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Abstract.: We investigate a kernel space which is a particular class of
Hilbert space. We discuss various properties of the reproducing kernel. In
particular, our aim to construct kernel in reproducing space of the specific
function space (Sobolev space) with the inner product and norm. Also, we
derive the reproducing kernel for Neumann boundary conditions.
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1. INTRODUCTION

Reproducing kernels were discovered during the initial stage of the twentieth century
by Zeremba [19] in that effort the center of interest on harmonic function with boundary
value. This was the earliest reproducing kernel with the reproducibility proved correlated
with function family. Actually, in the early establishment develop of the reproducing kernel
hypothesis, almost all the works were execute by Bergman [11, 12, 13, 14, 15], and most
of the kernels discussed in the 1930's and 1940's are Bergman kernels. Bergman raise
the conversation of the kernels with one or several variables to the harmonic functions ,
and utilized to solve Laplace equation. It can be stated that this is the establishment of a
particular trend of reproducing kernel. Next development of the reproducing kernel theory
was pushed by Mercer [18]. He invented the positive definite property of reproducing
kernel and known its as positive definite Hermition matrix:

ij=1
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In 1950, N. Aronszajn [4] outlined the past works and gave a systematic reproducing
kernel theory and laid a good foundation for the research of each special case and greatly
simplified the proof. In this theory unifying the Bergman and Marces concept of reproduc-
ing kernel development.

Subsequently, reproducing kernel theory was used by mathematician, scientist [1, 2, 3,
5,6,7,8,9, 10, 17] like to solve the theoretical problems of many special fields. In 1986,
Cui [16] construct the reproducing kernel space and corresponding kernel in the Sobolev
space.

Here, we review some aspect of reproducing kernel space and then construct the repro-
ducing kernel for the inner product and norm of Sobolev spaceifer 2 with Neumann
boundary conditions.

2. PRELIMINARIES

Definition 2.1. ConsiderH = {f(o) : f(o) € R (Real numbers set) gf(¢) € C (Com-
plex numbers set) g is in abstract sétis endowed with( f (o), g(0))# , with respect to
whichH is a Hilbert space.

For an abstract seX, a function?(g, ¢) : X x X — F ( F denotesR or C )is calledthe
reproducing kerneof Hilbert spaceH if its satisfies,

(f(0), (e, ))n = f(p)-
for each fixedp € X.

Lemma 2.2. In reproducing kernel spack, R(o, ») = R(y, o).
Proof. we have

R(o ) = (R(, 9), R(, 0))m = (R(, 0), R(, 0))y = R, 0)-

HenceR(p, ) is conjugate symmetric. O

Lemma 2.3. The reproducing kernék(p, ¢) is unique in reproducing kernel spaée
Proof. Let ®(p, ) be also reproducing kernel , then

Q(0,0) = (P(,0), R(, 0))1 = (R(+, 0), 2(-,0)) 5y = R0, 0) = R(0, ).

Hence, reproducing kernel is unique. O

Lemma 2.4. If R(o, ) is the reproducing kernel it , then for eacty € X R(o,0) >0
and®(p, o) = 0ifand only ifH = {0} .

Proof. We have
R(0, 0) = (R(-, 0), R(-, ) = [R(-, 0)I3,-
Which givesk(p, ) > 0 and®(p, ¢) = 0 if and only if H = {0}. O

Lemma 2.5. Reproducing kernéek(o, ) is a positive semi definite.
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Proof. For any complex numbe;,

Z aij(Qian ZZQC] QJ)>H

2,7=1 i=1 j=1

= <Z Cj Qj Z GR z H
j=1
= <Z Cz Ql Z Cz 1

—IIZQ S oi)lF = 0.

