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Abstract.: We investigate a kernel space which is a particular class of
Hilbert space. We discuss various properties of the reproducing kernel. In
particular, our aim to construct kernel in reproducing space of the specific
function space (Sobolev space) with the inner product and norm. Also, we
derive the reproducing kernel for Neumann boundary conditions.
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1. INTRODUCTION

Reproducing kernels were discovered during the initial stage of the twentieth century
by Zeremba [19] in that effort the center of interest on harmonic function with boundary
value. This was the earliest reproducing kernel with the reproducibility proved correlated
with function family. Actually, in the early establishment develop of the reproducing kernel
hypothesis, almost all the works were execute by Bergman [11, 12, 13, 14, 15], and most
of the kernels discussed in the 1930’s and 1940’s are Bergman kernels. Bergman raise
the conversation of the kernels with one or several variables to the harmonic functions ,
and utilized to solve Laplace equation. It can be stated that this is the establishment of a
particular trend of reproducing kernel. Next development of the reproducing kernel theory
was pushed by Mercer [18]. He invented the positive definite property of reproducing
kernel and known its as positive definite Hermition matrix:

n∑

i,j=1

k(xi, xj)ζiζj ≥ 0.
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In 1950, N. Aronszajn [4] outlined the past works and gave a systematic reproducing
kernel theory and laid a good foundation for the research of each special case and greatly
simplified the proof. In this theory unifying the Bergman and Marces concept of reproduc-
ing kernel development.

Subsequently, reproducing kernel theory was used by mathematician, scientist [1, 2, 3,
5, 6, 7, 8, 9, 10, 17] like to solve the theoretical problems of many special fields. In 1986,
Cui [16] construct the reproducing kernel space and corresponding kernel in the Sobolev
space.

Here, we review some aspect of reproducing kernel space and then construct the repro-
ducing kernel for the inner product and norm of Sobolev space form = 2 with Neumann
boundary conditions.

2. PRELIMINARIES

Definition 2.1. ConsiderH = {f(%) : f(%) ∈ R (Real numbers set) orf(%) ∈ C (Com-
plex numbers set) ,% is in abstract set} is endowed with〈f(%), g(%)〉H , with respect to
whichH is a Hilbert space.
For an abstract setX, a function<(%, ϕ) : X ×X → F ( F denotesR or C )is calledthe
reproducing kernelof Hilbert spaceH if its satisfies,

〈f(%),<(%, ϕ)〉H = f(ϕ).

for each fixedϕ ∈ X.

Lemma 2.2. In reproducing kernel spaceH, <(%, ϕ) = <(ϕ, %).

Proof. we have

<(%, ϕ) = 〈<(·, ϕ),<(·, %)〉H = 〈<(·, %),<(·, ϕ)〉H = <(ϕ, %).

Hence,<(%, ϕ) is conjugate symmetric. ¤

Lemma 2.3. The reproducing kernel<(%, ϕ) is unique in reproducing kernel spaceH.

Proof. Let Φ(%, ϕ) be also reproducing kernel , then

Φ(%, ϕ) = 〈Φ(·, ϕ),<(·, %)〉H = 〈<(·, %), Φ(·, ϕ)〉H = <(ϕ, %) = <(%, ϕ).

Hence, reproducing kernel is unique. ¤

Lemma 2.4. If <(%, ϕ) is the reproducing kernel inH , then for each% ∈ X ,<(%, %) ≥ 0
and<(%, %) = 0 if and only ifH = {0} .

Proof. We have

<(%, %) = 〈<(·, %),<(·, %)〉H = ‖<(·, %)‖2H.

Which gives<(%, %) ≥ 0 and<(%, %) = 0 if and only ifH = {0}. ¤

Lemma 2.5. Reproducing kernel<(%, ϕ) is a positive semi definite.



Reproducing Kernel for Neumann Boundary Conditions 681

Proof. For any complex numberζi,
n∑

ı,=1

ζiζj<(%i, %j) =
n∑

i=1

n∑

j=1

ζiζj〈<(·, %i),<(·, %j)〉H

= 〈
n∑

j=1

ζj<(·, %j),
n∑

i=1

ζi<(·, %i)〉H

= 〈
n∑

i=1

ζi<(·, %i),
n∑

i=1

ζi<(·, %i)〉H

= ‖
n∑

i=1

ζi<(·, %i)‖2H ≥ 0.

