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Abstract.: In this study, we define some mappings connected to the Hermite-
Hadamard type inequalities constructed for harmonically convex map-
pings. We investigate some properties of these mappings and provide
some refinement inequalities for the Hermite-Hadamard type inequalities
that have already been established for harmonic convex functions.
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1. INTRODUCTION

For convex functions the following double inequality has great significance in literature
and is known as Hermite-Hadamard'’s inequality:
Lety : I — R, 0 £ 1 CR, 7y, € I with 7y < 75, be a convex function, then

T2

w(ﬁm)S L fupnin < VO EVE), (L 1)

2 To — T1 2

T1

The inequality (1. 1) holds in reversed directionjifs concave.
These inequalities have many extensions and generalizations, see [1]-[25].
Dragomir defined the following mappind$, F': [0,1] — R

)= —— [To(ar+a-o (252))ar

T1

and
1 T2 T2
F(‘P)—(Tz_ﬁ)g/ﬁ /T1 Y (A + (1 — @) p) dAdp,
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wherev : [11, 2] — R is a convex function and obtained some refinements between the
middle and the left most terms in [2] for (1. 1).

Theorem 1.1. [2] Let® : [r1, 2] — R be a convex function df, 72]. Then

(i) H is convex convex af), 1].
(i) The following hold:

inf H(so)H(mw(ﬁ“Q)

»€[0,1] 2

sup H(p)=H(1)= /T2z/)()\)d)\.

»€[0,1] T2 —T1 Jry

(iii) H increases monotonically df, 1].

Theorem 1.2.[2] Letw : [r1, 2] — R be a convex function oy, 72]. Then

() Fp+i)=F(5—y)forallp e [0,1]
(i) F is convex convex df, 1].
(iii) The following hold:
swp F(e) = F()=FO) = —— [ w(ax

»€(0,1] T2 —T1

) 1 1 [T /\+u)
inf F =F|lz]|=—— — | d)\dp.
©€[0,1] (?) (2) (10 — 7'1)2 /Tl /7'1 : ( 2 a
(iv) The following inequality is valid:
T1-|—7'2 1
2 )< ~ .
(72)=r(3)

(v) F increases monotonically of, 1] and decreases monotonically ¢i 5| .
(vi) We have the inequalitif (p) < F' () forall ¢ € [0, 1].

Yang and Hong [21] provided an improvement between the middle and the right most
term by defining the following mapping : [0,1] — R

B 1 2 14+¢ 1—¢
P =5 [, [((55) =+ (59
14+ 1—¢p
o ((52) e+ (57)2))
wherey : [11, 2] — R is a convex function.

Theorem 1.3.[21] Let : [r1, 2] — R be a convex function o, 72]. Then

(i) Pis convex convex o, 1].
(i) P increases monotonically dn, 1].
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(iii) The following hold

: B o .
saér[lofq]P(so) =P(0)= P /T ¥ (\) dA
and
sup P (p) = P (1) = w
pe0,1]

One of the generalizations of the convex functions is harmonic functions:

Definition 1.4. [14] DefineI C R\ {0} as an interval of real numbers. The function
¥ : I — Ris considered to be harmonically convex, if

Al
P (QO/\JF(I‘P)N) <y (u) + (1 =) (N) (1.2

forall \,x € I'andy € [0,1]. The functions) : I — R is harmonically concave if the
inequality in (1. 2) is reversed.

~ Using harmonic-convexity, the Hermite-Hadamard type inequalities were proved by
Iscan in [14].
Theorem 1.5.[14] Lety : T C R\ {0} — R be a harmonically convex function and
71,72 € I With T < 7. If ¢ € L ([, 72]) then the following inequalities hold:
27172 < T ™ 7’[}(>\)d)\ < Y (1) + 1 (12)
TIt+T2) T T2 T A? B 2
The above results provide us an inspiration to define some mappings similar to the above

mappings for harmonically convex functions and to get some refinements between the mid-
dle, right most and the left most terms of ( 1. 3).

