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Abstract.: In this present paper, we introduce and explore certain hew
classes of uniformly convex and starlike functions related with Liu-Owa
integral operator. We study explore various properties and characteristics,
such as coefficient estimates, growth rate function property and partial
sums. It is important to mention that our results are generalization of
number of existing results in literature.
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1. INTRODUCTION

Let C denote the complex plane and assume yatenotes the class pfvalent func-
tion of the form:

Aw) =P+ Y anw' ™, (peN={1,2,..}) (1. 1)
t=1

which are analytic in the open unit digc= {w : w € Cand|w| < 1}. Forp = 1, we
denoteA; = A, which is will known class of one univalent function.

By U, K and.S, we mean the subclassesf which consist of all univalent, convex
and starlike functions, respectively while I5)(«) we denote the class of starlike function
of ordera, o € [0,1). In 1991, Goodmat[9]-[10]] introduced the classd$ST and
UCV of uniformly starlike and uniformly convex functions, respectively. A function
A (w) is uniformly starlike (uniformly convex) i if A (w) is in UST (UCV) and has
the property that for every circular aficcontained inu, the arch () is starlike (convex).
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A more one-variable representation Bf5T and UC'V was given in [8], [11] see also
[[18]-[23]].

w\ (w) w\ (W)
AeUST — W) -1 SRe(A(w))’ (wew), (1.2)
and .,
wA (w) wA (W)
AeUCV — W) < Re <1+ N W) ), (wew). 1.3)

In 1999, for £ > 0, Kanas and Wisniowska [14] introduced the classesU ST and
k — UCYV of uniformly convex and uniformly starlike functions, respectively.

Let k — UST(«, ) denotes the subclass Ajf consisting of functions of the form ( 1.
1) and satisfy the following inequality:

W (w)
Re ( @) a> >k
(1. 4)
Also, leth € k — UCV («, 8) denotes the subclass Af consisting of functions of the
form ( 1. 1) and satisfy the following inequality:

WA (w)
Re (1 -+ W Oé) >k

It follows from (1. 4)and (1. 5) that
ANEk—UCV(a,B) < w\ €k—UST(a, ).

Notice that,0 — UST («, 8) = S(«) and0 — UCV («,0) = K(«), whereS(a) and
K («) are respectively the popular classes of starlike and convex functions ofcoffex
a < 1)in[13]. The class—UST(«, 3) denote the class of uniformly starlike functions
of ordera and types and the class—UC'V («, 3) denotes the class df uniformly convex
functions of orderx and types.

The Convolution (Hadamard product) for two functionsg € A, is defined by

w\ (W)
A(w)

-8, 0<a<f<p kip—F) <(p—a)weU).

"

1+Wﬂ ; (0<a<B<p; k(p—p) < (p—a); w V).

(1. 5)

oo

Aw) 0 (w) =wP + Zatﬂ,btﬂ,wtﬂ’.
t=0

wherelis givenin (1. 1) and (w) = wP + Y byypw'*P.

t=0
In 2004, Liu and Owa [17] (see aldfl]-[6]], [22], [24], [26]) introduced the integral
operatoiGGy : A, —A, as follows:

p+a+b—1\ a /“’ T\ g1 b1
B = — 1——)° A(x) dz b > —1; N
b.p (w) < p+b—l >wb o ( w) z (SL’) €z ((Z>O, > vpe(l )6ﬂ)

andGy , is the identity ofA, (a = 0;b > —1).
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ForX € A,, given by (1. 1), and using properties of gamma function, we obtain

b (W) = WP+

T(a+b — I t
(a+ er)z (btp+1) arppw'™? (a>0;b> —1;p € N).

T(a+b+p+t)
(1.7)

2. MAIN RESULTS FOR THE CLASSk — U(a, b, p, o, B, p, V)

Inspired from above mentioned works, we introduce the following class\aflent
analytic function.