Hence, reproducing kernel is positive semi definite. ¤
Lemma 2.6. For any fixed% ∈ X, the linear functionalI(f(%)) = f(%) is bounded if and
only if Hilbert spaceH is a reproducing kernel space.

Proof. SinceH is a reproducing kernel space, there exists a reproducing kernel<(%, ϕ).
|I(f(%))| = |f(%)| = |〈f(·),<(·, %)〉H|

≤ ‖f(·)‖H‖<(·, %)‖H
= ‖f(·)‖H

√
〈<(·, %),<(·, %)〉H

= ‖f(·)‖H
√
<(%, %).

Therefore,I(f(%)) = f(%) is bounded.
Now, for everyf(%) ∈ H, because of linear functional, by F. Riesz theorem there exists a
unique<(·, %) ∈ H, whencef(%) = I(f(%)) = 〈f(·),<(·, %)〉H.
Hence, the lemma is proved. ¤

3. REPRODUCINGKERNEL SPACEWm
2 [α, β]

In this section, the function spaceWm
2 [α, β] = {f(%) : f (m−1)(%) is absolutely contin-

uous,f (m)(%) ∈ L2[α, β], % ∈ [α, β]}.
For any functionsf(%), g(%) ∈ Wm

2 [α, β],

〈f(%), g(%)〉Wm
2

=
m−1∑

i=0

[
dif(α)

d%i

dig(α)
d%i

+
dif(β)

d%i

dig(β)
d%i

]
+

∫ β

α

dmf(%)
d%m

dmg(%)
d%m

d%,

‖f(%)‖Wm
2

=
√
〈f(%), g(%)〉Wm

2
.

Theorem 3.1. The spaceWm
2 [α, β] is an inner product space.

Proof. Let f(%), g(%), h(%) ∈ Wm
2 [α, β].

Here,

〈f(%), f(%)〉Wm
2

=
m−1∑

i=0

[(
dif(α)

d%i

)2

+
(

dif(β)
d%i

)2
]

+
∫ β

α

(
dmf(%)

d%m

)2

d%.
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Since,
(

dif(α)
d%i

)2

> 0 and
(

dif(β)
d%i

)2

> 0,0 ≤ i ≤ m− 1.

Also,
(

dif(α)
d%i

)2

= 0 and
(

dif(β)
d%i

)2

= 0 if and only if dif(α)
d%i = 0 and dif(β)

d%i = 0,

0 ≤ i ≤ m− 1.

And ,
(

dmf(%)
d%m

)2

> 0 and
(

dmf(%)
d%m

)2

= 0 if and only if dmf(%)
d%m = 0,∀% ∈ [α, β].

Therefore,
∫ β

α

(
dmf(%)

d%m

)2

d% > 0 and
∫ β

α

(
dmf(%)

d%m

)2

d% = 0 if and only if
dmf(%)

d%m = 0, ∀% ∈ [α, β].
Thus,〈f(%), g(%)〉Wm

2
is positive definite.

Clearly,〈f(%), g(%)〉Wm
2

=〈g(%), f(%)〉Wm
2

which gives〈f(%), g(%)〉Wm
2

is symmetric.
Now for linearity consider scalarsa andb,

〈af(%) + bg(%), h(%)〉Wm
2

=
m−1∑

i=0

[(
a
dif(α)

d%i
+ b

dig(α)
d%i

)
dih(α)

d%i
+

(
a
dif(β)

d%i
+ b

dig(β)
d%i

)
dih(β)

d%i

]

+
∫ β

α

[
a
dmf(%)

d%m
+ b

dmg(%)
d%m

]
dmh(%)

d%m
d%

=
m−1∑

i=0

[
a
dif(α)

d%i

dih(α)
d%i

+ a
dif(β)

d%i

dih(β)
d%i

]
+

∫ β

α

a
dmf(%)

d%m

dmh(%)
d%m

d%

+
m−1∑

i=0

[
b
dif(α)

d%i

dih(α)
d%i

+ b
dif(β)

d%i

dih(β)
d%i

]
+

∫ β

α

b
dmf(%)

d%m

dmh(%)
d%m

d%

=a〈f(%), h(%)〉Wm
2

+ b〈g(%), h(%)〉Wm
2

.