Hence, reproducing kernel is posmve semi definite. O

Lemma 2.6. For any fixedp € X, the linear functional(f(e)) = f(e) is bounded if and
only if Hilbert spaceH is a reproducing kernel space.
Proof. Since™ is a reproducing kernel space, there exists a reproducing Kefaeb).
13(f ()] = [f(e)l = [{f(-), R(:, )]
< ||f(~)||HII§R(- )HH

=IOl v/ (R (- 0)n
= [1F Ol §1‘3(@, @)-

ThereforeJ(f (o)) = f(o) is bounded.
Now, for everyf(p) € H, because of linear functional, by F. Riesz theorem there exists a

uniqueR(-, o) € H, whencef (¢) = 3(f(e)) = (f(-), R(-, 0)) -
Hence, the lemma is proved. O

3. REPRODUCINGKERNEL SPACE Wi [, f]

In this section, the function spad&y [, 8] = {f(0) : f™ (o) is absolutely contin-

uous,f™ (o) € L?[a, B, 0 € [, B]}-
For any functionsf (o), g(0) € W5« 3],

3

l[dwa) dig(a)  d'f(9) dig(ﬁ)} N /5 a"f(o) d"g(0)

(f(0),9(@)wy = do'  do dot  dg dom™  do™

Il
<

i

1 (@ lwg =/ (f(2) 9(@))wy-
Theorem 3.1. The spacéV3*[«, 5] is an inner product space.

Proof. Let f(0),g(0), h(e) € W3'[«a, B].
Here,

(@) Sy = mo l(diﬁf))z " (dijgf’)ﬂ o[ (B19)
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; 2 2
Since, (df(“)) >Oand( )) >00<i<m-—1.
f(o)

Q
i 2 i i
Also, (dd ) - Oand( £ ) = 0if and only if 242} = 0 and ZS?) = o,
0<i<m—1.
e 2
And,(d f(") Oand(d f(g)) = 0if and only |fddfm9) =0,Yp € [a, 3.

. 2
Thereforefﬁ ( ,,f’)) do >0 andff (deﬁf’)) do = 0 if and only if
THe = 0,% € [o, ).
Thus,(f(0), g(0))wjy is positive definite.

Clearly,(f (o), g(0))wy=(g(0), f(0))wy Which gives(f (o), g(e))w; is symmetric.
Now for linearity consider scalarsandb,

<af( ) +bg(0), h(0))wy =
-1 K dif ) bd"géia)> dicllzg(ioz) N (adiﬁiﬁ) +bdi§;ﬂ)) di:;éiﬁ)]
[ dmf bdmg(g)} a"h(o)

i=

_|_
,_.Q\O

do™ do™
N dlf( )dlh(@) LS (B) d'h(B) 7 dm f(o) d™h(o)

[}

=

3

+
SHiv)

[ dif(e)dih(e) . dif(B) dih(B) P d™ f(o) d™h(o)
2 |:b dgz Qi +b dQZ dQ’ :|+/a bidgm de
(f(0), h(0))wy + b(g(0), h(e))wy-

g9(o

Thus,(f(0), g(0))wy is linear.
This completes the proof. O

(e}

=

Theorem 3.2. The spacéV3*[«, 5] is a Hilbert space.

Proof. Considerf,(9),n =1,2,...is a Cauchy sequence W5"[a, 3].
Therefore,

m—1 i i ) i ; B
s — Fullyp = 3 [(d fip(e) d fn(oz)> N (d farp(B) d fn(ﬂ)> ]

P do’ dot do’ dot
B fam dm 2
+/ frsp(0) — d™fu(0) do— 0
a do™ do™
asn — 00. )
Which gives,& f”“”(“) d ];ZEO‘) —0asn —00,0<i<m—1n=1,2,...

Similarly, & f"“’(m di{izgﬁ) —0asn—o00,0<i<m-—-1n=1,2,....

m 2
And [” (d ’;’;Tf(g) — 4 d{]%fg)) do — 0 asn — .

Which indicates that for any (0 < ¢ < m — 1), the sequence% and di{#@,n =
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1,2,... are Cauchy sequences ihand %,n = 1,2,... is a Cauchy sequence in
o

spacel?[a, 3].
So, there exists unique real numbefsandd;, 0 < ¢ < m — 1 and unique function

h(o) € L2[a, )] such that,digiéga) — anddi%ﬂ — d; 0 < i< m-1and
. 2
fﬁ (d In (o) h(g)) do — 0 asn — .
We must havey(o) € Wi [a, 5] with dijé,?) = ¢, dij{f@ =d;,0<i<m-—1and
d™g(e) _ (0)
dQ’VrL Q .