Definition2.1. For0 < a < <1, 0<v <L k(l1-f8)<(1l—-a)and0<pu<1l,a
function\ €A, is in classk — U(a, b, p, o, 3, p, v) if and only if

_(1 —) (Ga A ))’ e (Gﬁ,pA (w))/ + (1+2p) w? (Gg’pA (w))” ]
w b (W 14 N
, s (Gi A (@)

Re

(1-v) (Gg,p)\ (w)) +v {(w (Gg,p/\ (w))/ pw? (Ga Aw ))”} «
(=)o (65,0 @) 0l (61,2 @) + 1+ 202 (GEA )
+pw? (vapA (w))
>k ; 7 - B|.
1-v) (Gg’p)\ (w)) v {(w (Gg’pA (w)) 4 (G‘bl’p/\ (w)) }
2. 8)

We also denoté — £U,(a, b, p, o, 3, 1, v) = k—U(a,b,p, o, B, u,v) N £,), where£,,
the class of functions €A, of the form (1. 1) for whiclurg(a,) = 7+ (t — 1) n.

Special Cases.

Specializing parameters, b, p, o, 3, 1 andv, we obtain the following subclasses stud-
ied by various authors:

(1) k=U(0,b,p,c, B, 1, 1) = k — U, B, ), [20].

(2) k— £Uu(0,b,p, e, B, 11, 1) = k — £U,(ev, B, 1, v), [20].

(3)0— £Up(0,b,p,0,1,0,1) = CV(a, 1), [25].

(4) k — £Uy(0,b,p,,1,0,1) =k — UCV («, 1), [15].

(5)1-U(0,b,p,,1,0,1) = UCV (e, 1), [21].

(6) k: U(0,b,p,c,3,0,0) =k —UST(«, 5), [7].

2.2. Coefficient Estimates. In this section, we obtain a necessary and sufficient condition
for functionsA (w) in the classeg — £U, (a, b, p, o, B, p, ).
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Theorem 2.3. A functionX (w) given by (1. 1) isin the clags— U(a, b, p, o, B, i, v) if

T (a+b+p) = I'(b+p+t)
Thrp) ; [Ditp(1+k) — Coppla + kp)] Tlatbrptd |aryp| < Cp(1+k)=Dp(a+kp),
2. 9)
where
Crop=1—v+v(t+p) (1+pult+p-1)), (2. 10)
Diypyp=t+p+v(t+p (t+p—1)1+pt+p), (2. 11)
Cp=p+vp(p—1)(1+upup), (2.12)
D,=1—v+vp(l+pup-1)), (2. 13)
and

“1<a<f<,0<u<,k(l-p)<l—a,a>0,b>—-1, pe Nandw € U.
Proof. It suffices to show that the inequality ( 2. 8) hold true. As we know
Re(w) > k|w — B + a <= Re [(1 + ke')w — fke’] > a,

then inequality ( 2. 8 ) may be written as

(1 + ke (ku)w(cg,p,\(w))’+V(w(cg,px(w))’+(1+2u)wf(Gg,px(w))”wf(c;@(@)'”
R (1=2)(Gg A W) +v (w(Gg AW)) +uw?(GE A(w)) 2>,
_ﬁkeie

Ay —anend e (EA@) £ (GA@)

+(1+20) 0 (G @) +pe® (GoA W)

— Bke® [(1 —v) ( b (w)) +v {(w ( b (w))/ + pw? ( bp (w)) H ,

which can be written as;

where

and
B(w) = (1-v) (G, @) + 7 { (@ (G, @) +pe? (G, @)}
Then we have

[A(w)+ (1 - a)B(w)| —|A(w) — (1 + «a)B (w)| > 0.
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Now
[Cy + (1= @)Dy, + ke (C, — BD,)] o — Hgts)
[Aw)+ (1 —a)BWw)| =] x>, [kew(ﬁct-i-p — Diyp) = Disp — (1= a)0t+p]
I'(b+p+t) t+p
Tlatbipie) dt+p¥
2 l:ke G(ﬂDp — Cp) — Cp — (]. — Oé)Dp:I wp — W
x Y [ke®(BCtip — Digyp) = Diyp — (1 = a)Clyy]
t=1
C'b+p+1) t+p
J 2.14
Fm+b+p+w|%”Hw E (2.14)
and also
[C, — (1+ @)Dy + kei®(C, — BD,)] w? + Hirte)
AW)— (1 +a)BW)| = | x5, [ke(8C1sp — Disy) = Dip + (14 a)Cray]
L' (b+p+t) t+p
T(atbtpit) dt+pW
S [ke G(Op — ﬂDp) + Cp — (1 + Oé)Dp] wp — W
x Y [ke®(BCiip — Digy) = Digp + (14 a)Ciyy]
t=1
F(b +p+ t) t+p
_— . 2.1
Ha+b+p+ﬂ|%ﬂAw | (2. 15)