Thus,〈f(%), g(%)〉Wm
2

is linear.
This completes the proof. ¤

Theorem 3.2. The spaceWm
2 [α, β] is a Hilbert space.

Proof. Considerfn(%), n = 1, 2, . . . is a Cauchy sequence inWm
2 [α, β].

Therefore,

‖fn+p − fn‖2Wm
2

=
m−1∑

i=0

[(
difn+p(α)

d%i
− difn(α)

d%i

)2

+
(

difn+p(β)
d%i

− difn(β)
d%i

)2
]

+
∫ β

α

(
dmfn+p(%)

d%m
− dmfn(%)

d%m

)2

d% → 0

asn →∞.
Which gives,d

ifn+p(α)
d%i − difn(α)

d%i → 0 asn →∞, 0 ≤ i ≤ m− 1,n = 1, 2, . . ..

Similarly, difn+p(β)
d%i − difn(β)

d%i → 0 asn →∞, 0 ≤ i ≤ m− 1,n = 1, 2, . . ..

And
∫ β

α

(
dmfn+p(%)

d%m − dmfn(%)
d%m

)2

d% → 0 asn →∞.

Which indicates that for anyi (0 ≤ i ≤ m − 1), the sequencesd
ifn(α)
d%i and difn(β)

d%i ,n =
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1, 2, . . . are Cauchy sequences inR and dmfn(%)
d%m ,n = 1, 2, . . . is a Cauchy sequence in

spaceL2[α, β].
So, there exists unique real numbersci and di, 0 ≤ i ≤ m − 1 and unique function

h(%) ∈ L2[α, β] such that,difn(α)
d%i → ci and difn(β)

d%i → di ,0 ≤ i ≤ m − 1 and
∫ β

α

(
dmfn(%)

d%m − h(%)
)2

d% → 0 asn →∞.

We must haveg(%) ∈ Wm
2 [α, β] with dig(α)

d%i = ci , dig(β)
d%i = di , 0 ≤ i ≤ m − 1 and

dmg(%)
d%m = h(%).

Moreover,

‖fn(%)− g(%)‖2Wm
2

=
m−1∑

i=0

[(
difn(α)

d%i
− dig(α)

d%i

)2

+
(

difn(β)
d%i

− dig(β)
d%i

)2
]

+
∫ β

α

(
dmfn(%)

d%m
− dmg(%)

d%m

)2

d%

=
m−1∑

i=0

[(
difn(α)

d%i
− ci

)2

+
(

difn(β)
d%i

− di

)2
]

+
∫ β

α

(
dmfn(%)

d%m
− h(%)

)2

d% → 0 as n →∞.

Hence, the function spaceWm
2 is a Hilbert space. ¤

Theorem 3.3. The spaceWm
2 [α, β] is a reproducing kernel Hilbert space.

Proof. As per Lemma 2.6, suppose thatI(f) = f(%), % ∈ [α, β] is linear functional of
Wm

2 [α, β] andf(%) ∈ Wm
2 .

We have,

dm−1f(%)
d%m−1

=
dm−1f(α)

d%m−1
+

∫ %

α

dmf(%)
d%m

d%,

and

dm−1f(%)
d%m−1

=
∫ β

%

dmf(%)
d%m

d%− dm−1f(β)
d%m−1

.

Therefore,

dm−1f(%)
d%m−1

=
1
2

[
dm−1f(α)

d%m−1
− dm−1f(β)

d%m−1

]
+

1
2

∫ β

α

dmf(%)
d%m

d%.