. (1. 3)

T1

2. MAIN RESULTS

We begin this section by defining the following mappings in connection to the Hermite-
Hadamard type inequalities ( 1. 3):

For a given harmonically convex mappigg: [, 2] — R, letS, U,V : [0,1] — R be
defined by

T1T2 T2 1 27’17‘2)\
S = - - dA,
(¥) To —T1 /7'1 Azlp (2717'2g0 +(1=—9p) (1 + ’7'2))

2
B 1Ty R EI | Al
U(SO)_(ﬁﬁ) /ﬁ /ﬁ A2u2w(<ﬂu+(1<ﬁ))\>d)\du

_ nm [t 2
V<¢)_2(7271)/71 2 [w((1+90))\+(190)72)
27’1/\

W((H@H(l—m)] »

We sate some important facts which relate harmonically convex and convex functions and
use them to prove the main results of this section.
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Theorem 2.1.[6, 7] If [11, 2] C I C (0, 00) and if we consider the functian: {% 1} —

R defined by (¢) = ¢ (é) thens is harmonically convex ofr, 72] if and only ifg is

convex in the usual sense %ég i}

77—1 .

Theorem 2.2.[6, 7] If I C (0,00) and ) is a convex nondecreasing function théns
HA-convex (harmonically convex) andiifis a HA-convex (harmonically convex) nonin-
creasing function them is convex.

Let (92, A, 1) be a measurable space consisting of &seto-algebrad of parts of and a
countably additive and positive measuren A with values inRU{oco}. Letw : O — R be
apu-measurable function withy () > 0 for i -a.e. (almost everywhere)e Q. Cconsider
the Lebesgue space

Ly (Qp) = {¢ : Q — R, 9 is u-measurable an% w(x) [ (z)|dp (x) < oo} .
Q
The following result were proved in [6, 7].

Theorem 2.3.[6, 7] Lety : T C (0,00) — R be a HA-convex (harmonically convex)
function andd, D] C I°. Assume also that : @ — R satisfying the bounds

0<d<A(p) <D< coforpu-a.e.qpel
andw > 0 p-a.e. onQ2 with [, wdpu = 1. If o A, 1 € Ly, (2, 1), then

w(M) < [ o uin

Related to the above mappings, we have the following results:
Theorem 2.4. Lety : [r, 2] C (0,00) — R be a harmonically convex function on
[71,7'2]. Then

(i) Sisharmonically convex ofD, 1].
(ii) The following hold:

inf S () = 5(0) = ( 2nm )

»€[0,1] T+ T2

sup S(p)=95(1) = nr /T2 w;)\) dA.

p€e(0,1] T2 —T1

(ii) S increases monotonically df, 1].

Proof. (i) In order to prove thaS : [0,1] — R is harmonically convex o0, 1], where
Y : [, 72] C (0,00) — R is harmonically convex offiry, 72}, by Theorem 2.1 it suffices
to prove that the mapping : [0, 1] — R defined by

6= [To (s -0 (TE2)) 0
Ty —T1 J1 2717y

2
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is convex for convex functiop : [}2, }1} —Ron {i i}. Lete, 5> Owitha+8 =1
andei, p2 € [0,1]. Then

G (apr + 5902)

T T T1 + T
= —2 <a§01+5§02 >\+(1—(04</71+ﬂ§02))< - 2>)d>\
7—2_7—1 1 271y
TLT: T + T
o 172Tl . < apr + Bp2) A+ (a+ B — (a1 + Biz)) ( 571722)> dA
— Tl_TQ < { A4 (1— 1) (T;JFTQ)]Jrﬁ{%/\HlsDz) <T;+TQ>Dd/\
T2 7'1 T1T2 T1T2

< aG (1) +5G (w2) -

This proves thaf : [0, 1] — R is harmonically convex ofD, 1].
(ii) By Jensen’s inequality for harmonically convex functions (see Theorem 2.3), we obtain

1 27’17’2
S(w) 2 ,(/} <f7—2 TIAFT2AF20T1 T2 —PT1I A— (pTg)\d)\> = Q/J (7—1 +7-2) :

1 2(To—T1)A3

Using the harmonically convexity af on [, 2], we get

T1T2 T2 1 1
S (o) = 7/ L dA
() T2 =T )y AP 1o+(1—0) =g

T1+72

SsﬁﬂTQ TZ¢()dA+( <P)LZJ<271T2)~

To—T1 )y, A2 T+ T2

Since the mapping

p(p) i= p— 2 N wwdkﬂl—w)(ﬂ( e )