Using (2. 14 ) and ( 2. 15), then we can obtain the following inequality:
[A(w)+ (1 —a)B(w)|—[A(w) = (1+a)B(w)]

> [ke' {(BDy = Cy) = (Cp = BDy)} = Cp = (1= @)Dy = Cy + (14 Q) Dy w” - w

o0

x Y [ke® {(BCt1p — Disp) = (BCrip — Deip)} = Divy — (1 = @)Ciyp + Diyp — (1+ a)Cryyp]

t=1
L Lhb+ptt)
T(a+b+p+t)

The last expression is bounded belowhiy

|at+p| }wt+P| .

oo

I'(a+b+p) F'(b+p+t)

_ Dy ,(1+k)—C kB)| ———————— < C,(14k)-D kB),
T(b+p) ;[ t+p(1+ k) t+p(a+ EB)] T(atbtpti) |atyp| < Cp(1+k) p(a+kp)
which complete the proof. a

Theorem 2.4.Let\ (w) be givenby (1. 1) and id,; then\ € k— £U,(a,b, p, o, B, 1, v)
if and only if condition ( 2. 9) is satised whe€®.,,,, D:,, Cp and D,, are given by ( 2.
10),(2.11),(2.12) and ( 2. 13) respectively.
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Proof. In view of Theorem 2.2, we need only to show that k — £U,(a,b,p, o, B, i1, v)
satisfies coefficient inequality (2. 9).Xe k— £U,(a, b, p, o, 8, 1, v) then by definition,

we have
T(a+b+ b+p+t 1]
N (Cp— aDy) + B 57 (Dyyy — aChyy) padb D gy [P
¢ 1 Dlatbip) smoe o Tlbiptt) | |wi+p—1
T(b+p) t=1 Yt+P T(atbtpre) |dt+plW
T'(a+b+p) I'(b+p+t —
N (Cp = BDy) + HHEE S22 (Diyy — BC1) rrimssy anp| w77
- I'(a+b+ I'(b+p+t _
1-+*if———fl23211€k+pf7$;#%a%3Iaquaﬁ+P !

T'(b+p)

Sincel is a function of the form ( 1. 1) with the argument properties given in the class
£, and settings = re’ in the above inequality, we have

I'(a+b+
(Cp — D, )‘WZ?L

D(b+p+t)

(Detp — aCrip) Fagirprs |Gt+pl @

t+p—1

t+p—1

T'(a+b+p) 00 T'(b+p+t) tp—1
L= T (b+p) Z:t:1 Ct+p T(a+b+p+t) |at+p‘ wttp
F(a+b+p) 00 T'(b+p+t)
L (CIJ - ﬁDl)) T'(b+p) Zt—l (Dt-i-p ﬁct-i-p) T(a+b+p+t) |at+p| w
= I'(a+b+p ' (b+p+t)
L- ( T(b+p) : Zt 1 Ct+pr ( |ag4p| wi TPt

(a+btp+t)

Lettingr — 1~ (2. 16), leads the desired inequality

T(a+b+p)
Lb+p) =

The function

D [Diip(l+k) -

[Cp(L+F) -

T(b+p+t)

Cirpla+kB)] Tlatbrpto

i(1—t)n

Dy(o + k)] e’

Aty (W) = wP —
T (b+p)
0<n<2m t>1,

is external function.

