 28,
30, 29, 31, 32, 51, 9, 38, 10, 39]. These techniques have provided many ways to study
different problems related to convex analysis. Consequently, during last few years by using
these techniques different inequalities has been formed. The idea of convexity is basically
adopted from geometry, but it is also involved in many branches of mathematical science.
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As a result, there is a wide range of research in this field [11, 2, 52, 40, 41, 42, 43, 1, 44].
At the beginning of the 1960s, the convex analysis was enormously evolved in the works of
R. Tyrrell Rockafellar and Jeean-Jacques Morreau who initiated a systematic investigation
of this new field. There are several books and articles dedicated to various parts of convex
analysis and optimization theory, see [7, 8, 13, 14, 45, 18, 3, 33, 34,?, 4, 49, 35, 36, 37].
The following inequality is known as Simpson’s integral inequality:

∣∣∣∣
1
6

[
ϕ(ζ1) + 4ϕ

(ζ1 + ζ2

2

)
+ ϕ(ζ2)

]
− 1

ζ2 − ζ1

ζ2∫

ζ1

ϕ(z)dz

∣∣∣∣ ≤
‖ϕ(4)‖∞(ζ2 − ζ1)4

2880
,(1. 1)

whereϕ : [ζ1, ζ2] → R is fourth order differentiable function on(ζ1, ζ2) with the condition
that

‖ϕ(4)‖∞ = sup
z∈(ζ1,ζ2)

∣∣ϕ(z)
∣∣ < ∞.

Several generalizations and extensions concerning to (1. 1 ) have been proposed by many
researchers, for instance, Set et al. [46], Rashid et al. [25] and Du et al. [50] estab-
lished certain Simpson’s type variants for Riemann-Liouville fractional integrals, which
are convex,s-preinvex and extended(s,m)-convex, respectively. Our aim is to derive
some novel estimates for weighted Simpsons-like type integral inequalities and related es-
timation type results fors-preinvex functions. For more details see, [46, 25, 50] and the
references therein.
In [12], Craven introduced the “term” for calling this class of functions because of their
component characterized as “invariance by convexity”. Weir and Mond [48] explored the
idea of preinvex functions Hanson [16] contemplated the possibility of differentiable invex
in the context of their precise global optimum behavior Noor [24] derived the most cap-
tivating Hermite-Hadamard inequality for preinvex functions. In [23], Mohan and Neogy
presented a notable condition C.
In [22], Mititelu characterized the idea of invex sets as follows:
Let Ω ⊂ R be a set and a continuous bifunction isη(., .) : Rn × Rn → Rn.
Throughout this investigation, the setΩ is an invex set, unless otherwise it is specified.

2. NOTATIONS AND PRELIMINARIES

Definition 2.1. ([22]) A setΩ is said to be invex if

ζ2 + εη(ζ1, ζ2) ∈ Ω, ζ2, ζ1 ∈ Ω, ε ∈ [0, 1].

The invex set is known to beη-connected set. Observe that, ifη(ζ1, ζ2) = ζ1 − ζ2, this
makes the sense that every convex sets is an invex set, but converse is not true.

Example 2.2. LetΩ = [−π
2 , 0) ∪ (0, π

2 ]

η(z1, z2) =





cos(z1 − z2), z2 ∈ (0, π/2], z1 ∈ (0, π/2];
− cos(z1 − z2), z2 ∈ [−π/2, 0), z1 ∈ [−π/2, 0);

cos z2, z2 ∈ (0, π/2], z1 ∈ [−π/2, 0);
− cos z2, z2 ∈ [−π/2, 0), z1 ∈ (0, π/2];
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thenΩ is an invex set in respectingη for ε ∈ [0, 1].

Definition 2.3. ([48]) A mappingϕ : Ω → R is said to be preinvex if the inequality

ϕ
(
ζ2 + εη(ζ1, ζ2)

) ≤ (1− ε)ϕ(ζ2) + εϕ(ζ1) (2. 2)

holds forζ1, ζ2 ∈ Ω, ε ∈ [0, 1].

Example 2.4. ([15]) The mappingϕ(z) = 1−|2z−1|
2 , (z ∈ R) in respecting the subsequent

η(z1, z2) =





2(z1 − z2), z2 ≥ 1
2 , z1 ≥ 1

2 , z1 ≥ z2,
0, z2 > 1

2 , z1 ≥ 1
2 , z1 < z2,

0, z2 < 1
2 , z1 ≤ 1

2 , z1 > z2,

z1 − z2, z2 ≤ 1
2 , z1 ≤ 1

2 , z1 ≤ z2,

1− z1 − z2, z2 < 1
2 , z1 > 1

2 , z1 + z2 ≥ 1,

0, z2 < 1
2 , z1 > 1

2 , z1 + z2 ≤ 1,

0, z2 > 1
2 , z1 < 1

2 , z1 + z2 ≥ 1,

1− z1 − z2, z2 > 1
2 , z1 < 1

2 , z1 + z2 ≤ 1,

is preinvex onR while it is not convex onR.

For recent results on preinvex functions and related speculations, modifications and de-
velopments we refer the readers to [5, 6].
In [25], Rashid et al. introduced a class of modifieds-preinvex functions, which is a modi-
fication of preinvexity.
Recalling the concept of modifieds-preinvex function as follows.

Definition 2.5. ([25]) Let s ∈ (0, 1) and a functionϕ : Ω → R is said to be modified
s-preinvex if the following inequality

ϕ
(
ζ2 + εη(ζ1, ζ2)

) ≤ (1− εs)ϕ(ζ2) + εsϕ(ζ1) (2. 3)

holds forζ2, ζ1 ∈ Ω, ε ∈ [0, 1].

It is clear that ifs = 1, then modifieds-preinvex functions reduces to preinvex functions.
Also, for η(ζ1, ζ2) = ζ1 − ζ2, then the modifieds-preinvexity collapes with modifieds-
convex functions and along with the assumptions = 1, it coinsides with convex functions.
For the concerned outcomes associating with such kind of generalizations, we refer [5, 6,
19] and the references cited in.
Owing to the above mentioned trend, the principal aim of this paper is to derive some
novel estimates concerned with the weighted Simpsons-like type integral inequalities. By
considering the auxiliary result, we establish certain functions whose absolute value of
the first derivative iss-preinvex, the first order differentiability of the proposed function is
bounded and also the first-order derivative fulfills the Lipschitz condition. In the application
viewpoint, the derived outcomes analyze by the special functions by utilizing modified
Bessel function andq-digamma function appears in many diverse scenarios, particularly
situations involving cylindrical symmetry.
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3. AUXILIARY IDENTITY

This segment dedicated to our main contribution to this paper. The identification is
described as follows.