To — T1 P )\2 T1 +TQ

increases monotonically df, 1], is proved that

¢(271T2)<S(90 TIT2 / 1/1
T+ T2 7'2—7'1

+(1—<p)w<27172) nr / 1/} Jirn. (2. 4

T + T2 To —T1
Thus
. 2717
f S =5(0) =
ot (¢) =5(0) ¢<Tl+72)
and

sup S(p)=S(1 Xk / 1/)

p€(0,1] T2 —T1
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(iii) To prove thatS increases monotonically df, 1] is equivalent to prove th&t increases
monotonically on0, 1]. SinceG is convex on0, 1], so fore;, ¢ € (0,1), we get

G (p2) — G (¢1)

Y2 — Y1
1
/ TIT T T+ T T+ T
ZG+(S@1): L2 /1g+ V1A + (1 — 1) ! 2 A— 220 g
To —T1 J 1 2717y 2717y
T2
The convexity ofy on {%, %} yields
T+ T2 T+ T2
g —g A+ (1 —1)
27’17’2 27’1’7’2

/ T+ T2 T+ T2
> A 1-— - A
> 0194 (@1 + ( @1)( 91 )> ( T )

for every\ € {%, i}. Thus

T1

1
e /lgl (cp1/\+(1—<p1) <71+T2>) (A—TﬁTQ)dA
To — T1 1

1 27’17’2 27’17’2
T2

1 -
Z[ nr /19<<P1)\+(1—501) <T1+T2>)d)\—g(ﬁ+7—2)
Y1 |T2—T1 J 2717

1 27’1T2
T2
1
_ 1 [G(@l) g (“ +T2>] > 0.
Y1 27179

This proves thatd (p2) — G (¢1) > 0for 1 > s > ¢;1. HenceG is monotonically
increasing oo, 1] which implies thatS is also monotonically increasing ¢@, 1].

0
Corollary 2.5. Suppose that the assertions of Theorem 2.4 are satisfied, then
o< 2 [ () v ()
< lmtn S (G
2 [T (22, e
Proof. Takingy = % in (2. 4) and rearranging the terms, we get (2. 5). O
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Corollary 2.6. Letp<0orp>1,p# —1,—3and0 < 7y < 7. Then
2—21)—5,7_17_2

( 1T >p3 B ( TIT2 >p3 B ( 2117 )p
(o=71)(p+3) |\ 71+ 3 31 + T2 T + T2
< 1 TIT2 P ey ( 27172 )p
2 (e —m)(p+1) T+ 7o
-p—1 _ _—p—-1 -p
< 71T a T2 - ( 2772 ) . (2.6)
(2 —71) (p+1) T+ T

Proof. Let ) : [r1,72] C (0,00) — R be defined by (\) = A7, p < 0orp > 1 and
p # —1,—3. Then the inequalities ( 2. 6 ) follows from (2. 5). O

0<

Corollary 2.7. Let0 < 7y < 7o. Then

47'127'22 _ 2117 2
OS((1—<P)T2—(1+50)Tl)((1—99)71+(1+<P)T2) (71+72)

2m7 \2 2m7e \
T1To + i S T1T2 — i . (2 7)
T1 +TQ 7'1+T2

Proof. The inequality (2. 7) follows from (2. 5) by considering the harmonically convex
function : [r1, 7] C (0,00) — R be defined by) (\) = A2 O

S

Theorem 2.8. Lety : [m, 2] C (0,00) — R be a harmonically convex function on
[11,72). Then
(i) The following identities hold:

1 1 1
U<<p+2>:U<2—<p> forall p € [0,2]

(i) U is harmonically convex ofD, 1].
(iii) The following identities hold:

1 T1T2 2o 7 1 2)\,U
1 f = — = N e
sag[lo,l]U(@) U(2> (72—71) /7'1 /7'1 /\2/~L2w()‘+“> Ay

and

sup U (p) = U (0) = U (1) = 272 / RGN

— 2
€[0,1] To—T1 ), A

(iv) The following inequality is valid

27’17’2 1
< = .
v(m) =0 (3)
(v) U increases monotonically o[r%, 1] and decreases monotonically @m %]
(i) S(p) <U (p)forall ¢ € [0,1].
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Proof. (i) Let ¢ € [0, 1], then

U(Sﬁ+;>:(7‘27—1_7-271)/ / 22 2w<¢+ )uAf(;w)QdAd“
e I ] (e T
o(i-y).