St Desp(1+ k) =

Crip(a + kp)] pramtitls

(2. 16)

|at+p| S Cp(1+k)*Dp(Oé+k6)

t+p

)

2. 17)
O

Corollary 2.5. Let the functiom (w) defined by (1. 1) be inthe class-£U, (a, b, p, o, 5, i, v),

then

Cp(1+ k) —

teirl < Tarrrg [Desp(1+ k) —

T'(b+p)

D,(a+kp)
Crrpla+ kB)) Tatiiprn

(teN),

(2. 18)

with equality in (2. 18 ) is attained for the function,,, (w) given by (2. 17).

We now give a representation formula for elements of the élassU, (a, b, p, o, 3, 11, V).

Theorem 2.6.Let0 < n < 27. The function\ €A, isinthe clas&—£U, (a, b, p, o, 3, 11, )
if and only if it can be represented in the form

A= 9y,
t=0

where), ,, are given by (2. 17 )y, > 0for¢ > 0and)_,° ¢, = 1.

(2. 19)
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Proof. Assume that

= - i(1=t)n
A(w) = 9o () + Z 9y WP — F(a+b+p)[0p(l + k) = Dya+ kp)le o LtHP
t=1 Ty [Ptp(1 + k) = Crpla+ kB vmiorn

S -3 [Cp(1+ k) = Dyl + k)] =07 Bt
b b .
t=1 t=1 F(F“(LZ)I’) [Dirp(1 + k) — Crppla + kp)] %

Then by Theorem 2.3\ € k — £U,(a,b,p, o, 3, p, v). It follows that

Z Cp(L+ k) — Dy(a+ kB)] et=tm p
T(atb T(b t
1 (r(L;)p) [Ditp(1+ k) = Crypla + kB)) mgpiids

o0

t

X [F (1:1 -b:b_""}? [Digp(1+ k) — Cyp(a + EB)] m
_Z (14 k) — Dy(a+kB)] 9, < (1 —091)[Cp(1+ k) — Dy(a+ kB)]

< [Cp(l +k)—Dy(a+kp)].

Conversely assume that the functiarfw) defined by (1. 1) belongs to the class
k — "€U’I’](a/a b7pa Oé,ﬁ, 1y V), then

Cp(14+ k) — Dp(a+ kB)

|at+1)‘ S T b T s
S [Dyp(1+ k) = Crapla + k)] sty

(teN).

. T(a+b+p) D 1+k)—C 4k T(b+p+t)
Settingd, — e ay EEE Jay | (¢ 1) anddy = 1

oo e Thend (w) = 352, ¢ Av.,y and this completes the proof. O

2.7. Growth and Distortion Result. In this section, we find a growth and distortion bound
for functionsA (w) in the classeg — £U, (a, b, p, o, B, p, ).

Theorem 2.8. Let the function\ (w) defined by (1. 1) be inthe claks- £U,,(a, b, p, o, 3, j1, V),
then forjw| =r < 1,

. C(1+ ) = Dyfar+ ) < W)
b+p -
(5425) 1Dper (14 ) — Gy + 9)

<P (( Cp(14+ k) — Dp(a + EkB) ) pptl 7 (2. 20)
)]

) 52 ) [Dpia (1+ k) = Cppala+ kB
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and

pr_l _ (p+1) [Cp(l+k) _DP(O‘_Fkﬁ)] ,rp <
(252) Dper (14 k) = Cprpa(a+ k)]

(2. 21)

iy (@A DGO R Dotk ),
- b+p
(2525) Dps1(1+ k) = Cpsa(a+ kD)

Proof. From Theorem (2.3), we have

(b+p)

(a+b+p) [Dpi1(1+k) = Cpra(a+kB)] D lariy|

+b =
ab+;p S [Degp(1+ k) = Craplar+ kB)]
t=1

< Cy(1+k) — Dy(a+ kB).