Lemma 3.1. For n ∈ N and letϕ, ~ : Ωη → R be two differntiable mappings onΩ◦η
(Ω◦η is the interior ofΩη) with ζ2, ζ2 + η(ζ1, ζ2) ∈ Ωη with η(ζ1, ζ2) > 0. I f ϕ′, ~ ∈−→1

([ζ2, ζ2 +η(ζ1, ζ2)]) (the Lebesgue integrable functions). Then, forω ∈ [ζ2, ζ2 +η(ζ1, ζ2)],
we have the following identity

ϕ(ω)
2η(ζ1, ζ2)

(ω+
η(ζ2,ω)

n+1 )∫

(ω+
η(ζ1,ω)

n+1 )

~(z)dz +
ϕ
(
ω + η(ζ2,ω)

n+1

)

2η(ζ1, ζ2)

(ω+
η(ζ2,ω)

n+1 )∫

ω

~(z)dz

+
ϕ
(
ω + η(ζ1,ω)

n+1

)

2η(ζ1, ζ2)

ω∫

(ω+
η(ζ1,ω)

n+1 )

~(z)dz − 1
η(ζ1, ζ2)

(ω+
η(ζ2,ω)

n+1 )∫

(ω+
η(ζ1,ω)

n+1 )

ϕ(z)~(z)dz

=
(η(ζ1, ω))2

(n + 1)η(ζ1, ζ2)

1∫

0

Φ1(ε)ϕ′
(

ω +
1− ε

n + 1
η(ζ1, ω)

)
dε

+
(η(ζ2, ω))2

(n + 1)η(ζ1, ζ2)

1∫

0

Φ2(ε)ϕ′
(

ω +
1− ε

n + 1
η(ζ2, ω)

)
dε,

(3. 4)

where

Φ1(ε) =
1

n + 1

ε∫

0

~
(

ω +
1− θ

n + 1
η(ζ1, ω)

)
dθ − 1

2(n + 1)

1∫

0

~
(

ω +
1− θ

n + 1
η(ζ1, ω)

)
dθ

(3. 5)

and

Φ2(ε) =
1

2(n + 1)

1∫

0

~
(

ω +
1− θ

n + 1
η(ζ2, ω)

)
dθ − 1

(n + 1)

ε∫

0

~
(

ω +
1− θ

n + 1
η(ζ2, ω)

)
dθ.

(3. 6)

Particularly,
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∣∣Λϕ,~
(
n, η, ω; ζ1, ζ2

)∣∣

≤ (η(ζ1, ω))2

(n + 1)η(ζ1, ζ2)
‖~‖Ωη,∞

1∫

0

∣∣∣ ε

n + 1
− 1

2(n + 1)

∣∣∣ϕ′
(

ω +
1− ε

n + 1
η(ζ1, ω)

)
dε

+
(η(ζ2, ω))2

(n + 1)η(ζ1, ζ2)
‖~‖Ωη,∞

1∫

0

∣∣∣ 1
2(n + 1)

− ε

n + 1

∣∣∣ϕ′
(

ω +
1− ε

n + 1
η(ζ2, ω)

)
dε,

(3. 7)

where‖~‖Ωη,∞ = supz∈Ω |~(z)|.
Proof. Integrating by parts and exchanging variable, forωη ∈ (ζ2, ζ2 + η(ζ1, ζ2), we have

I1 =

1∫

0

Φ1(ε)ϕ′
(

ω +
1− ε

n + 1
η(ζ1, ω)

)
dε

= − n + 1
η(ζ1, ω)

[
1

n + 1

ε∫

0

~
(

ω +
1− θ

n + 1
η(ζ1, ω)

)
dθ − 1

2(n + 1)

1∫

0

~
(

ω +
1− θ

n + 1
η(ζ1, ω)

)
dθ

]

×ϕ

(
ω +

1− ε

n + 1
η(ζ1, ω)

)∣∣∣∣
1

0

+
1

η(ζ1, ω)

1∫

0

ϕ

(
ω +

1− ε

n + 1
η(ζ1, ω)

)
~
(

ω +
1− ε

n + 1
η(ζ1, ω)

)
dε

=
(n + 1)

2(η(ζ1, ω))2

[
ϕ(ω) + ϕ

(
ω +

1
n + 1

η(ζ1, ω)
)]∫ ω

(ω+
η(ζ1,ω)

n+1 )

~(z)dz

− n + 1
((η(ζ1, ω))2)

∫ ω

(ω+
η(ζ1,ω)

n+1 )

ϕ(z)~(z)dz

and

I2 =

1∫

0

Φ2(ε)ϕ′
(

ω +
1− ε

n + 1
η(ζ2, ω)

)
dε

=
n + 1

η(ζ2, ω)

[
1

2(n + 1)

1∫

0

~
(

ω +
1− θ

n + 1
η(ζ2, ω)

)
dθ − 1

n + 1

ε∫

0

~
(

ω +
1− θ

n + 1
η(ζ2, ω)

)
dθ

]

×ϕ

(
ω +

1− ε

n + 1
η(ζ2, ω)

)∣∣∣∣
1

0

− 1
η(ζ2, ω)

1∫

0

ϕ

(
ω +

1− ε

n + 1
η(ζ2, ω)

)
~
(

ω +
1− ε

n + 1
η(ζ2, ω)

)
dε

=
n + 1

2(η(ζ2, ω))2

[
ϕ(ω) + ϕ

(
ω +

1
n + 1

η(ζ2, ω)
)]∫ (ω+

η(ζ2,ω)
n+1 )

ω

~(z)dz

− n + 1
((η(ζ2, ω, ))2)

∫ ω

(ω+
η(ζ2,ω)

n+1 )

ϕ(z)~(z)dz.
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Taking product on both sides ofI1 andI2 by (η(ζ1,ω))2

(n+1)η(ζ1,ζ2)
and (η(ζ2,ω))2

(n+1)η(ζ1,ζ2)
, respectively

and adding these two identitis, we get the desired identity (3. 8 ).
This completes the proof of Lemma 3.1.

¤

Throughout our investigation, we utilize notations below.

Λϕ,~
(
n, η, ω; ζ1, ζ2

)

:=
ϕ(ω)

2η(ζ1, ζ2)

∫ (ω+
η(ζ2,ω)

n+1 )

(ω+
η(ζ1,ω)

n+1 )

~(z)dz +
ϕ
(
ω + η(ζ2,ω)

n+1

)

2η(ζ1, ζ2)

∫ (ω+
η(ζ2,ω)

n+1 )

ω

~(z)dz

+
ϕ
(
ω + η(ζ1,ω)

n+1

)

2η(ζ1, ζ2)

∫ ω

(ω+
η(ζ1,ω)

n+1 )

~(z)dz − 1
η(ζ1, ζ2)

∫ (ω+
η(ζ2,ω)

n+1 )

(ω+
η(ζ1,ω)

n+1 )

ϕ(z)~(z)dz,

(3. 8)

whereω = ζ2 + µη(ζ1, ζ2), for all µ ∈ [0, 1].

Remark 3.2. If ones take~(z) = 1, then we have

Λϕ

�
n, η, ω; ζ1, ζ2

�

:=
1

2(n + 1)η(ζ1, ζ2)

��
η(ζ2, ω)− η(ζ1, ω)

�
ϕ(ω) + η(ζ2, ω)ϕ

�
ω +

η(ζ2, ω)

n + 1

�
− η(ζ1, ω)ϕ

�
ω +

η(ζ1, ω)

n + 1

��

− 1

η(ζ1, ζ2)

Z (ω+
η(ζ2,ω)

n+1 )

(ω+
η(ζ1,ω)

n+1 )

ϕ(z)~(z)dz. (3. 9)

4. WEIGHTED SIMPSON-L IKE TYPE INEQUALITIES FOR DIFFERENTIABLE FUNCTIONS

Theorem 4.1. For some fixeds ∈ (0, 1], n ∈ N, ω ∈ [ζ2, ζ2 + η(ζ1, ζ2)] with α >
1, α−1 + β−1 = 1 and letϕ, ~ : Ωη → R be a differentiable and continuous functions on
Ω◦η such thatϕ′, ~ ∈ L1[ζ2, ζ2 + η(ζ1, ζ2)]. If |ϕ′|α is a modifieds-preinvex function, then