Moreover,
m—1 n i 2 i - d 2
15.(0) = (o) = Y [( . j;?)) + (T8 a0 ]
(" ful0) (o)
A ( d@’" - )
([ dfala dfB o\
:; l( do ) +< do’ )
m 2
+/ (ddj;n()—h(g)) do— 0 as n — oo.
Hence, the function spad#” is a Hilbert space. |

Theorem 3.3. The spacéVi*|«, 5] is a reproducing kernel Hilbert space.

Proof. As per Lemma 2.6, suppose tHatf) = f(0), 0 € [«, 5] is linear functional of
Wi'la, B and f (o) € Wy".

We have,
d"fle) d™ ' f(e) ¢d™f(o)
don1 ~ dgnt +/a g @
and
d" (o) _ [7d"f(0), d"[(B)
dgmfl _/A; d m Q de,1 :
Therefore,
A" f(o) 1 [d™f(a) dmUf(B)] 1 [T dmf(o)
dgm—l 2|: de—l - de_l :|+2/ de dg
Obviously,
d"f ()| _ [dm (@) | [dm(B) 71d™ f(o)
dgn T ’S dgnT +' dgn1 ’Jr/a dom ’dg. (3.1)
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Since,

[l oo [ 15521 4]
x l /5 d"f (o)

do™

2 3
dQ]

3. 2)
(AN (A 2) Z1d™f(o) QF
<K ( : ) +( / ) n it
0[;( do do /a do
= Kol fllwy
Now, foranyi, 0 <i <m — 1,
df(o)| _ [ <dif(a)>2 <dif(ﬂ)>2 o 1am i) ]
i | = [; < w) () ) 3.3)
= [l fllwg-
Similarly,
LI < 1w (3.4)
From(3.1)to(3.4),
dm—lf
| < Kall . 3.5)
Analogously,
dmf2f
| < Kall .

Thus{3(f)| = |f (o)l < K|l flwg -

Hence,J is bounded functional which provide thefi"[a, b] is reproducing kernel Hilbert
space.

O
4, METHOD TO CONSTRUCTREPRODUCINGKERNEL

SupposeR(p, ¢) is the reproducing kernel function %" [, §], then for any fixed
¢ € [a, 8] and anyf (o) € Wy"[a, 8], R(e, ) must satisfy

(f(0), R(o, 0))wy = f().

Therefore,
ra IR di IR
(10 R(e.Pmp =3 | D IR0 | LD IHE 0
= 0 0 0 0 (4. 6)
N B dmf(o) 0™R(o, ¢)

o™ Do dp.
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Since,

m m m—1 m—i—1 m-i B
/Bd f(0)d 3‘3(9,¢)dQ:Z <( e AL *51“%(9,@))

de agm dQ’m i—1 ag’rn—i-i

@.7)

B 2m
s [ 0T e

m—1 i m—1 ; i
Admflflf( ) aerzm .Q; - dzf(g) 821717271%%(97 50)
g -1) : g ymr - : (4.
(( 1) dgm—z—l agm-i-z sz aQ2m—z—1 ( 8)

F;:(r)n equations (4. 6)to (4. 8), we ge;:O
(F() Rlo Py m; L) (Wee) gy E )
+di§(ﬂ) ((_1)m i 1022;25%1(@’ 0) 82’3‘%8(5; @))} (4. 9)
Now, from equations (4. 6), (4 9)and the Dirac delta function
(TR~ (o) (4. 10)
am{;‘;’ °) (—1)m—i—1827;:;:}i(0§’ ?) _o0<i<m-—1, 4. 11)
(-=nm= 822;273(_51’ 2 8i%a(§’ ?) _p0<i<m-1 (4. 12)

Here, R(p, ) is the solution of the following constant coefficietw. order differential
equation with boundary conditions (4. 11) and (4. 12)

(—1)m m 2" R(e, ©)
BQZm

The equation (4. 13 ) has characteristic equatigfft = 0 whose the characteristic root

A = 0 with multiplicity 2m.

Therefore,

=0. (4. 13)

Ra(o @) = i di()d ™' 0>
Since, the solution (4. 14 ) of (4. 13) also satisfied the following conditions
IRi(p,0) _ 0'Ra(,9)
d¢* d¢*
PR (v p) P I R (0, 0) 1
Do2m—1 - Dg2m—1 S

R(0.0) = {9‘61(@7 p) = alp)d ™l o<, (. 14)

0<i<2m-—2, (4. 15)

(4. 16)
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Using boundary conditions (4. 11), (4. 12), (4. 15) and (4. 16), we can derive the
reproducing kerneR(p, ¢) for anym.