Obviously,
∣∣∣∣
dm−1f(%)

d%m−1

∣∣∣∣ ≤
∣∣∣∣
dm−1f(α)

d%m−1

∣∣∣∣ +
∣∣∣∣
dm−1f(β)

d%m−1

∣∣∣∣ +
∫ β

α

∣∣∣∣
dmf(%)

d%m

∣∣∣∣ d%. (3. 1)
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Since,

∫ β

α

∣∣∣∣
dmf(%)

d%m

∣∣∣∣ d% ≤
[
(β − α)

∫ β

α

∣∣∣∣
dmf(%)

d%m

∣∣∣∣
2

d%

] 1
2

= K0

[∫ β

α

∣∣∣∣
dmf(%)

d%m

∣∣∣∣
2

d%

] 1
2

≤ K0

[
m−1∑

i=0

((
dif(α)

d%i

)2

+
(

dif(β)
d%i

)2
)

+
∫ β

α

∣∣∣∣
dmf(%)

d%m

∣∣∣∣
2
] 1

2

= K0‖f‖Wm
2

.

(3. 2)

Now, for anyi, 0 ≤ i ≤ m− 1,

∣∣∣∣
dif(α)

d%i

∣∣∣∣ ≤
[

m−1∑

i=0

((
dif(α)

d%i

)2

+
(

dif(β)
d%i

)2
)

+
∫ β

α

∣∣∣∣
dmf(%)

d%m

∣∣∣∣
2
] 1

2

= ‖f‖Wm
2

.

(3. 3)

Similarly,
∣∣∣∣
dif(β)

d%i

∣∣∣∣ ≤ ‖f‖Wm
2

. (3. 4)

From ( 3. 1 ) to ( 3. 4 ),
∣∣∣∣
dm−1f(%)

d%m−1

∣∣∣∣ ≤ K1‖f‖Wm
2

. (3. 5)

Analogously,
∣∣∣∣
dm−2f(%)

d%m−2

∣∣∣∣ ≤ K2‖f‖Wm
2

.

Thus,|I(f)| = |f(%)| ≤ Km‖f‖Wm
2

.
Hence,I is bounded functional which provide thatWm

2 [a, b] is reproducing kernel Hilbert
space. ¤

4. METHOD TO CONSTRUCTREPRODUCINGKERNEL

Suppose<(%, ϕ) is the reproducing kernel function ofWm
2 [α, β], then for any fixed

ϕ ∈ [α, β] and anyf(%) ∈ Wm
2 [α, β], <(%, ϕ) must satisfy

〈f(%),<(%, ϕ)〉Wm
2

= f(ϕ).

Therefore,

〈f(%),<(%, ϕ)〉Wm
2

=
m−1∑

i=0

[
dif(α)

d%i

∂i<(α, ϕ)
∂%i

+
dif(β)

d%i

∂i<(β, ϕ)
∂%i

]

+
∫ β

α

dmf(%)
d%m

∂m<(%, ϕ)
∂%m

d%.

(4. 6)
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Since,
∫ β

α

dmf(%)
d%m

∂m<(%, ϕ)
∂%m

d% =
m−1∑

i=0

(
(−1)i d

m−i−1f(%)
d%m−i−1

∂m+i<(%, ϕ)
∂%m+i

)β

%=α

+ (−1)m

∫ β

α

f(%)
∂2m<(%, ϕ)

∂%2m
d%.

(4. 7)

Also,
m−1∑

i=0

((−1)i d
m−i−1f(%)
d%m−i−1

∂m+i<(%, ϕ)
∂%m+i

=
m−1∑

i=0

(−1)m−i−1 dif(%)
d%i

∂2m−i−1<(%, ϕ)
∂%2m−i−1

.(4. 8)

From equations ( 4. 6 ) to ( 4. 8 ), we get

〈f(%),<(%, ϕ)〉Wm
2

=
m−1∑

i=0

[
dif(α)

d%i

(
∂i<(α, ϕ)

∂%i
− (−1)m−i−1 ∂2m−i−1<(α,ϕ)

∂%2m−i−1

)

+
dif(β)

d%i

(
(−1)m−i−1 ∂2m−i−1<(β, ϕ)

∂%2m−i−1
+

∂i<(β, ϕ)
∂%i

)]

+ (−1)m

∫ β

α

f(%)
∂2m<(%, ϕ)

∂%2m
d%.