(ii) By similar arguments as that of proving (i) of Theorem 2.4, we can provelhist
harmonically convex o(0, 1].

(iii) Since ¢ : [1y, 2] C (0,00) — R is a harmonically convex function dm , 75], for all
A 1 € [11, 2] @andyp € [0, 1], we obtain

()
A" \pp+ (1= @) A

< raler )+ (=900 ()]

1 1
= wwiﬁ@\) +(1—-¢) Wiﬁ(ﬂ)~

Integrating this inequality oveir, 2] x [71, 72] we get

(Jl—ﬁr)/ / A2p? <<pu+(m w)QdAdu
(=) /n/
Y (A

-

- T172 2 d)\

= — 12 .
T2 —T1 Jny

ThusU (p) < U (0) = U (1) forall ¢ € [0,1].
Again the harmonic convexity af : [r1, 72] C (0,00) — R on |7y, 72] gives the following
inequality

LG )2 )
Integrating this inequality ovdr, 72| X [r1, 72] we get
[ 1, s (535 o
o[ [ e G o (i) o
B /TT /TT Azluw (w + (Alu #) A) A

IN
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ThatisU () > U (3) forall ¢ € [0,1] and hence the assertion is proven.
(iv) Using Jensen’s inequality for double integrals for harmonically convex functions, we

have
T1T2 2\
<T2—71> / / A2 ( )d/\du

>w 1 o ( 27’17’2 >
- f J""'2 (11—72)? (M—”)d/\d 4T

27_27_2 )\3 3

(v) In order to prove thal/ increases monotonically c{r%, 1] and decreases monotonically
on [0, 1] it suffices to prove thak : [0, 1] — R defined by

K (p) = (7271_727)/ / ( (1- );)d)\d,u

increases monotonically o, 1] and decreases monotonically {ih 3 ].
SinceK is convex on(0, 1) we have forps > ¢1, 2, 01 € (3,1),

K (p2) — K (¢1)
Y2 — L1

> K, (¢1)

() [ (od e ) 2o

} we deduce that

By the convexity ofK” on [

At p 1 1
() - (mx o)

, 1 1\ /1 1) (1—2¢1)
> — _ — e TS 2
_h+<<mk+(1 %)M)(A u) 3

for all %,ﬁ in [7—12, Til} andy € (1,1), which is equivalent to

/ 1 1 1 1

- 1— - —_
i (‘plA A=) u) (A u)

2 1 1 A+ p
> o=+ (1—p)— ) —h(S2)].
2@1—1{ <w1A+( Wu) (2Au )]

Integrating on{ , n} X [g, 7—11} we obtain

U, (1) = % : [U(w)U(;)}zo

which shows thal/ increases monotonlcally dd, 1]. The factthat/ decreases monoton-
ically on [0, 5] follows from the above conclusion and using the result

1 1
U<<p+2) =U<2—<p> forall ¢ € [072]
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(vi) We observe that

o T172 72 1 1
S(Sﬁ) - Ty — 11 /_1 ﬁ ( T1To f‘rz /\—ga)\+¢udﬂ> d\.