5. REPRODUCINGKERNEL FOR NEUMANN BOUNDARY CONDITIONS

In mathematics, there are many mathematical formulation from real world problem ei-
ther in ordinary differential equations or in partial differential equations with Neumann
boundary conditions. To solve these type of problems using reproducing kernel, we have
need reproducing kernel which satisfied Neumann boundary conditions. so that, in this
section, we derived reproducing kernel far= 2 with Neumann boundary conditions.
Therefore, the function spad®3|a, 3] is defined asWi|a, 3] = {f(o) : f(0), f'(0) are
absolutely continuoug!’ () € L?[«, 8], 0 € [, 8], f'(a) = 0, f'(3) = 0}.

Here, we considereth = 2 in (4. 13 ) of Section 4 with the two Neumann boundary
conditions so we obtained fourth order differential equation

'R(o,p)
00

We know that equation ( 5. 17 ) has characteristic equatfos: 0, and the characteristic
value = 0 is a root whose multiplicity is four. Therefore the general solution of equation
(5.17)is

=0. (5. 17)

R, ) = {3?1(9, ?)=alp) talpetal@)e tal@)e’,  e<e g g

R2(0,¢) = di(p) + da(p)o+ ds(p)0® + da(p)0®, 0> .

Now we are ready to obtain the coefficient$y), ca(¢), cs(¢), ca(v), d1 (@), d2(p), d3(p)
anddy(ep).

From the equations (4. 15), (4. 16 ) and two Neumann boundary conditions, we get the
boundary conditions for the differential equation (5. 17),

3

R(a, ) + W =0,
M) _

0o ’
R(3,0) — S0 o,
ORB.9) _

do ' (5. 19)
Ri(p, 0) = Ra(p, ¢),
M, ) _ OMa(p,9)

do do '
*Ri(p,p) _ PRalp, )

0p? 00?2

FPRi(pt,p)  PRap”, )

=1.
00° 00°




Reproducing Kernel for Neumann Boundary Conditions 687

From equations ( 5. 18 ) and ( 5. 19 ), we get the eight linear equations with vari-

ablescy (v), ca(v), cs(v), cal(w), d1(p), da(v), ds(v) andds(p) . Using any linear algebra
method, we get the coefficients

a?p 3 (o +3B8a%412) (—a®+38a2+3a¢® —68ap—2¢°+38¢%+12)

12 (—a?+3a28—-3af2+ 3%+ 24)

B-9)? BB-—¢)? aB(B-3aB>-38p*+6aBp+2¢°—3ap?+12)

ea(p) = =7 T 2(a-p) 2 (—a3+3a28—3a 2+ 33+ 24) ’

B—p)? (a+B) (B -3aB-38¢>+6aBp+2¢°—3ayp?+12)
(a—ﬂ)+ 4(—ad+3a2B—-3aB2+ 33+ 24) ’

B —a (332 —6Bp+3¢%) —3B8p?+2¢°+12
6 (—a®+3a23—3aB%+ (3 +24) ’

ca(p) = —

J 733 B2 (53—3(152—1-12) (53—3aﬂ2—36@2+6aﬂ<p+2903—3a<p2+12)
W) =3 -5 - 12 (—a® + 3020 —3a 0% + 3° + 24)

p (a9 ala—¢)® af(—a®+38a2+3ap? —6Bap—2¢°+38p%+12)
2(p) = 2  2(a—p) 2 (—a?+3a28—-3aB2+ 3% +24) ’

B—9)? o (a+B) (B°-3aB?-38p>+6aBp+2¢° —3ap?+12)
( ot 4 (—ad+3a28—-3aB2+ 33+ 24) ’

C3ap’+ 0 (3a®—6ap+3¢9?) —a® —2¢% 412
B 6 (—a3+3a23 —3aB?+ 33+ 24)

6. CONCLUSION

In this paper we derived a generalized reproducing kernel for Neumann boundary con-
ditions using an inner product. This reproducing kernel is used to solve the ordinary differ-
ential equations of the first with Neumann boundary condition explicitlysio= 2. The
derive reproducing kernel is generalized féf order ordinary differential equations by
substituten = n + 1.
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