∣∣Λϕ,~
(
n, η, ω; ζ1, ζ2

)∣∣

≤
‖~‖Ωη,∞

(
1

β+1

)1/β

2(n + 1)2η(ζ1, ζ2)

[
(η(ζ1, ω))2

[(
1− 1

(n + 1)s(s + 1)

)∣∣∣ϕ(ω)
∣∣∣
α

+
( 1

(n + 1)s(s + 1)

)∣∣∣ϕ(ζ1)
∣∣∣
α
]1/α

+(η(ζ2, ω))2
[(

1− 1
(n + 1)s(s + 1)

)∣∣∣ϕ(ω)
∣∣∣
α

+
( 1

(n + 1)s(s + 1)

)∣∣∣ϕ(ζ2)
∣∣∣
α
]1/α

]
. (4. 10)
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Proof. From the integral equation given in Lemma 3.1, the Hölder’s inequality and using
the modifieds-preinvexity of|ϕ′|α, we have

∣∣Λϕ,~
(
n, η, ω; ζ1, ζ2

)∣∣

≤ (η(ζ1, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

1∫

0

∣∣1− 2ε
∣∣
∣∣∣ϕ′

(
ω +

1− ε

n + 1
η(ζ1, ω)

)∣∣∣dε

+
(η(ζ2, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

1∫

0

∣∣1− 2ε
∣∣
∣∣∣ϕ′

(
ω +

1− ε

n + 1
η(ζ2, ω)

)∣∣∣dε

≤ (η(ζ1, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

( 1∫

0

∣∣1− 2ε
∣∣βdε

)1/β( 1∫

0

∣∣∣∣ϕ′
(

ω +
1− ε

n + 1
η(ζ1, ω)

)∣∣∣∣
α

dε

)1/α

+
(η(ζ2, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

( 1∫

0

∣∣1− 2ε
∣∣βdε

)1/β( 1∫

0

∣∣∣∣ϕ′
(

ω +
1− ε

n + 1
η(ζ2, ω)

)∣∣∣∣
α

dε

)1/α

≤ (η(ζ1, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

( 1∫

0

∣∣1− 2ε
∣∣βdε

)1/β

[ 1∫

0

((
1− ( 1− ε

n + 1
)s

)∣∣∣ϕ(ω)
∣∣∣
α

+
( 1− ε

n + 1

)s∣∣∣ϕ(ζ1)
∣∣∣
α
)

dε

]1/α

+
(η(ζ2, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

( 1∫

0

∣∣1− 2ε
∣∣βdε

)1/β

[ 1∫

0

((
1− ( 1− ε

n + 1
)s

)∣∣∣ϕ(ω)
∣∣∣
α

+
( 1− ε

n + 1

)s∣∣∣ϕ(ζ2)
∣∣∣
α
)

dε

]1/α

=
(η(ζ1, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

(
1

β + 1

)1/β

[(
1− 1

(n + 1)s(s + 1)

)∣∣∣ϕ(ω)
∣∣∣
α

+
( 1

(n + 1)s(s + 1)

)∣∣∣ϕ(ζ1)
∣∣∣
α
]1/α

+
(η(ζ2, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

(
1

β + 1

)1/β

[(
1− 1

(n + 1)s(s + 1)

)∣∣∣ϕ(ω)
∣∣∣
α

+
( 1

(n + 1)s(s + 1)

)∣∣∣ϕ(ζ2)
∣∣∣
α
]1/α

,

(4. 11)
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where we have used the fact that
1∫

0

(
1− ( 1− ε

n + 1
)s

)
dε =

(
1− 1

(n + 1)s(s + 1)

)
,

1∫

0

( 1− ε

n + 1

)s

dε =
1

(n + 1)s(s + 1)
(4. 12)

and
1∫

0

∣∣1− 2ε
∣∣βdε =

1
β + 1

. (4. 13)

This completes the proof. ¤

Now we will consider Some special cases of Theorem 4.1.
I. If we taken = 1, then we get a new result for modifieds-preinvex functions.

Corollary 4.2. For some fixeds ∈ (0, 1], ω ∈ [ζ2, ζ2+η(ζ1, ζ2)] withα > 1, α−1+β−1 =
1 and letϕ, ~ : Ωη → R be a differentiable and continuous functions onΩ◦η such that
ϕ′, ~ ∈ L1[ζ2, ζ2 + η(ζ1, ζ2)]. If |ϕ′|α is a modifieds-preinvex function, then

∣∣Λϕ,~
(
1, η, ω; ζ1, ζ2

)∣∣

≤
‖~‖Ωη,∞

(
1

β+1

)1/β

8η(ζ1, ζ2)

[
(η(ζ1, ω))2

[(2s(s + 1)− 1
2s(s + 1)

)∣∣∣ϕ(ω)
∣∣∣
α

+
1

2s(s + 1)

∣∣∣ϕ(ζ1)
∣∣∣
α
]1/α

+(η(ζ2, ω))2
[(2s(s + 1)− 1

2s(s + 1)

)∣∣∣ϕ(ω)
∣∣∣
α

+
1

2s(s + 1)

∣∣∣ϕ(ζ2)
∣∣∣
α
]1/α

]
. (4. 14)

II. If we takes = 1, then we obtain a new result for preinvex functions.

Corollary 4.3. For ω ∈ [ζ2, ζ2 + η(ζ1, ζ2)] with α > 1, α−1 + β−1 = 1 and letϕ, ~ :
Ωη → R be a differentiable and continuous functions onΩ◦η such thatϕ′, ~ ∈ L1[ζ2, ζ2 +
η(ζ1, ζ2)]. If |ϕ′|α is a preinvex function, then

∣∣Λϕ,~
(
n, η, ω; ζ1, ζ2

)∣∣

≤
‖~‖Ωη,∞

(
1

β+1

)1/β

8η(ζ1, ζ2)

[
(η(ζ1, ω))2

[
3
4

∣∣∣ϕ(ω)
∣∣∣
α

+
1
4

∣∣∣ϕ(ζ1)
∣∣∣
α
]1/α

+(η(ζ2, ω))2
[
3
4

∣∣∣ϕ(ω)
∣∣∣
α

+
1
4

∣∣∣ϕ(ζ2)
∣∣∣
α
]1/α

]
.

III. If we take~(z) = 1, along withω = ζ1 or ω = ζ2, then we have a new result for
s-preinvex functions.

Corollary 4.4. For ω ∈ [ζ2, ζ2+η(ζ1, ζ1)] withα > 1, α−1+β−1 = 1 and letϕ, ~ : Ωη →
R be a differentiable and continuous functions onΩ◦η such that~ ∈ L1[ζ2, ζ2 + η(ζ1, ζ2)].
If |ϕ′|α is a modifieds-preinvex function, then
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∣∣∣1
4

[
ϕ(ζ2) + 2ϕ

(ζ2 + 2η(ζ1, ζ2)
2

)
+ ϕ(ζ2 + 2η(ζ1, ζ2))

]
− 1

η(ζ1, ζ2)

∫ ζ2+η(ζ1,ζ2)

ζ2

ϕ(z)dz
∣∣∣

≤
(ζ1 − ζ2)

(
1

β+1

)1/β

8.2s/α(s + 1)1/α

[[∣∣∣ϕ(ζ1)
∣∣∣
α

+ (2s+1 − 1)
∣∣∣ϕ(ζ2)

∣∣∣
α
]1/α

+
[
(2s+1 − 1)

∣∣∣ϕ(ζ1)
∣∣∣
α

+
∣∣∣ϕ(ζ2)

∣∣∣
α
]1/α

]
.