T(b+p+t)

m |at+p|

The last inequality follows from Theorem 2.3. Thus

o0 o0
M@ < @l + Y lacspl [0l TP <P 4743 gy
t=1 t=1

<Pt Cp(L+ k) = Dp(a+ k) Pt 2. 22)
(55%5) [Dps1(1 +K) = Cpra(a+ kB)]

Similarly,
N @) = @ =D lapspl [0 > =113 Jay |
t=1 t=1
. Cp(1+ k) — Dy(a + kB) oy . 23
(a?:l;ip) [Dp+1(1 + k) - Cp+1(0¢ + ]{ﬁ)]

Now, by differentiating (1. 1), we get

oo o0

’ —1 —1 —

N @) <Pl + D+ p) vyl [l TS g S () any|
t=1 t=1

<p7,p 1_|_ (p+1) [Cp(l+k) _Dp(a+k6)] rP (2 24)
= btp 9 .
(2525 ) (Dps1 (14 8) = Gyl + )



Uniformly convex and starlike functions related with Liu-Owa integral operator Mathematics 653

and

oo

oo
N @) 2 1ol = 3 vyl ol ¥ 2 et = S (14 p) oy | >
t=1 t=1

pre=1 — (p+1)[Cp(1 + k) — Dp(a + kp)] P (2. 25)
(542) [Dpss(1+K) = Gy (a+ k)]

Using Theorem 2.3, in ( 2. 25 ), we have

D,.1(1 — =
(b+p) [ P+1( +k) Op-i-l +kﬂ Z t+p ‘at+p|
t=1

(a+b+p) 2
I(a+b+p) L(b+p+t)
— F(b+p z:: Dt+p 1+k) Ot-&-p(a“’kﬂ)] (a+b—|—p+t) |at+p|
< Cp(1+k) — Dy(a + kp),
or, equivalently
- 2(a+b+p)[Cp(1+k) — Dy(a+kp)]
t+p)la < . 2. 26
2 )l < G R G (a k) (229
Using (2. 26 ) into (2. 24 ) and ( 2. 25) yields the inequality ( 2. 21). a

2.9. Radii of close-to-convexity, Starlikeness and Convexityln this section, we obtain
the radii of close-to-convexity, starlikeness and convexity for functiofas) in the classes

k - £Un(aabvp7a7/8wu’71/)~

Theorem 2.10.LetA € k — £U,(a, b, p, o, B, 1, v), then
(). X (w) is starlike of orders (0 < 5 < 1) in the discjw| < 71, where

1
T (a+b+p) oo 11
b g | (222 SO P (L4 E) — ot KD rarify

t+p—x [Cp(l—i-k) Dp(a+kﬁ)] ,
t>1.

(7). A (w) is convex of ordesr (0 < s < 1) in the discjw| < 72, Where

ry = inf ( P2—p—>) ) et Deip(L+ k) — Coplo+ KB)] riugiien |
’ (t+p)(t+p—») [Co(1+ k) — Dyla + kp)] ’
t>1.
Each of these results are sharp for the extremal funclida) given by (2. 17).
Proof. (i) Given\ € £,, and) is starlike of ordeer, we have
w\ (W)
Aw)

—1]<1—s. (2. 27)
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For the left hand side of ( 2. 27 ), we have

w\ (W) 3

p—1+ 221(14 +p—1 ‘at+p| |W‘t
Aw) '

t
1= 372 layyp| @]

The last expression is less thap- s if
(o)
k+p—x :
5 (55222 owspl ol <1
—p—
t=1
Using the fact thah € k — £U,(a, b, p, o, B, 1, v) if and only if

oo I'(a+b T'(b
Z ( L;p) [Deyp(L+ k) = Ceqpla + kB)] %
Cp(14+k) — Dp(a + EB)

|atp| < 1.

We can say (2. 27 ) is true if

I'(a+b+p (b
(k+p - %> ot — Frtat (Dep(1+K) = Cospla+ kO] G20
2—p—x Cpo(1+k)— Dy(a+kB)
or equivalently

a+b -
o = T (2 =2 = %) Diay(1+ 1) = Cryla + k) i

B (k+p— ) [Cp(1 + k) — Dp(a + kB)]

which is required.
(i7) Using the fact thah is convex if and only ifu\’ (w) is starlike, we can provei),
on similar lines to the proof of). O

2.11. Modified Hadamard Product. Let the function); (w) (j = 1, 2) be defined by

Aj(w) =wP + Zat+p7iwt+p, Qptp,i > 0; 1 €N, (2. 28)
t=1
then we define the modified Hadamard productef(w) and; (w) by

oo

(A1 % A2) (w) = WP — Zat+p,1at+p,2wt+p~ (2. 29)
pary

Now, we prove the following.

