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1. INTRODUCTION

For convex functions the following double inequality has great significance in literature
and is known as Hermite-Hadamard’s inequality:

Let ψ : I −→ R, ∅ 6= I ⊆ R, τ1, τ2 ∈ I with τ1 < τ2, be a convex function, then

ψ

(
τ1 + τ2

2

)
≤ 1

τ2 − τ1

τ2∫

τ1

ψ(λ)dλ ≤ ψ(τ1) + ψ(τ2)
2

, (1. 1)

The inequality ( 1. 1 ) holds in reversed direction ifψ is concave.
These inequalities have many extensions and generalizations, see [1]-[25].

Dragomir defined the following mappingsH, F : [0, 1] → R

H (ϕ) =
1

τ2 − τ1

∫ τ2

τ1

ψ

(
ϕλ + (1− ϕ)

(
τ1 + τ2

2

))
dλ

and

F (ϕ) =
1

(τ2 − τ1)
2

∫ τ2

τ1

∫ τ2

τ1

ψ (ϕλ + (1− ϕ) µ) dλdµ,

665
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whereψ : [τ1, τ2] → R is a convex function and obtained some refinements between the
middle and the left most terms in [2] for ( 1. 1 ).

Theorem 1.1. [2] Letψ : [τ1, τ2] → R be a convex function on[τ1, τ2]. Then

(i) H is convex convex on[0, 1].
(ii) The following hold:

inf
ϕ∈[0,1]

H (ϕ) = H (0) = ψ

(
τ1 + τ2

2

)

sup
ϕ∈[0,1]

H (ϕ) = H (1) =
1

τ2 − τ1

∫ τ2

τ1

ψ (λ) dλ.

(iii) H increases monotonically on[0, 1].

Theorem 1.2. [2] Letψ : [τ1, τ2] → R be a convex function on[τ1, τ2]. Then

(i) F
(
ϕ + 1

2

)
= F

(
1
2 − ϕ

)
for all ϕ ∈ [

0, 1
2

]
(ii) F is convex convex on[0, 1].

(iii) The following hold:

sup
ϕ∈[0,1]

F (ϕ) = F (1) = F (0) =
1

τ2 − τ1

∫ τ2

τ1

ψ (λ) dλ

inf
ϕ∈[0,1]

F (ϕ) = F

(
1
2

)
=

1
(τ2 − τ1)

2

∫ τ2

τ1

∫ τ2

τ1

ψ

(
λ + µ

2

)
dλdµ.

(iv) The following inequality is valid:

ψ

(
τ1 + τ2

2

)
≤ F

(
1
2

)
.

(v) F increases monotonically on
[
1
2 , 1

]
and decreases monotonically on

[
0, 1

2

]
.

(vi) We have the inequalityH (ϕ) ≤ F (ϕ) for all ϕ ∈ [0, 1].

Yang and Hong [21] provided an improvement between the middle and the right most
term by defining the following mappingP : [0, 1] → R

P (ϕ) =
1

2 (τ2 − τ1)

∫ τ2

τ1

[
ψ

((
1 + ϕ

2

)
τ2 +

(
1− ϕ

2

)
λ

)

+ψ

((
1 + ϕ

2

)
τ1 +

(
1− ϕ

2

)
λ

)]
dλ,

whereψ : [τ1, τ2] → R is a convex function.

Theorem 1.3. [21] Letψ : [τ1, τ2] → R be a convex function on[τ1, τ2]. Then

(i) P is convex convex on[0, 1].
(ii) P increases monotonically on[0, 1].
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(iii) The following hold

inf
ϕ∈[0,1]

P (ϕ) = P (0) =
1

τ2 − τ1

∫ τ2

τ1

ψ (λ) dλ

and

sup
ϕ∈[0,1]

P (ϕ) = P (1) =
ψ (τ1) + ψ (τ2)

2
.

One of the generalizations of the convex functions is harmonic functions:

Definition 1.4. [14] DefineI ⊆ R\ {0} as an interval of real numbers. The function
ψ : I → R is considered to be harmonically convex, if

ψ

(
λµ

ϕλ + (1− ϕ) µ

)
≤ ϕψ (µ) + (1− ϕ)ψ (λ) (1. 2)

for all λ, µ ∈ I andϕ ∈ [0, 1]. The functionsψ : I → R is harmonically concave if the
inequality in ( 1. 2 ) is reversed.

Using harmonic-convexity, the Hermite-Hadamard type inequalities were proved by
İşcan in [14].