Remark 4.5. If we choosen = 1, along withη(ζ1, ζ2) = ζ1 − ζ2, then Theorem 4.1
reduces to Theorem 2.3 of[50].

Theorem 4.6. For some fixeds ∈ (0, 1], n ∈ N, ω ∈ [ζ2, ζ2 + η(ζ1, ζ2)] with α >
1, α−1 + β−1 = 1 and letϕ, ~ : Ωη → R be a differentiable and continuous functions on
Ω◦η such thatϕ′, ~ ∈ L1[ζ2, ζ2 + η(ζ1, ζ2)]. If |ϕ′|α is a modifieds-preinvex function, then

��Λϕ,~
�
n, η, ω; ζ1, ζ2

��� ≤ ‖~‖Ωη,∞
22−1/α(n + 1)2η(ζ1, ζ2)

×
"
(η(ζ1, ω))2

��1

2
− s2s + 1

2s(n + 1)s(s + 1)(s + 2)

����ϕ(ω)
���
α

+
� s2s + 1

2s(n + 1)s(s + 1)(s + 2)

����ϕ(ζ1)
���
α
�1/α

+(η(ζ2, ω))2
��1

2
− s2s + 1

2s(n + 1)s(s + 1)(s + 2)

����ϕ(ω)
���
α

+
� s2s + 1

2s(n + 1)s(s + 1)(s + 2)

����ϕ(ζ2)
���
α
�1/α

#
.
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Proof. From the integral equation given in Lemma 3.1, the Hölder’s inequality and using
the modifieds-preinvexity of|ϕ′|α, we have

∣∣Λϕ,~
(
n, η, ω; ζ1, ζ2

)∣∣

≤ (η(ζ1, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

1∫

0

∣∣1− 2ε
∣∣
∣∣∣ϕ′

(
ω +

1− ε

n + 1
η(ζ1, ω)

)∣∣∣dε

+
(η(ζ2, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

1∫

0

∣∣1− 2ε
∣∣
∣∣∣ϕ′

(
ω +

1− ε

n + 1
η(ζ2, ω)

)∣∣∣dε

≤ (η(ζ1, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

( 1∫

0

∣∣1− 2ε
∣∣dε

)1−1/α

×
( 1∫

0

∣∣1− 2ε
∣∣
∣∣∣∣ϕ′

(
ω +

1− ε

n + 1
η(ζ1, ω)

)∣∣∣∣
α

dε

)1/α

+
(η(ζ2, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

( 1∫

0

∣∣1− 2ε
∣∣dε

)1−1/α

×
( 1∫

0

∣∣1− 2ε
∣∣
∣∣∣∣ϕ′

(
ω +

1− ε

n + 1
η(ζ2, ω)

)∣∣∣∣
α

dε

)1/α

≤ (η(ζ1, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

(1
2

)1−1/α

×
[ 1∫

0

∣∣1− 2ε
∣∣
((

1− ( 1− ε

n + 1
)s

)∣∣∣ϕ(ω)
∣∣∣
α

+
( 1− ε

n + 1

)s∣∣∣ϕ(ζ1)
∣∣∣
α
)

dε

]1/α

+
(η(ζ2, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

(1
2

)1−1/α

×
[ 1∫

0

∣∣1− 2ε
∣∣
((

1− ( 1− ε

n + 1
)s

)∣∣∣ϕ(ω)
∣∣∣
α

+
( 1− ε

n + 1

)s∣∣∣ϕ(ζ2)
∣∣∣
α
)

dε

]1/α

=
(η(ζ1, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

(1
2

)1−1/α
[(1

2
− s2s + 1

2s(n + 1)s(s + 1)(s + 2)

)∣∣∣ϕ(ω)
∣∣∣
α

+
( s2s + 1

2s(n + 1)s(s + 1)(s + 2)

)∣∣∣ϕ(ζ1)
∣∣∣
α
]1/α

+
(η(ζ2, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

(1
2

)1−1/α
[(1

2
− s2s + 1

2s(n + 1)s(s + 1)(s + 2)

)∣∣∣ϕ(ω)
∣∣∣
α

+
( s2s + 1

2s(n + 1)s(s + 1)(s + 2)

)∣∣∣ϕ(ζ2)
∣∣∣
α
]1/α

,
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where we have used the fact that
1∫

0

∣∣1− 2ε
∣∣
(
1− ( 1− ε

n + 1
)s

)
dε =

1
2
− s2s + 1

2s(n + 1)s(s + 1)(s + 2)
,

1∫

0

∣∣1− 2ε
∣∣
( 1− ε

n + 1

)s

dε =
s2s + 1

2s(n + 1)s(s + 1)(s + 2)

and
1∫

0

∣∣1− 2ε
∣∣dε =

1
2
.

This completes the proof. ¤
Some special cases of Theorem 4.6 are stated as follows.

I. If ones taken = 1, then we have a new result for modifieds-preinvex functions.

Corollary 4.7. For some fixeds ∈ (0, 1], ω ∈ [ζ2, ζ2+η(ζ1, ζ2)] withα > 1, α−1+β−1 =
1 and letϕ, ~ : Ωη → R be a differentiable and continuous functions onΩ◦η such that
ϕ′, ~ ∈ L1[ζ2, ζ2 + η(ζ1, ζ2)]. If |ϕ′|α is a modifieds-preinvex function, then

∣∣Λϕ,~
(
1, η, ω; ζ1, ζ2

)∣∣ ≤ ‖~‖Ωη,∞
24−1/αη(ζ1, ζ2)

[
(η(ζ1, ω))2

[(1
2
− s2s + 1

22s(s + 1)(s + 2)

)∣∣∣ϕ(ω)
∣∣∣
α

+
( s2s + 1

22s(s + 1)(s + 2)

)∣∣∣ϕ(ζ1)
∣∣∣
α
]1/α

+ (η(ζ2, ω))2
[(1

2
− s2s + 1

22s(s + 1)(s + 2)

)∣∣∣ϕ(ω)
∣∣∣
α

+
( s2s + 1

22s(s + 1)(s + 2)

)∣∣∣ϕ(ζ2)
∣∣∣
α
]1/α

]
.

II. If ones taken = s = 1, then we have a new result for preinvex functions.

Corollary 4.8. For ω ∈ [ζ2, ζ2 + η(ζ1, ζ2)] with α > 1, α−1 + β−1 = 1 and letϕ, ~ :
Ωη → R be a differentiable and continuous functions onΩ◦η such thatϕ′, ~ ∈ L1[ζ2, ζ2 +
η(ζ1, ζ2)]. If |ϕ′|α is a preinvex function, then∣∣Λϕ,~

(
1, η, ω; ζ1, ζ2

)∣∣

≤ ‖~‖Ωη,∞
16η(ζ1, ζ2)

[
(η(ζ1, ω))2

[
3
4

∣∣∣ϕ(ω)
∣∣∣
α

+
1
4

∣∣∣ϕ(ζ1)
∣∣∣
α
]1/α

+(η(ζ2, ω))2
[
3
4

∣∣∣ϕ(ω)
∣∣∣
α

+
1
4

∣∣∣ϕ(ζ2)
∣∣∣
α
]1/α]1/α

]
.