Theorem 2.12.Let)\; (w) (j =1,2,...) given by (2. 28) beinthe clags- LU, (a, b, p, o, B, 1, v),
then(\y x \2) € k — £U, (a,b, p, 1, 1, v) for

[Cp(1+ k) = Dy(kB)] (S5 [Desp(1 4 ) = Crpla+ k) (i*—ﬂ))
— [Deap(1 + k) = Cuay(kB)] [Cy(1 + k) = Dyla+ kB))°

2
T'(a+bd (b
Dy ( (B [Dyp(1+ k) = Crypla + kB)] p(aﬁiﬂft))
—Ciyp [Cp(1 + k) — Dp(a+ kﬁ)]
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Proof. We need to prove the largedt, such that

[Disp(1 + k) = Crip(P1 + £5)]

<1.
Cp(1+ k) — Dy(®y + kp) [actpallacp.ol <

From Theoren?.3, we have

so [ L(a+b+p) L(b+p+t) ]|
5~ iy (Desn(L+K) = Coplot KO diity ||
t+p,1| > L.
—1 Cp(1+ k) — Dp(ar+ kf3) o
so [ T'(a+b+ (b+p+t) ]
3 Q) [Dygp(1 + k) = Coppla + kPB)] gttt o] < 1
t+p,2| S 1.
t=1 Cp(1+ k) — Dp(ar+ kp3) o
By Cauchy-Schwarz inequality, we have
00 (a+b+t (b+p+t
S Dbt D) [Dy (14 k) — Crpla + k)] st i <1
t+p,1 Qt4p2 S L.
= Cp(1+k) — Dyla+kB) e

(2. 30)
Thus it is sufficient to show that

[Ditp(1 + k) = Coip(P1 + EB)] lavson| [aeena]
Co(l+ k) — Dy(®y + k) ot Tee2
S Des( )~ Conlo + M ity |
B Cp(1+ k) — Dyla+ kp) e
That is
|G +k) — Dy(®:1 + k)] Bt D) Dy (1 + k) — Crppla + )] prars il
Varip 1 iipa <
R Cp(1+ k) = Dp(a+kB) [Desp(1+ k) = Cryp (@1 + k)]
(2. 31)
Note that
Co(1 + k) — Dp(o + kB)
Aptp1 Qtyp2 < a L (2. 32)
Vv Hett2) Dy (1 + k) — Crypla+ kB)] gt
Consequently, (2. 31) and ( 2. 32), we get
Cp(1+ k) — Dp(a+ kB)
Rb0) (D, (14 k) — Crppla+ k)] pait2E)s
[Cp(1+ k) — Dp(®1 + k)] Bt (D, (1 + k) — Cppl+ KB)] syttt
- [Diyp(1+ k) = Crip(@1 + kB [Cp(1 + k) — Dy(a + kB)]
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or equivalently

T'(a+b+p+t)
— [Diyp(1+ k) — Cryp(kB)] [Cp(1 + k) — Dp(ar + kB)]?

) 2
Dy (522 (D (1+ k) — Craplar+ KB)] ﬁ*—:j))
—Ciip [Cy(1 + k) — Dy(a + kB))?

[Cp(1+ k) = Dy(kB)] (St [Dusy (14 ) = Cuspla+ k)] Mf

o
IN

(2. 33)
Sincex (t) is increasing function fotr > 1, letting¢ = 1 in ( 2. 33 ) we obtain

Co1+ k)~ DykB)] (7525 ) Dpar (1 +8) —~ Cpala+ k)
P, < . —[Dp11(1+ k) = Cpy1(kB)] [Cp(1 + k) — Dp(a + kﬁ)]Q
1 <xi(1) =

D, ((722) Dy (14 F) ~ Gl + k)
—Cpy1[Cp(1+ k) — Dp(a+ kﬂ)]Q

The proof of our theorem is now completed. a

Theorem 2.13.Let)\; (w) (j = 1,2) givenby (2. 28) be inthe clags- £U, (a, b, p, o, 5, i1, V).