(4. 9)

Now, from equations ( 4. 6 ), ( 4. 9 ) and the Dirac delta function

(−1)m ∂2m<(%, ϕ)
∂%2m

= δ(%− ϕ), (4. 10)

∂i<(α,ϕ)
∂%i

− (−1)m−i−1 ∂2m−i−1<(α, ϕ)
∂%2m−i−1

= 0, 0 ≤ i ≤ m− 1, (4. 11)

(−1)m−i−1 ∂2m−i−1<(β, ϕ)
∂%2m−i−1

+
∂i<(β, ϕ)

∂%i
= 0, 0 ≤ i ≤ m− 1. (4. 12)

Here,<(%, ϕ) is the solution of the following constant coefficient2m order differential
equation with boundary conditions ( 4. 11 ) and ( 4. 12 )

(−1)m ∂2m<(%, ϕ)
∂%2m

= 0. (4. 13)

The equation ( 4. 13 ) has characteristic equationλ2m = 0 whose the characteristic root
λ = 0 with multiplicity 2m.
Therefore,

<(%, ϕ) =

{
<1(%, ϕ) =

∑2m
i=1 ci(ϕ)%i−1, % < ϕ,

<2(%, ϕ) =
∑2m

i=1 di(ϕ)%i−1, % > ϕ.
(4. 14)

Since, the solution ( 4. 14 ) of ( 4. 13 ) also satisfied the following conditions

∂i<1(ϕ,ϕ)
∂%i

=
∂i<2(ϕ,ϕ)

∂%i
, 0 ≤ i ≤ 2m− 2, (4. 15)

∂2m−1<1(ϕ+, ϕ)
∂%2m−1

− ∂2m−1<2(ϕ−, ϕ)
∂%2m−1

=
1

(−1)m
. (4. 16)
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Using boundary conditions ( 4. 11 ), ( 4. 12 ), ( 4. 15 ) and ( 4. 16 ), we can derive the
reproducing kernel<(%, ϕ) for anym.

5. REPRODUCINGKERNEL FOR NEUMANN BOUNDARY CONDITIONS

In mathematics, there are many mathematical formulation from real world problem ei-
ther in ordinary differential equations or in partial differential equations with Neumann
boundary conditions. To solve these type of problems using reproducing kernel, we have
need reproducing kernel which satisfied Neumann boundary conditions. so that, in this
section, we derived reproducing kernel form = 2 with Neumann boundary conditions.
Therefore, the function spaceW2

2 [α, β] is defined as,W2
2 [α, β] = {f(%) : f(%), f ′(%) are

absolutely continuous,f ′′(%) ∈ L2[α, β], % ∈ [α, β], f ′(α) = 0, f ′(β) = 0}.
Here, we consideredm = 2 in ( 4. 13 ) of Section 4 with the two Neumann boundary
conditions so we obtained fourth order differential equation

∂4<(%, ϕ)
∂%4

= 0. (5. 17)

We know that equation ( 5. 17 ) has characteristic equationλ4 = 0, and the characteristic
valueλ = 0 is a root whose multiplicity is four. Therefore the general solution of equation
( 5. 17 ) is

<(%, ϕ) =

{
<1(%, ϕ) = c1(ϕ) + c2(ϕ)% + c3(ϕ)%2 + c4(ϕ)%3, % ≤ ϕ,

<2(%, ϕ) = d1(ϕ) + d2(ϕ)% + d3(ϕ)%2 + d4(ϕ)%3, % > ϕ.
(5. 18)

Now we are ready to obtain the coefficientsc1(ϕ), c2(ϕ), c3(ϕ), c4(ϕ), d1(ϕ), d2(ϕ), d3(ϕ)
andd4(ϕ).
From the equations ( 4. 15 ) , ( 4. 16 ) and two Neumann boundary conditions, we get the
boundary conditions for the differential equation ( 5. 17 ),

<(α, ϕ) +
∂3<(α, ϕ)