Theorem 1.5. [14] Let ψ : I ⊆ R\ {0} → R be a harmonically convex function and
τ1, τ2 ∈ I with τ1 < τ2. If ψ ∈ L ([τ1, τ2]) then the following inequalities hold:

ψ

(
2τ1τ2

τ1 + τ2

)
≤ τ1τ2

τ2 − τ1

∫ τ2

τ1

ψ (λ)
λ2

dλ ≤ ψ (τ1) + ψ (τ2)
2

. (1. 3)

The above results provide us an inspiration to define some mappings similar to the above
mappings for harmonically convex functions and to get some refinements between the mid-
dle, right most and the left most terms of ( 1. 3 ).

2. MAIN RESULTS

We begin this section by defining the following mappings in connection to the Hermite-
Hadamard type inequalities ( 1. 3 ):

For a given harmonically convex mappingψ : [τ1, τ2] → R, let S, U, V : [0, 1] → R be
defined by

S (ϕ) =
τ1τ2

τ2 − τ1

∫ τ2

τ1

1
λ2

ψ

(
2τ1τ2λ

2τ1τ2ϕ + (1− ϕ) λ (τ1 + τ2)

)
dλ,

U (ϕ) =
(

τ1τ2

τ2 − τ1

)2 ∫ τ2

τ1

∫ τ2

τ1

1
λ2µ2

ψ

(
λµ

ϕµ + (1− ϕ)λ

)
dλdµ

and

V (ϕ) =
τ1τ2

2 (τ2 − τ1)

∫ τ2

τ1

1
λ2

[
ψ

(
2τ2λ

(1 + ϕ) λ + (1− ϕ) τ2

)

+ψ

(
2τ1λ

(1 + ϕ)λ + (1− ϕ) τ1

)]
dλ.

We sate some important facts which relate harmonically convex and convex functions and
use them to prove the main results of this section.
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Theorem 2.1. [6, 7] If [τ1, τ2] ⊂ I ⊂ (0,∞) and if we consider the functiong :
[

1
τ2

, 1
τ1

]
→

R defined byg (ϕ) = ψ
(

1
ϕ

)
, thenψ is harmonically convex on[τ1, τ2] if and only ifg is

convex in the usual sense on
[

1
τ2

, 1
τ1

]
.

Theorem 2.2. [6, 7] If I ⊂ (0,∞) and ψ is a convex nondecreasing function thenψ is
HA-convex (harmonically convex) and ifψ is a HA-convex (harmonically convex) nonin-
creasing function thenψ is convex.

Let (Ω,A, µ) be a measurable space consisting of a setΩ, aσ-algebraA of parts of and a
countably additive and positive measureµ onAwith values inR∪{∞}. Letw : Ω → R be
aµ-measurable function withw (x) ≥ 0 for µ -a.e. (almost everywhere)x ∈ Ω. Cconsider
the Lebesgue space

Lw (Ω, µ) :=
{

ψ : Ω → R, ψ is µ-measurable and
∫

Ω

w (x) |ψ (x)| dµ (x) < ∞
}

.

The following result were proved in [6, 7].

Theorem 2.3. [6, 7] Let ψ : I ⊂ (0,∞) → R be a HA-convex (harmonically convex)
function and[d,D] ⊂ I◦. Assume also thatλ : Ω → R satisfying the bounds

0 < d ≤ λ (ϕ) ≤ D < ∞ for µ-a.e.ϕ ∈ Ω

andw ≥ 0 µ-a.e. onΩ with
∫
Ω

wdµ = 1. If ψ ◦ λ, 1
λ ∈ Lw (Ω, µ), then

ψ

(
1∫

Ω
w
λ dµ

)
≤

∫

Ω

(ψ ◦ λ)wdµ.

Related to the above mappings, we have the following results:

Theorem 2.4. Let ψ : [τ1, τ2] ⊆ (0,∞) → R be a harmonically convex function on
[τ1, τ2]. Then

(i) S is harmonically convex on(0, 1].
(ii) The following hold:

inf
ϕ∈[0,1]

S (ϕ) = S (0) = ψ

(
2τ1τ2

τ1 + τ2

)

sup
ϕ∈[0,1]

S (ϕ) = S (1) =
τ1τ2

τ2 − τ1

∫ τ2

τ1

ψ (λ)
λ2

dλ.

(iii) S increases monotonically on[0, 1].