To—T1 JT1 A3

Using Jensen’s integral inequality (Theorem 2.3) we get that

Sle) < (zﬁTQﬁ)/ / A2p? (wﬂAlﬂw)A)dAdu:U(@)

forall ¢ € [0, 1]. O

Theorem 2.9. Let : [r1, 2] — R be a harmonically convex function ¢n, 75]. Then

(i) V is harmonically convex o(D, 1].
(i) V increases monotonically dn, 1].
(iii) The following hold:

. o 7172 77/1
gog[gzl]v (<,0) B V T2 —T1 /
¢(71)+¢(7'2).

sup V() = v (1) = £
©€el0,1]

Proof. (i) In order to prove thal” : [0,1] — R is harmonically convex ofi0, 1], where
¥ : [r1, 2] — R is harmonically convex offir, 7], it suffices to prove that the mapping
Q : [0,1] — R defined by

oo=ge ) () 5 (57)5)
w((52) 5+ (57 5) ]

is convex for convex functioh : {72, ﬁ} — Ron [TL, }} by Theorem 2.1. Let, 3 >0
with o+ 8 = 1 andeps, 2 € [0, 1]. Then

Q (w1 + Bypa)

gt [ () L (tesy el
(L) L (nten i) ]
) () () 2 () )
(o [(52) 2+ (152) -0 [(152) 2+ (52) 1))

< aQ (p1) + BQ (p2) -

+
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This proves thaf) : [0, 1] — R is harmonically convex of0, 1].
(i) Let ¢ € [0,1], then

Q (p2) — Q (#1)
Y2 — Y1
> Ql+ (1)

- T1T2 /; k/ 1—|—ng i+ 1—(,01 1 41

S A(—m) o T 2 T2 2 VAR
(e 1, (1=e\ 1y (11

s ((557) 2 (57)3) (R3]

By the convexity oft on [%, %} we deduce that

’7'2+)\ _ 1+g01 1 1—<p1 l
(o) ((797) 2+ (557)3)

P17 14+¢p1\ 1 1—p1\ 1 1 1
> 2y — (=2 S
=54 ((597) 2+ (7)) G-2)

for all 1 in [%, ?11} andy; € (0,1), which is equivalent to
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(%)) G5
2 A T2 A
(53]

), 2 (57)3)
()7 (52)0) () -+ ()

. 1 T1T2 % A+ 7o T1T2 % 1+ A
B ¥Y1 [Q(@l)_ 2(7‘2—7’1) /L k( 2)\7’2 )dA_ 2(T2—T1) /7.1 k( 27’1/\ )dA]

T

> L [Q (1) —k (Mﬂ > 0. (By Theorem 1.1)
©1 2717y

This shows that) (¢2) — Q (¢1) > 0for 1 > ps > 1. Hence@ is monotonically
increasing on0, 1] which implies thatP is also monotonically increasing 4@, 1].
(iii) Since V () is monotonically increasing, we have

nm T q 275\ 211 A
V(w)ZV(O)Q(Tz_ﬁ)/n )\2{@/}()\+Tg>+¢()\+7_1>}d)‘

T1+72

:%/ ¢(A)dA+%/” zp(A)dA:%/” b (\) dA
(1o — 1) i (1o —11) Jritre (1o —11) i

27172
T2 )\
_ T17T2 ¢(2)d)\
(7'2—7’1) ol A

Using the harmonic convexity af on [y, 2] and Hermite-Hadamard type inequalities for
harmonically convex functions, we get

V(w)zz(:;izﬁ)/:; [w<(1+¢))\2f?1_<p)72> +¢((1+<p))\2—7:?1—@)71>] »

< st [ g0 v m)+ (1= ) w () + 1+ ) () + (L= )6 (V]
(1+<P>¢(7'1)+¢(7'2)+(1—<P> T1T2 /Tzzﬂ(/\)d/\<1/’(71)+7//(7'2).

2 2 2 T9 — T1 e )\2 2
Thus
TIT? (M) L+@\ ¥ (m)+1(7)
(72—71)/71 > d)\<V(90)<< : ) .

n <1—<P) T [T 1/)(/\)d>\< w(Tl)'Hb(Tz).

2 To — T1 o) )\2 - 2
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It is proved that

inf V() =V (0) = = /T2 w,\(?)dA

p€l0,1] T2 —T1
and
p€l0,1]

Corollary 2.10. Let0 < 7; < 75. Then

A+p)nmS+ 1+ +0—p) i+ (1 —p)r

<
TR+ ) (- n+ 1+ m)
1+ (rf+73 1-¢ 4T3
< < -2, .
_<2>( 9 + 5 T1T2 < 5 (2. 8)
Proof. The proof follows by choosing (p) = A2, A € [r1, 72] C (0, 00). O
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