III. If ones taken = ~(z) = 1, along withω = ζ1 or ω = ζ2, then we have a new result
for s-preinvex functions.

Corollary 4.9. For ω ∈ [ζ2, ζ2 + η(ζ1, ζ2)] with α > 1, α−1 + β−1 = 1 and letϕ, ~ :
Ωη → R be a differentiable and continuous functions on: Ω◦η such thatϕ′, ~ ∈ L1[ζ2, ζ2 +
η(ζ1, ζ2)]. If |ϕ′|α is as-preinvex function, then
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���1
4

h
ϕ(ζ2) + 2ϕ

�ζ2 + 2η(ζ1, ζ2)

2

�
+ ϕ(ζ2 + 2η(ζ1, ζ2))

i
− 1

η(ζ1, ζ2)

Z ζ2+η(ζ1,ζ2)

ζ2

ϕ(z)dz
���

≤ (ζ2 − ζ1)

24−1/α

"��1

2
− s2s + 1

22s(s + 1)(s + 2)

����ϕ(ζ2)
���
α

+
� s2s + 1

22s(s + 1)(s + 2)

����ϕ(ζ1)
���
α
�1/α

+

��1

2
− s2s + 1

22s(s + 1)(s + 2)

����ϕ(ζ1)
���
α

+
� s2s + 1

22s(s + 1)(s + 2)

����ϕ(ζ2)
���
α
�1/α

#
. (4. 15)

Remark 4.10. If we choosen = 1, along withη(ζ1, ζ2) = ζ1 − ζ2, then Theorem 4.6
reduces to Theorem 2.6 of[50].

Our next result is the better approach in the literature that can be derived by the Hölder-
İşcan integral inequality.

Theorem 4.11. For some fixeds ∈ (0, 1], n ∈ N, ω ∈ [ζ2, ζ2 + η(ζ1, ζ2)] with α >
1, α−1 + β−1 = 1 and letϕ, ~ : Ωη → R be a differentiable and continuous functions on
Ω◦η such thatϕ′, ~ ∈ L1[ζ2, ζ2 + η(ζ1, ζ2)]. If |ϕ′|α is a modifieds-preinvex function, then

��Λϕ,~
�
n, η, ω; ζ1, ζ2

���

≤ (η(ζ1, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

� 2n(β + 2) + 1

2(n + 1)(β + 1)(β + 2)

�1/β

×
�� 2n + 1

2(n + 1)
− n(s + 2) + 1

(n + 1)s(s + 1)(s + 2)

����ϕ(ω)
���α +

� n(s + 2) + 1

(n + 1)s(s + 1)(s + 2)

����ϕ(ζ1)
���α
�1/α

+
(η(ζ2, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

� 1

2(n + 1)(β + 1)(β + 2)

�1/β

×
�� 1

2(n + 1)
− 1

(n + 1)s(s + 2)

����ϕ(ω)
���α +

� 1

(n + 1)s(s + 2)

����ϕ(ζ2)
���α
�1/α

. (4. 16)
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Proof. From the integral equation given in Lemma 3.1, the Hölder’s inequality and using
the modifieds-preinvexity of|ϕ′|α, we have

∣∣Λϕ,~
(
n, η, ω; ζ1, ζ2

)∣∣

≤ (η(ζ1, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

1∫

0

∣∣1− 2ε
∣∣
∣∣∣ϕ′

(
ω +

1− ε

n + 1
η(ζ1, ω)

)∣∣∣dε

+
(η(ζ2, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

1∫

0

∣∣1− 2ε
∣∣
∣∣∣ϕ′

(
ω +

1− ε

n + 1
η(ζ2, ω)

)∣∣∣dε

≤ (η(ζ1, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

( 1∫

0

n + ε

n + 1

∣∣1− 2ε
∣∣βdε

)1/β

×
( 1∫

0

n + ε

n + 1

∣∣∣∣ϕ′
(

ω +
1− ε

n + 1
η(ζ1, ω)

)∣∣∣∣
α

dε

)1/α

+
(η(ζ2, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

( 1∫

0

1− ε

n + 1

∣∣1− 2ε
∣∣βdε

)1/β

×
( 1∫

0

1− ε

n + 1

∣∣∣∣ϕ′
(

ω +
1− ε

n + 1
η(ζ2, ω)

)∣∣∣∣
α

dε

)1/α

≤ (η(ζ1, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

( 2n(β + 2) + 1
2(n + 1)(β + 1)(β + 2)

)1/β

×
[ 1∫

0

n + ε

n + 1

((
1− ( 1− ε

n + 1
)s

)∣∣∣ϕ(ω)
∣∣∣
α

+
( 1− ε

n + 1

)s∣∣∣ϕ(ζ1)
∣∣∣
α
)

dε

]1/α

+
(η(ζ2, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

( 1
2(n + 1)(β + 1)(β + 2)

)1/β

×
[ 1∫

0

1− ε

n + 1

((
1− ( 1− ε

n + 1
)s

)∣∣∣ϕ(ω)
∣∣∣
α

+
( 1− ε

n + 1

)s∣∣∣ϕ(ζ2)
∣∣∣
α
)

dε

]1/α

=
(η(ζ1, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

( 2n(β + 2) + 1
2(n + 1)(β + 1)(β + 2)

)1/β

×
[( 2n + 1

2(n + 1)
− n(s + 2) + 1

(n + 1)s(s + 1)(s + 2)

)∣∣∣ϕ(ω)
∣∣∣
α

+
( n(s + 2) + 1

(n + 1)s(s + 1)(s + 2)

)∣∣∣ϕ(ζ1)
∣∣∣
α
]1/α

+
(η(ζ2, ω))2

2(n + 1)2η(ζ1, ζ2)
‖~‖Ωη,∞

( 1
2(n + 1)(β + 1)(β + 2)

)1/β

×
[( 1

2(n + 1)
− 1

(n + 1)s(s + 2)

)∣∣∣ϕ(ω)
∣∣∣
α

+
( 1

(n + 1)s(s + 2)

)∣∣∣ϕ(ζ2)
∣∣∣
α
]1/α

,
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where we have used the fact that
1∫

0

n + ε

n + 1
(
(
1− ( 1− ε

n + 1
)s

)
dε =

( 2n + 1
2(n + 1)

− n(s + 2) + 1
(n + 1)s(s + 1)(s + 2)

)
,

1∫

0

n + ε

n + 1

( 1− ε

n + 1

)s

dε =
( n(s + 2) + 1

(n + 1)s(s + 1)(s + 2)

)
,

1∫

0

1− ε

n + 1

(
1− ( 1− ε

n + 1
)s

)
dε =

( 1
2(n + 1)

− 1
(n + 1)s(s + 2)

)
,

1∫

0

( 1− ε

n + 1

)s+1

dε =
1

(n + 1)s(s + 2)
,

1∫

0

n + ε

n + 1

∣∣1− 2ε
∣∣βdε =

2n(β + 2) + 1
2(n + 1)(β + 1)(β + 2)

and
1∫

0

1− ε

n + 1

∣∣1− 2ε
∣∣βdε =

1
2(n + 1)(β + 1)(β + 2)

.