Proof. (i) In order to prove thatS : [0, 1] → R is harmonically convex on(0, 1], where
ψ : [τ1, τ2] ⊆ (0,∞) → R is harmonically convex on[τ1, τ2], by Theorem 2.1 it suffices
to prove that the mappingG : [0, 1] → R defined by

G (ϕ) =
τ1τ2

τ2 − τ1

∫ 1
τ1

1
τ2

g

(
ϕλ + (1− ϕ)

(
τ1 + τ2

2τ1τ2

))
dλ
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is convex for convex functiong :
[

1
τ2

, 1
τ1

]
→ R on

[
1
τ2

, 1
τ1

]
. Letα, β ≥ 0 with α+β = 1

andϕ1, ϕ2 ∈ [0, 1]. Then

G (αϕ1 + βϕ2)

=
τ1τ2

τ2 − τ1

∫ 1
τ1

1
τ2

g

(
(αϕ1 + βϕ2) λ + (1− (αϕ1 + βϕ2))

(
τ1 + τ2

2τ1τ2

))
dλ

=
τ1τ2

τ2 − τ1

∫ 1
τ1

1
τ2

g

(
(αϕ1 + βϕ2) λ + (α + β − (αϕ1 + βϕ2))

(
τ1 + τ2

2τ1τ2

))
dλ

=
τ1τ2

τ2 − τ1

∫ 1
τ1

1
τ2

g

(
α

[
ϕ1λ + (1− ϕ1)

(
τ1 + τ2

2τ1τ2

)]
+ β

[
ϕ2λ + (1− ϕ2)

(
τ1 + τ2

2τ1τ2

)])
dλ

≤ αG (ϕ1) + βG (ϕ2) .

This proves thatS : [0, 1] → R is harmonically convex on(0, 1].
(ii) By Jensen’s inequality for harmonically convex functions (see Theorem 2.3), we obtain

S (ϕ) ≥ ψ

(
1∫ τ2

τ1

τ1λ+τ2λ+2ϕτ1τ2−ϕτ1λ−ϕτ2λ
2(τ2−τ1)λ3 dλ

)
= ψ

(
2τ1τ2

τ1 + τ2

)
.

Using the harmonically convexity ofψ on [τ1, τ2], we get

S (ϕ) =
τ1τ2

τ2 − τ1

∫ τ2

τ1

1
λ2

ψ


 1

1
λϕ + (1− ϕ) 1

2τ1τ2
τ1+τ2


 dλ

≤ ϕ
τ1τ2

τ2 − τ1

∫ τ2

τ1

ψ (λ)
λ2

dλ + (1− ϕ) ψ

(
2τ1τ2

τ1 + τ2

)
.

Since the mapping

p (ϕ) := ϕ
τ1τ2

τ2 − τ1

∫ τ2

τ1

ψ (λ)
λ2

dλ + (1− ϕ) ψ

(
2τ1τ2

τ1 + τ2

)

increases monotonically on[0, 1], is proved that

ψ

(
2τ1τ2

τ1 + τ2

)
≤ S (ϕ) ≤ ϕ

τ1τ2

τ2 − τ1

∫ τ2

τ1

ψ (λ)
λ2

dλ

+ (1− ϕ)ψ

(
2τ1τ2

τ1 + τ2

)
≤ τ1τ2

τ2 − τ1

∫ τ2

τ1

ψ (λ)
λ2

dλ. (2. 4)

Thus

inf
ϕ∈[0,1]

S (ϕ) = S (0) = ψ

(
2τ1τ2

τ1 + τ2

)

and

sup
ϕ∈[0,1]

S (ϕ) = S (1) =
τ1τ2

τ2 − τ1

∫ τ2

τ1

ψ (λ)
λ2

dλ.
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(iii) To prove thatS increases monotonically on[0, 1] is equivalent to prove thatG increases
monotonically on[0, 1]. SinceG is convex on[0, 1], so forϕ1, ϕ2 ∈ (0, 1), we get

G (ϕ2)−G (ϕ1)
ϕ2 − ϕ1

≥ G
′
+ (ϕ1) =

τ1τ2

τ2 − τ1

∫ 1
τ1

1
τ2

g
′
+

(
ϕ1λ + (1− ϕ1)

(
τ1 + τ2

2τ1τ2

))(
λ− τ1 + τ2

2τ1τ2

)
dλ.