If the sequenc% B [Dyyp (14 k) = Crapl + kB)] %} is non-decreasing.
Then function

oo

h(w) =’ ~ Z (a?-&-p,l + af+p,2) W',
t=1

belongs to the class — £U,(a, b, p, P2, 1, v) Where

2
S Dy (1+ k) = Crppla+ k)] mimss | (Cp(1 + k) = Dyk)
®, < —2[Cp(1+k) — Dy(a+ kB [Dt+p(1 + k) — Crypk)]

D, [N (D, (14 k) — Crpplon+ k8)] 220 ]" 20, (1 + k) — Dyl + k8

Proof. We need to prove the largedt, such that
From Theoren?2.3, we have

M8

2
Apyp,1

a+b+p+t)
Cp(14+ k) — Dp(a+ kB)

~
Il

2
[F(&ﬂf’) [Diyp(1+ k) = Crppla+ kB)] ¢ W]
1

IN

2
T'(a+b+p+t)
<1. (2.34
Co(1+ k) — Dy(a + kB) a”’“] = @39

i [F(a+b+p) [Dt+p(1 + k) - Ct-&-p(a + kﬁ)] T(btpis)

t=1
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and
oo | T(at+b+p) I(bipit)
Z F(b+p)p [Ditp(1 4+ k) — Cigp(a + kB)] Wﬁpﬂ) )
t=1 Cp(1+ k) — Dyp(a+ kpB) t+p,2
2
oo I'(a+b+p) T (btp+1)
<> TGt (Pe(l+k) — Crppla+kF)) Wﬁm)at .| <1 (235
= Cp(14+ k) — Dp(a + EB) +p, <

It follows from (2. 34 ) and ( 2. 35) that

oo I'(a+b+p) I'(b+p+t
> 1 torp [Pip(l+k) = Coapla+ kp)] F(QT% (@@
—~ 2 Cp(14+ k) — Dp(a + EB)

2
ttp1 T at+p,2) =1

(2. 36)
Therefore we need to find the largdst, such that
I'(a+b I'(b

Dep(1+k) — Crpp(@2 + kD) _ 1 | Tistgr [Pera(L+K) = Coapla + kB)] ratsty o

Cp(1+k) _Dp(q)2+kﬁ) 2 Cp(1+k) _Dp(Oé-l-kﬁ) ’

that is

. 2
{F(pa(ﬁ;ff)) [Dt+p(1 + k) - Cter(a + kﬂ)] %} (Cp(l + k) - Dpkﬂ)
o < ~2[Cy(1 + k) — Dy(a + kB)J” [Desp(L + k) — CriphB)]
2 >

- .
Dy [H528) (D (1 + k) = Craplar+ kB)] piamsietis|” = 2Cusp [Co(1 + k) = Dyl + k)]
(2. 37)

Sincex»(t) is increasing function fot > 1, letting¢ = 1 in ( 2. 33 ) we readily have

2
S Dy (14 K) = Cppa(a+ k)] gt | (Cpl1 + k) = DykB)

—2 [Cp(l + k) — Dp(a + kﬁ)f [Derl(l + k) — Cp+1kﬁ)]

T2 Zall)= I'(a+b+p) P(btp+e) |2
Dy [ torp) [Pp+1(1+k) — Cpia(a +kp)| W_ﬁpﬂ)}
~2Cp41 [Cp(1 + k) — Dplar+ k)P
The proof of our theorem is now completed. O
Conclusion.

In our current investigation, we have presented and studied thoroughly some new sub-
classes op—valent functions related with uniformly convex and starlike functions, in con-
nection with the Liu-Owa integral operat6f; A (w) given by (1. 6 ). We have obtained
sufficient and necessary conditions in relation to these classes, including growth, distortion
theorem and radius problem. Some special cases have been discussed as applications of
our main results. The techniques and ideas of this paper may stimulate for further research
in this area of knowledge.
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