This completes the proof. ¤

I. If ones taken = 1, then we have a new result for modifieds-preinvex functions.

Corollary 4.12. For some fixeds ∈ (0, 1], ω ∈ [ζ2, ζ2 + η(ζ1, ζ2)] with α > 1, α−1 +
β−1 = 1 and letϕ, ~ : Ωη → R be a differentiable and continuous functions on: Ω◦η such
thatϕ′, ~ ∈ L1[ζ2, ζ2 + η(ζ1, ζ2)]. If |ϕ′|α is a modifieds-preinvex function, then

∣∣Λϕ,~
(
1, η, ω; ζ1, ζ2

)∣∣

≤ (η(ζ1, ω))2

8η(ζ1, ζ2)
‖~‖Ωη,∞

( 4(β + 2) + 1
4(β + 1)(β + 2)

)1/β

×
[(3

4
− s + 3

2s(s + 1)(s + 2)

)∣∣∣ϕ(ω)
∣∣∣
α

+
( (s + 3)

2s(s + 1)(s + 2)

)∣∣∣ϕ(ζ1)
∣∣∣
α
]1/α

+
(η(ζ2, ω))2

8η(ζ1, ζ2)
‖~‖Ωη,∞

( 1
4(β + 1)(β + 2)

)1/β

×
[(1

4
− 1

2s(s + 2)

)∣∣∣ϕ(ω)
∣∣∣
α

+
( 1

2s(s + 2)

)∣∣∣ϕ(ζ2)
∣∣∣
α
]1/α

. (4. 17)

5. ESTIMATION TYPE RESULTS

In our coming result, we utilize the boundedness property ofϕ′.
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Theorem 5.1.For n ∈ N, ω ∈ [ζ2, ζ2+η(ζ1, ζ2)] and letϕ, ~ : Ωη → R be a differentiable
and continuous functions on: Ω◦η such thatϕ′, ~ ∈ L1[ζ2, ζ2 + η(ζ1, ζ2)]. Suppose that
there exist constantsq < Q such that−∞ < q ≤ ϕ′ ≤M < +∞. Then

∣∣∣Λϕ,~
(
n, η, ω; ζ1, ζ2

)− Q+ q

2(n + 1)η(ζ1, ζ2)

[
(η(ζ1, ω))2

1∫

0

Φ1(ε)dε + (η(ζ2, ω))2
1∫

0

Φ2(ε)dε
∣∣∣

≤ (Q− q)‖~‖Ωη,∞
8(n + 1)2η(ζ1, ζ2)

[
(η(ζ1, ω))2 + (η(ζ2, ω))2

]
,

whereΦ1(ε) andΦ2(ε) are given in Lemma 3.1.

Proof.

Λϕ,~
(
n, η, ω; ζ1, ζ2

)

=
(η(ζ1, ω))2

(n + 1)η(ζ1, ζ2)

1∫

0

Φ1(ε)
[
ϕ′

(
ω +

1− ε

n + 1
η(ζ1, ω)

)
− Q+ q

2
+
Q+ q

2

]
dε

+
(η(ζ2, ω))2

(n + 1)η(ζ1, ζ2)

1∫

0

Φ2(ε)
[
ϕ′

(
ω +

1− ε

n + 1
η(ζ2, ω)

)
− Q+ q

2
+
Q+ q

2

]
dε

=
1

(n + 1)η(ζ1, ζ2)

[
(η(ζ1, ω))2

1∫

0

Φ1(ε)
[
ϕ′

(
ω +

1− ε

n + 1
η(ζ1, ω)

)
− Q+ q

2

]
dε

+(η(ζ2, ω))2
1∫

0

Φ2(ε)
[
ϕ′

(
ω +

1− ε

n + 1
η(ζ2, ω)

)
− Q+ q

2

]
dε

]

+
Q+ q

2(n + 1)η(ζ1, ζ2)

[
(η(ζ1, ω))2

1∫

0

Φ1(ε)dε + (η(ζ2, ω))2
1∫

0

Φ2(ε)dε
]
.

Therefore

∣∣∣Λϕ,~
(
n, η, ω; ζ1, ζ2

)− Q+ q

2(n + 1)η(ζ1, ζ2)

[
(η(ζ1, ω))2

1∫

0

Φ1(ε)dε + (η(ζ2, ω))2
1∫

0

Φ2(ε)dε
∣∣∣

≤ (η(ζ1, ω))2

(n + 1)η(ζ1, ζ2)

1∫

0

∣∣Φ1(ε)
∣∣
∣∣∣∣ϕ′

(
ω +

1− ε

n + 1
η(ζ1, ω)

)
− Q+ q

2

∣∣∣∣dε

+
(η(ζ2, ω))2

(n + 1)η(ζ1, ζ2)

1∫

0

∣∣Φ2(ε)
∣∣
∣∣∣∣ϕ′

(
ω +

1− ε

n + 1
η(ζ2, ω)

)
− Q+ q

2

∣∣∣∣dε.

Sinceϕ′ satisfies−∞ < q ≤ ϕ′ ≤ Q < +∞, we have

q − Q+ q

2
≤ ϕ′(z)− Q+ q

2
≤ Q− Q+ q

2
,
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implies that

∣∣∣ϕ′(z)− Q+ q

2

∣∣∣ ≤ Q− q

2
.

Hence, we conclude that

∣∣∣Λϕ,~
(
n, η, ω; ζ1, ζ2

)− Q+ q

2(n + 1)η(ζ1, ζ2)

[
(η(ζ1, ω))2

1∫

0

Φ1(ε)dε + (η(ζ2, ω))2
1∫

0

Φ2(ε)dε
∣∣∣

≤ Q− q

2(n + 1)η(ζ1, ζ2)

[
(η(ζ1, ω))2

1∫

0

∣∣Φ1(ε)
∣∣dε + (η(ζ2, ω))2

1∫

0

∣∣Φ2(ε)
∣∣dε

]

≤ (Q− q)‖~‖Ωη,∞
4(n + 1)2η(ζ1, ζ2)

[
(η(ζ1, ω))2

1∫

0

∣∣2ε− 1
∣∣dε + (η(ζ2, ω))2

1∫

0

∣∣2ε− 1
∣∣dε

]

=
(Q− q)‖~‖Ωη,∞
8(n + 1)2η(ζ1, ζ2)

[
(η(ζ1, ω))2 + (η(ζ2, ω))2

]
.

This completes the proof. ¤

Corollary 5.2. If ones take~(z) = 1 in Theorem 5.1, then we have a new result

∣∣∣Λϕ

(
n, η, ω; ζ1, ζ2

)∣∣∣ ≤ (Q− q)
8(n + 1)2η(ζ1, ζ2)

[
(η(ζ1, ω))2 + (η(ζ2, ω))2

]
.

Our next result is the further estimation type result governed by the weighted Simpson-
like type inequality whenϕ′ satisfies Lipschitz condition.