The convexity ofg on
[

1
τ2

, 1
τ1

]
yields

g

(
τ1 + τ2

2τ1τ2

)
− g

(
ϕ1λ + (1− ϕ1)

(
τ1 + τ2

2τ1τ2

))

≥ ϕ1g
′
+

(
ϕ1λ + (1− ϕ1)

(
τ1 + τ2

2τ1τ2

))(
τ1 + τ2

2τ1τ2
− λ

)

for everyλ ∈
[

1
τ2

, 1
τ1

]
. Thus

τ1τ2

τ2 − τ1

∫ 1
τ1

1
τ2

g
′
+

(
ϕ1λ + (1− ϕ1)

(
τ1 + τ2

2τ1τ2

)) (
λ− τ1 + τ2

2τ1τ2

)
dλ

≥ 1
ϕ1

[
τ1τ2

τ2 − τ1

∫ 1
τ1

1
τ2

g

(
ϕ1λ + (1− ϕ1)

(
τ1 + τ2

2τ1τ2

))
dλ− g

(
τ1 + τ2

2τ1τ2

)]

=
1
ϕ1

[
G (ϕ1)− g

(
τ1 + τ2

2τ1τ2

)]
≥ 0.

This proves thatG (ϕ2) − G (ϕ1) ≥ 0 for 1 ≥ ϕ2 ≥ ϕ1. HenceG is monotonically
increasing on[0, 1] which implies thatS is also monotonically increasing on[0, 1]. ¤

Corollary 2.5. Suppose that the assertions of Theorem 2.4 are satisfied, then

0 ≤ τ1τ2

τ2 − τ1

∫ τ2

τ1

1
λ2

ψ

(
4τ1τ2λ

2τ1τ2 + λ (τ1 + τ2)

)
dλ− ψ

(
2τ1τ2

τ1 + τ2

)

≤ 1
2

[
τ1τ2

τ2 − τ1

∫ τ2

τ1

ψ (λ)
λ2

dλ− ψ

(
2τ1τ2

τ1 + τ2

)]

≤ τ1τ2

τ2 − τ1

∫ τ2

τ1

ψ (λ)
λ2

dλ− ψ

(
2τ1τ2

τ1 + τ2

)
. (2. 5)

Proof. Takingϕ = 1
2 in ( 2. 4 ) and rearranging the terms, we get ( 2. 5 ). ¤
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Corollary 2.6. Letp ≤ 0 or p ≥ 1, p 6= −1,−3 and0 < τ1 ≤ τ2. Then

0 ≤ 2−2p−5τ1τ2

(τ2 − τ1) (p + 3)

[(
τ1τ2

τ1 + 3τ2

)−p−3

−
(

τ1τ2

3τ1 + τ2

)−p−3
]
−

(
2τ1τ2

τ1 + τ2

)−p

≤ 1
2

[
τ1τ2

(
τ−p−1
1 − τ−p−1

2

(τ2 − τ1) (p + 1)

)
−

(
2τ1τ2

τ1 + τ2

)−p
]

≤ τ1τ2

(
τ−p−1
1 − τ−p−1

2

(τ2 − τ1) (p + 1)

)
−

(
2τ1τ2

τ1 + τ2

)−p

. (2. 6)

Proof. Let ψ : [τ1, τ2] ⊆ (0,∞) → R be defined byψ (λ) = λ−p, p ≤ 0 or p ≥ 1 and
p 6= −1,−3. Then the inequalities ( 2. 6 ) follows from ( 2. 5 ). ¤

Corollary 2.7. Let0 < τ1 ≤ τ2. Then

0 ≤ 4τ2
1 τ2

2

((1− ϕ) τ2 − (1 + ϕ) τ1)((1− ϕ)τ1 + (1 + ϕ)τ2)
−

(
2τ1τ2

τ1 + τ2

)2

≤ ϕ

[
τ1τ2 +

(
2τ1τ2

τ1 + τ2

)2
]
≤ τ1τ2 −

(
2τ1τ2

τ1 + τ2

)2

. (2. 7)

Proof. The inequality ( 2. 7 ) follows from ( 2. 5 ) by considering the harmonically convex
functionψ : [τ1, τ2] ⊆ (0,∞) → R be defined byψ (λ) = λ2. ¤

Theorem 2.8. Let ψ : [τ1, τ2] ⊂ (0,∞) → R be a harmonically convex function on
[τ1, τ2]. Then

(i) The following identities hold:

U

(
ϕ +

1
2

)
= U

(
1
2
− ϕ

)
for all ϕ ∈

[
0,

1
2

]
.

(ii) U is harmonically convex on(0, 1].
(iii) The following identities hold:

inf
ϕ∈[0,1]

U (ϕ) = U

(
1
2

)
=

(
τ1τ2

τ2 − τ1

)2 ∫ τ2

τ1

∫ τ2

τ1

1
λ2µ2

ψ

(
2λµ

λ + µ

)
dλdµ

and

sup
ϕ∈[0,1]

U (ϕ) = U (0) = U (1) =
τ1τ2

τ2 − τ1

∫ τ2

τ1

ψ (λ)
λ2

dλ.