∂%3
= 0,

∂<(α, ϕ)
∂%

= 0,

<(β, ϕ)− ∂3<(β, ϕ)
∂%3

= 0,

∂<(β, ϕ)
∂%

= 0,

<1(ϕ,ϕ) = <2(ϕ,ϕ),

∂<1(ϕ,ϕ)
∂%

=
∂<2(ϕ,ϕ)

∂%
,

∂2<1(ϕ, ϕ)
∂%2

=
∂2<2(ϕ,ϕ)

∂%2
,

∂3<1(ϕ+, ϕ)
∂%3

− ∂3<2(ϕ−, ϕ)
∂%3

= 1.

(5. 19)
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From equations ( 5. 18 ) and ( 5. 19 ), we get the eight linear equations with vari-
ablesc1(ϕ), c2(ϕ), c3(ϕ), c4(ϕ), d1(ϕ), d2(ϕ), d3(ϕ) andd4(ϕ) . Using any linear algebra
method, we get the coefficients

c1(ϕ) =
α2 ϕ

2
− α3

3
−

(−α3 + 3 β α2 + 12
) (−α3 + 3 β α2 + 3 α ϕ2 − 6 β α ϕ− 2 ϕ3 + 3 β ϕ2 + 12

)

12 (−α3 + 3 α2 β − 3 α β2 + β3 + 24)

+
α2 (α− ϕ)2

4 (α− β)
+ 1,

c2(ϕ) = − (β − ϕ)2

2
− β (β − ϕ)2

2 (α− β)
− α β

(
β3 − 3 α β2 − 3 β ϕ2 + 6 α β ϕ + 2 ϕ3 − 3 α ϕ2 + 12

)

2 (−α3 + 3 α2 β − 3 α β2 + β3 + 24)
,

c3(ϕ) =
(β − ϕ)2

4 (α− β)
+

(α + β)
(
β3 − 3 α β2 − 3 β ϕ2 + 6 α β ϕ + 2 ϕ3 − 3 α ϕ2 + 12

)

4 (−α3 + 3 α2 β − 3 α β2 + β3 + 24)
,

c4(ϕ) = −β3 − α
(
3 β2 − 6 β ϕ + 3 ϕ2

)− 3 β ϕ2 + 2 ϕ3 + 12
6 (−α3 + 3 α2 β − 3 α β2 + β3 + 24)

,

d1(ϕ) =
β3

3
− β2 ϕ

2
−

(
β3 − 3 α β2 + 12

) (
β3 − 3 α β2 − 3 β ϕ2 + 6 α β ϕ + 2 ϕ3 − 3 α ϕ2 + 12

)

12 (−α3 + 3 α2 β − 3 α β2 + β3 + 24)

+
β2 (β − ϕ)2

4 (α− β)
+ 1,

d2(ϕ) =
(α− ϕ)2

2
− α (α− ϕ)2

2 (α− β)
+

α β
(−α3 + 3 β α2 + 3 α ϕ2 − 6 β α ϕ− 2 ϕ3 + 3 β ϕ2 + 12

)

2 (−α3 + 3 α2 β − 3 α β2 + β3 + 24)
,

d3(ϕ) =
(β − ϕ)2

4 (α− β)
− ϕ

2
+

(α + β)
(
β3 − 3 α β2 − 3 β ϕ2 + 6 α β ϕ + 2 ϕ3 − 3 α ϕ2 + 12

)

4 (−α3 + 3 α2 β − 3 α β2 + β3 + 24)
,

d4(ϕ) =
3 α ϕ2 + β

(
3 α2 − 6 α ϕ + 3 ϕ2

)− α3 − 2 ϕ3 + 12
6 (−α3 + 3 α2 β − 3 α β2 + β3 + 24)

.

6. CONCLUSION

In this paper we derived a generalized reproducing kernel for Neumann boundary con-
ditions using an inner product. This reproducing kernel is used to solve the ordinary differ-
ential equations of the first with Neumann boundary condition explicitly form = 2. The
derive reproducing kernel is generalized fornth order ordinary differential equations by
substitutem = n + 1.
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