Theorem 5.3. For n ∈ N, ω ∈ [ζ2, ζ2 + η(ζ1, ζ2)] and letϕ, ~ : Ωη → R be a differ-
entiable and continuous functions onΩ◦η such thatϕ′, ~ ∈ L1[ζ2, ζ2 + η(ζ1, ζ2)]. Suppose
thatϕ′ satisfies the Lipschitz condition for someL > 0. Then

∣∣∣Λϕ,~
(
n, η, ω; ζ1, ζ2

)− 1
(n + 1)η(ζ1, ζ2)

[
(η(ζ1, ω))2ϕ′

(
ω +

η(ζ1, ω)
n + 1

) 1∫

0

Φ1(ε)dε

+(η(ζ2, ω))2ϕ′
(
ω +

η(ζ2, ω)
n + 1

) 1∫

0

Φ2(ε)dε
]∣∣∣

≤ L‖~‖Ωη,∞
8(n + 1)3η(ζ1, ζ2)

[
(η(ζ1, ω))3 + (η(ζ2, ω))3

]
, (5. 18)

whereΦ1(ε) andΦ2(ε) are given in Lemma 3.1.
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Proof. By means of Lemma 3.1, we have

Λϕ,~
�
n, η, ω; ζ1, ζ2

�

=
(η(ζ1, ω))2

(n + 1)η(ζ1, ζ2)

1Z

0

Φ1(ε)

�
ϕ′
�

ω +
1− ε

n + 1
η(ζ1, ω)

�
− ϕ′

�
ω +

η(ζ1, ω)

n + 1

�
+ ϕ′

�
ω +

η(ζ1, ω)

n + 1

��
dε

+
(η(ζ2, ω))2

(n + 1)η(ζ1, ζ2)

1Z

0

Φ2(ε)

�
ϕ′
�

ω +
1− ε

n + 1
η(ζ2, ω)

�
− ϕ′

�
ω +

η(ζ2, ω)

n + 1

�
+ ϕ′

�
ω +

η(ζ2, ω)

n + 1

��
dε

=
1

(n + 1)η(ζ1, ζ2)

"
(η(ζ1, ω))2

1Z

0

Φ1(ε)

�
ϕ′
�

ω +
1− ε

n + 1
η(ζ1, ω)

�
− ϕ′

�
ω +

η(ζ1, ω)

n + 1

��
dε

+(η(ζ2, ω))2
1Z

0

Φ2(ε)

�
ϕ′
�

ω +
1− ε

n + 1
η(ζ2, ω)

�
− ϕ′

�
ω +

η(ζ2, ω)

n + 1

��
dε

#

+
1

(n + 1)η(ζ1, ζ2)

h
(η(ζ1, ω))2ϕ′

�
ω +

η(ζ1, ω)

n + 1

� 1Z

0

Φ1(ε)dε + (η(ζ2, ω))2ϕ′
�
ω +

η(ζ2, ω)

n + 1

� 1Z

0

Φ2(ε)dε
i
.

Thus

���Λϕ,~
�
n, η, ω; ζ1, ζ2

�− 1

(n + 1)η(ζ1, ζ2)

h
(η(ζ1, ω))2ϕ′

�
ω +

η(ζ1, ω)

n + 1

� 1Z

0

Φ1(ε)dε

+(η(ζ2, ω))2ϕ′
�
ω +

η(ζ2, ω)

n + 1

� 1Z

0

Φ2(ε)dε
i���

≤ (η(ζ1, ω))2

(n + 1)η(ζ1, ζ2)

1Z

0

��Φ1(ε)
��
����ϕ′
�

ω +
1− ε

n + 1
η(ζ1, ω)

�
− ϕ′

�
ω +

η(ζ1, ω)

n + 1

�����dε

+
(η(ζ2, ω))2

(n + 1)η(ζ1, ζ2)

1Z

0

��Φ2(ε)
��
����ϕ′
�

ω +
1− ε

n + 1
η(ζ2, ω)

�
− ϕ′

�
ω +

η(ζ2, ω)

n + 1

�����dε.

Sinceϕ′ satisfies Lipschitz condition for someL > 0, we have

����ϕ′
�

ω +
1− ε

n + 1
η(ζ1, ω)

�
− ϕ′

�
ω +

η(ζ1, ω)

n + 1

����� ≤ L
���ω +

1− ε

n + 1
η(ζ1, ω)− ω − η(ζ1, ω)

n + 1

���

=
η(ζ1, ω)

n + 1
L
��ε
��

and
����ϕ′
�

ω +
1− ε

n + 1
η(ζ2, ω)

�
− ϕ′

�
ω +

η(ζ2, ω)

n + 1

����� ≤ L
���ω +

1− ε

n + 1
η(ζ2, ω)− ω − η(ζ2, ω)

n + 1

���

=
η(ζ2, ω)

n + 1
L
��ε
��.
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It follows that

���Λϕ,~
�
n, η, ω; ζ1, ζ2

�− 1

(n + 1)η(ζ1, ζ2)

h
(η(ζ1, ω))2ϕ′

�
ω +

η(ζ1, ω)

n + 1

� 1Z

0

Φ1(ε)dε

+(η(ζ2, ω))2ϕ′
�
ω +

η(ζ2, ω)

n + 1

� 1Z

0

Φ2(ε)dε
i���

≤ (η(ζ1, ω))3L
(n + 1)2η(ζ1, ζ2)

1Z

0

ε
��Φ1(ε)

��dε +
(η(ζ2, ω))3L

(n + 1)2η(ζ1, ζ2)

1Z

0

ε
��Φ2(ε)

��dε

=
L‖~‖Ωη,∞

2(n + 1)3η(ζ1, ζ2)

h
(η(ζ1, ω))3 + (η(ζ2, ω))3

i 1Z

0

��ε− 2ε2
��dε

=
L‖~‖Ωη,∞

8(n + 1)3η(ζ1, ζ2)

h
(η(ζ1, ω))3 + (η(ζ2, ω))3

i
. (5. 19)

This completes the proof. ¤

Corollary 5.4. If ones take~(z) = 1, then we have

∣∣∣Λϕ

(
n, η, ω; ζ1, ζ2

)∣∣∣ ≤ L
8(n + 1)3η(ζ1, ζ2)

[
(η(ζ1, ω))3 + (η(ζ2, ω))3

]
,(5. 20)

6. INEQUALITIES FOR SPECIAL FUNCTIONS

This segment inaugurating some applications to the estimations of modified Bessel
function and theq-digamma for weighted Simpson type inequalities for differentiables-
preinvex functions by use of our results.

6.1. Modified Bessel functions.Recalling the series representation of the first kind mod-
ified Bessel function ([47])

Uρ(z) =
∑

n≥0

(z/2)ρ+2n

n!Γ(ρ + n + 1)
, ∀z ∈ R,

analogously, the second kind modified Bessel functionKρ is defined as

Kρ(z) =
π

2
U−ρ(z) + Uρ(z)

sin ρπ
.

Let us assume the functionIρ : R→ [1,∞), defined by

Iρ(z) = 2ρΓ(ρ + 1)z−ρUρ(z),

whereΓ(.) is the gamma function.

Proposition 6.2. For ρ > −1 andζ2 > ζ1 > 0, then
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∣∣∣1
4

[
Iρ(ζ2) + 2Iρ

(ζ2 + 2η(ζ1, ζ2)
2

)
+ Iρ(ζ2 + 2η(ζ1, ζ2))

]

− 1
η(ζ1, ζ2)

∫ ζ2+η(ζ1,ζ2)

ζ2

Iρ(z)dz
∣∣∣

≤
(ζ1 − ζ2)

(
1

β+1

)1/β

8.2s/α(s + 1)1/α(ρ + 1)

[[
ζ1

∣∣∣Iρ+1(ζ1)
∣∣∣
α

+ ζ2(2s+1 − 1)
∣∣∣Iρ+1(ζ2)

∣∣∣
α
]1/α

+
[
ζ1(2s+1 − 1)

∣∣∣Iρ+1(ζ1)
∣∣∣
α

+ ζ2

∣∣∣Iρ+1(ζ2)
∣∣∣
α
]1/α

]
. (6. 21)

Choosingρ = −1/2, then
∣∣∣1
4

[
cosh(ζ2) + 2 cosh

(ζ2 + 2η(ζ1, ζ2)
2

)
+ cosh(ζ2 + 2η(ζ1, ζ2))