(iv) The following inequality is valid

ψ

(
2τ1τ2

τ1 + τ2

)
≤ U

(
1
2

)
.

(v) U increases monotonically on
[
1
2 , 1

]
and decreases monotonically on

[
0, 1

2

]
.

(vi) S (ϕ) ≤ U (ϕ) for all ϕ ∈ [0, 1].
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Proof. (i) Let ϕ ∈ [
0, 1

2

]
, then

U

(
ϕ +

1
2

)
=

(
τ1τ2

τ2 − τ1

)2 ∫ τ2

τ1

∫ τ2

τ1

1
λ2µ2

ψ

(
λµ(

ϕ + 1
2

)
µ +

(
1
2 − ϕ

)
λ

)
dλdµ

=
(

τ1τ2

τ2 − τ1

)2 ∫ τ2

τ1

∫ τ2

τ1

1
λ2µ2

ψ

(
λµ(

1
2 − ϕ

)
µ +

(
ϕ + 1

2

)
λ

)
dλdµ

= U

(
1
2
− ϕ

)
.

(ii) By similar arguments as that of proving (i) of Theorem 2.4, we can prove thatU is
harmonically convex on(0, 1].
(iii) Sinceψ : [τ1, τ2] ⊂ (0,∞) → R is a harmonically convex function on[τ1, τ2], for all
λ, µ ∈ [τ1, τ2] andϕ ∈ [0, 1], we obtain

1
λ2µ2

ψ

(
λµ

ϕµ + (1− ϕ)λ

)

≤ 1
λ2µ2

[ϕψ (λ) + (1− ϕ) ψ (µ)]

= ϕ
1

λ2µ2
ψ (λ) + (1− ϕ)

1
λ2µ2

ψ (µ) .

Integrating this inequality over[τ1, τ2]× [τ1, τ2] we get
(

τ1τ2

τ2 − τ1

)2 ∫ τ2

τ1

∫ τ2

τ1

1
λ2µ2

ψ

(
λµ

ϕµ + (1− ϕ) λ

)
dλdµ

≤
(

τ1τ2

τ2 − τ1

)2 ∫ τ2

τ1

∫ τ2

τ1

1
λ2µ2

[ϕψ (λ) + (1− ϕ)ψ (µ)] dλdµ

=
τ1τ2

τ2 − τ1

∫ τ2

τ1

ψ (λ)
λ2

dλ.

ThusU (ϕ) ≤ U (0) = U (1) for all ϕ ∈ [0, 1].
Again the harmonic convexity ofψ : [τ1, τ2] ⊂ (0,∞) → R on [τ1, τ2] gives the following
inequality

1
2

[
ψ

(
λµ

ϕµ + (1− ϕ)λ

)
+ ψ

(
λµ

(1− ϕ)µ + ϕλ

)]
≥ ψ

(
2λµ

λ + µ

)
.

Integrating this inequality over[τ1, τ2]× [τ1, τ2] we get
∫ τ2

τ1

∫ τ2

τ1

1
λ2µ2

ψ

(
2λµ

λ + µ

)
dλdµ

≤ 1
2

∫ τ2

τ1

∫ τ2

τ1

1
λ2µ2

[
ψ

(
λµ

ϕµ + (1− ϕ) λ

)
+ ψ

(
λµ

(1− ϕ)µ + ϕλ

)]
dλdµ

=
∫ τ2

τ1

∫ τ2

τ1

1
λ2µ2

ψ

(
λµ

ϕµ + (1− ϕ)λ

)
dλdµ
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That isU (ϕ) ≥ U
(

1
2

)
for all ϕ ∈ [0, 1] and hence the assertion is proven.

(iv) Using Jensen’s inequality for double integrals for harmonically convex functions, we
have (

τ1τ2

τ2 − τ1

)2 ∫ τ2

τ1

∫ τ2

τ1

1
λ2µ2

ψ

(
2λµ

λ + µ

)
dλdµ

≥ ψ


 1∫ τ2

τ1

∫ τ2

τ1

(τ1−τ2)
2(λ+µ)

2τ2
1 τ2

2 λ3µ3 dλdµ


 = ψ

(
2τ1τ2

τ1 + τ2

)
.

(v) In order to prove thatU increases monotonically on
[
1
2 , 1

]
and decreases monotonically

on
[
0, 1

2

]
it suffices to prove thatK : [0, 1] → R defined by

K (ϕ) =
(

τ1τ2

τ2 − τ1

)2 ∫ 1
τ1

1
τ2

∫ 1
τ1

1
τ2

h

(
ϕ

1
λ

+ (1− ϕ)
1
µ

)
dλdµ

increases monotonically on
[
1
2 , 1

]
and decreases monotonically on

[
0, 1

2

]
.

SinceK is convex on(0, 1) we have forϕ2 > ϕ1, ϕ2, ϕ1 ∈
(

1
2 , 1

)
,

K (ϕ2)−K (ϕ1)
ϕ2 − ϕ1

≥ K
′
+ (ϕ1)

≥
(

τ1τ2

τ2 − τ1

)2 ∫ 1
τ1

1
τ2

∫ 1
τ1

1
τ2

h
′
(

ϕ1
1
λ

+ (1− ϕ1)
1
µ

) (
1
λ
− 1

µ

)
dλdµ.

By the convexity ofK on
[

1
τ2

, 1
τ1

]
we deduce that

h

(
λ + µ

2λµ

)
− h

(
ϕ1

1
λ

+ (1− ϕ1)
1
µ

)

≥ h
′
+

(
ϕ1

1
λ

+ (1− ϕ1)
1
µ

)(
1
λ
− 1

µ

)
(1− 2ϕ1)

2

for all 1
λ , 1

µ in
[

1
τ2

, 1
τ1

]
andϕ ∈ (

1
2 , 1

)
, which is equivalent to

h
′
+

(
ϕ1

1
λ

+ (1− ϕ1)
1
µ

)(
1
λ
− 1

µ

)

≥ 2
2ϕ1 − 1

[
h

(
ϕ1

1
λ

+ (1− ϕ1)
1
µ

)
− h

(
λ + µ

2λµ

)]
.

Integrating on
[

1
τ2

, 1
τ1

]
×

[
1
τ2

, 1
τ1

]
we obtain

U
′
+ (ϕ1) ≥ 2

2ϕ1 − 1

[
U (ϕ1)− U

(
1
2

)]
≥ 0

which shows thatU increases monotonically on
[
1
2 , 1

]
. The fact thatU decreases monoton-

ically on
[
0, 1

2

]
follows from the above conclusion and using the result

U

(
ϕ +

1
2

)
= U

(
1
2
− ϕ

)
for all ϕ ∈

[
0,

1
2

]
.
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(vi) We observe that

S (ϕ) =
τ1τ2

τ2 − τ1

∫ τ2

τ1

1
λ2

ψ

(
1

τ1τ2
τ2−τ1

∫ τ2

τ1

λ−ϕλ+ϕµ
λµ3 dµ

)
dλ.

Using Jensen’s integral inequality (Theorem 2.3) we get that

S (ϕ) ≤
(

τ1τ2

τ2 − τ1

)2 ∫ τ2

τ1

∫ τ2

τ1

1
λ2µ2

ψ

(
λµ

ϕµ + (1− ϕ)λ

)
dλdµ = U (ϕ)

for all ϕ ∈ [0, 1]. ¤

Theorem 2.9. Letψ : [τ1, τ2] → R be a harmonically convex function on[τ1, τ2]. Then

(i) V is harmonically convex on(0, 1].
(ii) V increases monotonically on[0, 1].

(iii) The following hold:

inf
ϕ∈[0,1]

V (ϕ) = V (0) =
τ1τ2

τ2 − τ1

∫ τ2

τ1

ψ (λ)
λ2

dλ

sup
ϕ∈[0,1]

V (ϕ) = V (1) =
ψ (τ1) + ψ (τ2)

2
.

Proof. (i) In order to prove thatV : [0, 1] → R is harmonically convex on(0, 1], where
ψ : [τ1, τ2] → R is harmonically convex on[τ1, τ2], it suffices to prove that the mapping
Q : [0, 1] → R defined by

Q (ϕ) =
τ1τ2

2 (τ2 − τ1)

∫ 1
τ1

1
τ2

[
k

((
1 + ϕ

2

)
1
τ2

+
(

1− ϕ

2

)
1
λ

)

+k

((
1 + ϕ

2

)
1
τ1

+
(

1− ϕ

2

)
1
λ

)]
dλ

is convex for convex functionk :
[

1
τ2

, 1
τ1

]
→ R on

[
1
τ2

, 1
τ1

]
by Theorem 2.1. Letα, β ≥ 0

with α + β = 1 andϕ1, ϕ2 ∈ [0, 1]. Then

Q (αϕ1 + βϕ2)

=
τ1τ2

2 (τ2 − τ1)