]

− 1
η(ζ1, ζ2)

∫ ζ2+η(ζ1,ζ2)

ζ2

cosh(z)dz
∣∣∣

≤
(ζ1 − ζ2)

(
1

β+1

)1/β

4.2s/α(s + 1)1/α

[[∣∣∣ sinh(ζ1)
∣∣∣
α

+ (2s+1 − 1)
∣∣∣ sinh(ζ2)

∣∣∣
α
]1/α

+
[
(2s+1 − 1)

∣∣∣ sinh(ζ1)
∣∣∣
α

+
∣∣∣ sinh(ζ2)

∣∣∣
α
]1/α

]
. (6. 22)

Proof. Applying inequality (4. 15 ) to the mapping~(z) = Iρ(z), z > 0 andI ′ρ(z) =
z

ρ+1ωρ+1. Now we have used the fact thatω−1/2(z) = cosh z andω1/2(z) = sin h(z)
z , then

we the inequality (6. 27 ) reduces to (6. 22 ). ¤

Proposition 6.3. For ρ > −1 andζ2 > ζ1 > 0, then
��� 1
4

h
Iρ(ζ2) + 2Iρ

� ζ2 + 2η(ζ1, ζ2)

2

�
+ Iρ(ζ2 + 2η(ζ1, ζ2))

i
− 1

η(ζ1, ζ2)

Z ζ2+η(ζ1,ζ2)

ζ2

Iρ(z)dz
���

≤ (ζ2 − ζ1)

24−1/α(ρ + 1)

"�
ζ2

� 1

2
− s2s + 1

22s(s + 1)(s + 2)

����Iρ+1(ζ2)
���α + ζ1

� s2s + 1

22s(s + 1)(s + 2)

����Iρ+1(ζ1)
���α
�1/α

+

�
ζ1

� 1

2
− s2s + 1

22s(s + 1)(s + 2)

����Iρ+1(ζ1)
���α + ζ2

� s2s + 1

22s(s + 1)(s + 2)

����Iρ+1(ζ2)
���α
�1/α

#
. (6. 23)

Choosingρ = −1/2, then
��� 1
4

h
cosh(ζ2) + 2 cosh

� ζ2 + 2η(ζ1, ζ2)

2

�
+ cosh(ζ2 + 2η(ζ1, ζ2))

i
− 1

η(ζ1, ζ2)

Z ζ2+η(ζ1,ζ2)

ζ2

cosh(z)dz
���

≤ (ζ2 − ζ1)

23−1/α

"�� 1

2
− s2s + 1

22s(s + 1)(s + 2)

���� sinh(ζ2)
���α +

� s2s + 1

22s(s + 1)(s + 2)

���� sinh(ζ1)
���α
�1/α

+

��1

2
− s2s + 1

22s(s + 1)(s + 2)

���� sinh(ζ1)
���α + ζ2

� s2s + 1

22s(s + 1)(s + 2)

���� sinh(ζ2)
���α
�1/α

#
. (6. 24)
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Proof. Applying inequality (4. 15 ) to the mapping~(z) = Iρ(z), z > 0 andI ′ρ(z) =
z

ρ+1ωρ+1. Now we have used the fact thatω−1/2(z) = cosh z andω1/2(z) = sin h(z)
z , then

we the inequality (6. 28 ) reduces to (6. 24 ). ¤
6.4. q-digamma function. For q ∈ (0, 1), the q-analogue of the digamma function is
denoted by̌φq is stated as follows

φ̌q(z) = − ln(1− q) + ln q

∞∑

K=0

qK+z

1− qK+z

= − ln(1− q) + ln q

∞∑

K=0

q−Kz

1− qK
. (6. 25)

For q > 1 andz > 0, theq-digamma functioňφq is stated as follows

φ̌q(z) = − ln(1− q) + ln q

[
z − 1

2
−

∞∑

K=0

q−(K+z)

1− q−(K+z)

]

= − ln(1− q) + ln q

[
z − 1

2
−

∞∑

K=0

q−Kz

1− q−Kz

]
. (6. 26)

However, in [47], it has been observed thatlimq→1+ φ̌q(z) = limq→1− φ̌q(z) = φ̌(z).

Proposition 6.5. Let q ∈ (0, 1), ζ2 > ζ1 > 0, then the following inequality holds holds

∣∣∣1
4

[
φ̌q
′
(ζ2) + 2φ̌q

′(ζ2 + 2η(ζ1, ζ2)
2

)
+ φ̌q

′
(ζ2 + 2η(ζ1, ζ2))

]
−

( φ̌q(l2)− φ̌q
′
(l1)

l2 − l1

)∣∣∣

≤
(ζ1 − ζ2)

(
1

β+1

)1/β

8.2s/α(s + 1)1/α

[[∣∣∣ ˇ
φ

(2)
q (ζ1)

∣∣∣
α

+ (2s+1 − 1)
∣∣∣ ˇ
φ

(2)
q (ζ2)

∣∣∣
α
]1/α

+
[
(2s+1 − 1)

∣∣∣ ˇ
φ

(2)
q (ζ1)

∣∣∣
α

+
∣∣∣ ˇ
φ

(2)
q (ζ2)

∣∣∣
α
]1/α

]
, (6. 27)

for all z > 0.

Proof. Taking into account the definition of functioňφq, we conlude that a completely

monotone functionz → φ̌q
′
(z) defined on(0,∞) and also iss-preinvex on(0,∞). There-

fore, applying inequality (4. 15 ), we get the immediate consequences. ¤
Proposition 6.6. Let q ∈ (0, 1), ζ2 > ζ1 > 0, then the following inequality holds holds

���1
4

h
φ̌q
′
(ζ2) + 2φ̌q

′�ζ2 + 2η(ζ1, ζ2)

2

�
+ φ̌q

′
(ζ2 + 2η(ζ1, ζ2))

i
−
� φ̌q(l2)− φ̌q

′
(l1)

l2 − l1

����

≤ (ζ2 − ζ1)

24−1/α

"��1

2
− s2s + 1

22s(s + 1)(s + 2)

���� ˇ
φ

(2)
q (ζ2)

���
α

+
� s2s + 1

22s(s + 1)(s + 2)

���� ˇ
φ

(2)
q (ζ1)

���
α
�1/α

+

��1

2
− s2s + 1

22s(s + 1)(s + 2)

���� ˇ
φ

(2)
q (ζ1)

���
α

+
� s2s + 1

22s(s + 1)(s + 2)

���� ˇ
φ

(2)
q (ζ2)

���
α
�1/α

#
, (6. 28)

for all z > 0.
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Proof. Taking into account the definition of functioňφq, we conlude that a completely

monotone functionz → φ̌q
′
(z) defined on(0,∞) and also iss-preinvex on(0,∞). There-

fore, applying inequality (4. 15 ), we get the immediate consequences. ¤

7. CONCLUSION

A novel idea of the weighted identity of Simpson-like type, we established numerous
generalizations of Simpson-like type integral inequalities for modifieds-preinvex map-
pings. Moreover, several intriguing results are computed, for instance, we applied the
explored outcomes to two special functions including modified Bessel function andq-
digamma function. With these strategies and concept established in this investigation, it
is important to additionally investigate the weighted inequalities of Simpson-like type. we
may use these results in inequality theory, machine learning, weather forecasting, quantum
calculus, robotics and optimizations.
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