∫ 1
τ1

1
τ2

[
k

((
1 + αϕ1 + βϕ2

2

)
1
τ2

+
(

1− (αϕ1 + βϕ2)
2

)
1
λ

)

+k

((
1 + αϕ1 + βϕ2

2

)
1
τ1

+
(

1− (αϕ1 + βϕ2)
2

)
1
λ

)]
dλ =

τ1τ2

2 (τ2 − τ1)

×
∫ 1

τ1

1
τ2

[
k

(
α

[(
1 + ϕ1

2

)
1
τ2

+
(

1− ϕ1

2

)
1
λ

]
+ β

[(
1 + ϕ2

2

)
1
τ2

+
(

1− ϕ2

2

)
1
λ

])

+k

(
α

[(
1 + ϕ1

2

)
1
τ1

+
(

1− ϕ1

2

)
1
λ

]
+ β

[(
1 + ϕ2

2

)
1
τ1

+
(

1− ϕ2

2

)
1
λ

])]
dλ

≤ αQ (ϕ1) + βQ (ϕ2) .
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This proves thatQ : [0, 1] → R is harmonically convex on(0, 1].
(ii) Let ϕ ∈ [0, 1], then

Q (ϕ2)−Q (ϕ1)
ϕ2 − ϕ1

≥ Q
′
+ (ϕ1)

=
τ1τ2

4 (τ2 − τ1)

∫ 1
τ1

1
τ2

[
k
′
+

((
1 + ϕ1

2

)
1
τ2

+
(

1− ϕ1

2

)
1
λ

)(
1
τ2
− 1

λ

)

+k
′
+

((
1 + ϕ1

2

)
1
τ1

+
(

1− ϕ1

2

)
1
λ

)(
1
τ1
− 1

λ

)]
dλ.

By the convexity ofk on
[

1
τ2

, 1
τ1

]
we deduce that

k

(
τ2 + λ

2τ2λ

)
− k

((
1 + ϕ1

2

)
1
τ2

+
(

1− ϕ1

2

)
1
λ

)

≥ ϕ1

2
k
′
+

((
1 + ϕ1

2

)
1
τ2

+
(

1− ϕ1

2

)
1
λ

)(
1
λ
− 1

τ2

)

for all 1
λ in

[
1
τ2

, 1
τ1

]
andϕ1 ∈ (0, 1), which is equivalent to

k
′
+

((
1 + ϕ1

2

)
1
τ2

+
(

1− ϕ1

2

)
1
λ

)(
1
τ2
− 1

λ

)

≥ 2
ϕ1

[
k

((
1 + ϕ1

2

)
1
τ2

+
(

1− ϕ1

2

)
1
λ

)
− k

(
τ2 + λ

2τ2λ

)]
.

Similarly, we also get that

k
′
+

((
1 + ϕ1

2

)
1
τ1

+
(

1− ϕ1

2

)
1
λ

)(
1
τ1
− 1

λ

)

≥ 2
ϕ1

[
k

((
1 + ϕ1

2

)
1
τ1

+
(

1− ϕ1

2

)
1
λ

)
− k

(
τ1 + λ

2τ1λ

)]
.
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Thus

τ1τ2

4 (τ2 − τ1)

∫ 1
τ1

1
τ2

[
k
′
+

((
1 + ϕ1

2

)
1
τ2

+
(

1− ϕ1

2

)
1
λ

)(
1
τ2
− 1

λ

)

+k
′
+

((
1 + ϕ1

2

)
1
τ1

+
(

1− ϕ1

2

)
1
λ

) (
1
τ1
− 1

λ

)]
dλ

≥ 2
ϕ1

τ1τ2

4 (τ2 − τ1)

∫ 1
τ1

1
τ2

[
k

((
1 + ϕ1

2

)
1
τ2

+
(

1− ϕ1

2

)
1
λ

)

+k

((
1 + ϕ1

2

)
1
τ1

+
(

1− ϕ1

2

)
1
λ

)
− k

(
λ + τ2

2λτ2

)
− k

(
τ1 + λ

2τ1λ

)]
dλ

=
1
ϕ1

[
Q (ϕ1)− τ1τ2

2 (τ2 − τ1)

∫ 1
τ1

1
τ2

k

(
λ + τ2

2λτ2

)
dλ− τ1τ2

2 (τ2 − τ1)

∫ 1
τ1

1
τ2

k

(
τ1 + λ

2τ1λ

)
dλ

]

≥ 1
ϕ1

[
Q (ϕ1)− k

(
τ1 + τ2

2τ1τ2

)]
≥ 0. (By Theorem 1.1)

This shows thatQ (ϕ2) − Q (ϕ1) ≥ 0 for 1 ≥ ϕ2 ≥ ϕ1. HenceQ is monotonically
increasing on[0, 1] which implies thatP is also monotonically increasing on[0, 1].
(iii) SinceV (ϕ) is monotonically increasing, we have

V (ϕ) ≥ V (0) =
τ1τ2

2 (τ2 − τ1)

∫ τ2

τ1

1
λ2

[
ψ

(
2τ2λ

λ + τ2

)
+ ψ

(
2τ1λ

λ + τ1

)]
dλ

=
τ1τ2

(τ2 − τ1)

∫ τ1+τ2
2τ1τ2

1
τ2

ψ (λ) dλ +
τ1τ2

(τ2 − τ1)

∫ 1
τ1

τ1+τ2
2τ1τ2

ψ (λ) dλ =
τ1τ2

(τ2 − τ1)

∫ 1
τ1

1
τ2

ψ (λ) dλ

=
τ1τ2

(τ2 − τ1)

∫ τ2

τ1

ψ (λ)
λ2

dλ.

Using the harmonic convexity ofψ on [τ1, τ2] and Hermite-Hadamard type inequalities for
harmonically convex functions, we get

V (ϕ) =
τ1τ2

2 (τ2 − τ1)

∫ τ2

τ1

1
λ2

[
ψ

(
2τ2λ

(1 + ϕ) λ + (1− ϕ) τ2

)
+ ψ

(
2τ1λ

(1 + ϕ)λ + (1− ϕ) τ1

)]
dλ

≤ τ1τ2

2 (τ2 − τ1)

∫ τ2

τ1

1
2λ2

[(1 + ϕ)ψ (τ2) + (1− ϕ) ψ (λ) + (1 + ϕ) ψ (τ1) + (1− ϕ) ψ (λ)] dλ

=
(

1 + ϕ

2

)
ψ (τ1) + ψ (τ2)

2
+

(
1− ϕ

2

)
τ1τ2

τ2 − τ1

∫ τ2

τ1

ψ (λ)
λ2

dλ ≤ ψ (τ1) + ψ (τ2)
2

.

Thus

τ1τ2

(τ2 − τ1)

∫ τ2

τ1

ψ (λ)
λ2

dλ ≤ V (ϕ) ≤
(

1 + ϕ

2

)
ψ (τ1) + ψ (τ2)

2

+
(

1− ϕ

2

)
τ1τ2

τ2 − τ1

∫ τ2

τ1

ψ (λ)
λ2

dλ ≤ ψ (τ1) + ψ (τ2)
2

.
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It is proved that

inf
ϕ∈[0,1]

V (ϕ) = V (0) =
τ1τ2

τ2 − τ1

∫ τ2

τ1

ψ (λ)
λ2

dλ

and

sup
ϕ∈[0,1]

V (ϕ) = V (1) =
ψ (τ1) + ψ (τ2)

2
.

¤

Corollary 2.10. Let0 < τ1 ≤ τ2. Then

τ1τ2 ≤ (1 + ϕ) τ1τ
3
2 + (1 + ϕ) τ3

1 τ2 + (1− ϕ) τ4
1 + (1− ϕ) τ4

2

((1 + ϕ) τ1 + (1− ϕ) τ2) ((1− ϕ) τ1 + (1 + ϕ) τ2)

≤
(

1 + ϕ

2

)(
τ2
1 + τ2

2

2

)
+

(
1− ϕ

2

)
τ1τ2 ≤ τ2

1 + τ2
2

2
. (2. 8)

Proof. The proof follows by choosingψ (ϕ) = λ2, λ ∈ [τ1, τ2] ⊆ (0,∞). ¤
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[14] İ. İşcan,Hermite-Hadamard type inequalities for harmonically convex functions, Hacettepe Journal of Math-

ematics and Statistics, 43 (6) (2014), 935-942.
[15] M. A. Latif, Some companions of Fejér type inequalities for harmonically convex functions, Symmetry

2022, 14, 2268. https://doi.org/10.3390/sym14112268



678 Muhammad Amer Latif

[16] M. A. Latif, Fejér type inequalities for harmonically convex functions, AIMS Mathematics,7, No. 8
1523415257.

[17] M. A. Latif, S. S. Dragomir, E. Momoniat,Fejér type inequalities for harmonically-convex functions with
applications,Journal of Applied Analysis & Computation,7, No. 3(2017) 795-813. doi: 10.11948/2017050.
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