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Abstract.: Simultaneous impacts of homogeneous and heterogeneous re-
action and Joule heating in magnetohydrodynamic (MHD) peristaltic flow
of viscous fluid in a symmetric channel are analyzed in this investigation.
Attention has been focused on designing and simulating a mathematical
model for a viscous fluid in presence of viscous dissipation. Long wave-
length approximation in wave frame analysis is implemented. Expressions
for the stream function, axial pressure gradient, temperature, heat trans-
fer coefficient and concentration are derived and discussed. In addition,
the trapping phenomenon is analyzed. The effects of the physical quan-
tities of concern are viewed with a special focus on homogeneous and
heterogeneous reaction and convective conditions for the transfer of heat
at the walls. It is observed that the pressure rise first increases and then
decreases with an increase in amplitude ratio. Effects of Brinkman and
Hartmann numbers on temperature are quite analogous and a temperature
rise is observed, however, temperature decays for the increased value of
Biot number. Moreover, fluid concentration decreases when the value of
the homogeneous reaction parameter is increased.
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1. INTRODUCTION

The principle of peristalsis is usually used in roller and finger pumps, transfer of urine
from the kidneys to the urinary bladder, movement of lymph vessels, vasomotion of blood
capillaries, ingestion of food through the esophagus and transmitting semen. To prevent
pollution of the outside atmosphere, explosive isotopes in the nuclear power industry should
be transferred by this mechanism. Such a mechanism concerning the heat transfer emerges
for the conduction of heat in the tissues, the convection of heat by the blood circulation
from the membranes of the body tissues and the radiation between both the environment
and the surface. Peristalsis is implicated by heat transfer in oxygen delivery and blood
transfusion processes. Mass transfer is also significant in the molecular diffusion, when
nutrients disperse from the blood vessels to the surrounding tissues, diffusion of chemical
impurities, combustion process, membrane-separation process, reverse osmosis and dis-
tillation process. The magnetohydrodynamic (MHD) concept through ducts/channels has
promising applications in the design of shock tubes, MHD generators, pumps and flow me-
ters and cross-field accelerators. The flow in such devices is supplemented by heat either
dissipated internally through Joule or viscous heating or that generated by electric currents
across the walls. Motivated by all the aforementioned facts, various recent researchers
[1 − 8] have analyzed the heat and mass transfer effects in the peristaltic flows since the
primary attempts one by Latham[16] and the other by Shapiro et al.[17]. Hina et al.[9] in-
vestigated the peristaltic flow of Powell-Eyring fluid in a curved channel with heat transfer.
Ahmed et al. [10] examine simulation results of mixed convective MHD peristaltic flow
with joule heating in a curved pipe. Thermo-mechanical analysis of the non-Newtonian
peristaltic mechanism by using a modified heat flux model is done by Mehmood et al.
[11]. Riaz et al.[12] analyzed the importance of hybrid nanoparticles in the heat transfer
of the Eyring-Powell fluid in the peristaltic flow regime. Yasmin et al.[13] emphasized
the importance of the mechanism of heat/mass transfer in the peristalsis of the rheological
substance. Hayat et al.[14] investigated the effects of magnetic field, thermal radiation and
heat/mass convection on peristaltic flow. Yasmin et al.[15] analyzed the heat/mass transfer
through convective boundary conditions on a Johnson-Segalman fluid flow with peristalsis
in a curved channel.

It is seen from the available information on the subject that there is very little em-
phasis yet on the impact of the homogeneous and heterogeneous chemical reactions in
a flow with peristalsis[18− 21]. It is noticeable that the homogeneous and heterogeneous
processes are important in various thermochemical processes, such as fermentation, elec-
trochemical, catalysis, semiconducting film and biochemical processing. Interpretations of
such reactions involve coal gasification, iron manufacturing in blast furnaces and oxidative
restoration in coke catalysis, etc.. The rate of conversion of reactant is different in both
homogeneous-heterogeneous reactions on the catalytic surface and within the fluid. Mo-
tivated by such applications, the present study focuses on the impact of the homogeneous
and heterogeneous chemical reactions on peristaltic viscous fluid flow along with MHD,
the Joule heating and viscous dissipation. The channel walls satisfy convective conditions.
The arrangement of the present attempt is as follows. The next section comprises problem
formulation. Solution expressions are presented in section three. Analysis of the numerous
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parameters on important flow quantities is addressed in section four. Section five consists
of the main points.

2. PROBLEM FORMULATION

The electrically conductive viscous fluid (incompressible) is assumed in a two-dimensional
symmetrical channel of width.2a. The channel walls satisfy convective conditions. With
constant speedc, a wave of amplitudeb (which is sinusoidal) is propagating along the walls
of the channel in thēX−direction andȲ -axis is taken normal to the channel walls. A uni-
form magnetic field with magnetic flux densitȳB = (0, B0, 0) is applied and the induced
magnetic field is neglected by assuming a small magnetic Reynolds number. The following
formulations provide a basic model for homogeneous-heterogeneous reactions[18− 21] in
the presence of the two chemical speciesA andB:

A + 2B → 3B, rate=kcαβ2,
A → B, rate=ksα.
Hereα andβ are the concentrations of the chemical speciesA andB andkc andks are

the rate constants. We also consider that reactantA has a constant concentrationα0 and
no auto-catalystB occurs above the channel walls. Consequently, the reaction mechanism
guarantees that the reaction rate is zero for the outer flow. The configuration of the walls of
the channel is established by

H̄
(
X̄, t̄

)
= a + b cos

(
2π

λ

(
X̄ − ct̄

))
, (2. 1)

Figure 1:Geometry of the problem
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where the wave amplitude isb, the wavelength isλ and the time is̄t. The equations
which regulate the flow of incompressible viscous fluid with MHD with the effects of vis-
cous dissipation and Joule heating in presence of heat as well as mass transfer[13, 14, 18]
are as follows:

∂Ū

∂X̄
+

∂V̄

∂Ȳ
= 0, (2. 2)

ρ
dŪ

dt̄
= − ∂P̄

∂X̄
+ µ

[
∂2Ū

∂X̄2
+

∂2Ū

∂Ȳ 2

]
− σB2

0Ū , (2. 3)

ρ
dV̄

dt̄
= −∂P̄

∂Ȳ
+ µ

[
∂2V̄

∂X̄2
+

∂2V̄

∂Ȳ 2

]
, (2. 4)

ρξ
dT̄

dt̄
= κ

[
∂2T̄

∂X̄2
+

∂2T̄

∂Ȳ 2

]
+ µ

[(
∂Ū

∂X̄
+

∂V̄

∂Ȳ

)2

+ 2
(

∂Ū

∂X̄

)2

+ 2
(

∂V̄

∂Ȳ

)2
]

+ σB2
0Ū2,

(2. 5)
dᾱ

dt̄
= DA

[
∂2ᾱ

∂X̄2
+

∂2ᾱ

∂Ȳ 2

]
− kcᾱβ̄2, (2. 6)

dβ̄

dt̄
= DB

[
∂2β̄

∂X̄2
+

∂2β̄

∂Ȳ 2

]
+ kcᾱβ̄2. (2. 7)

In above equations̄U, V̄ represent the fluid velocity components in theX̄ and Ȳ direc-

tions,ρ is the fluid density,P̄ denotes the pressure,
d

dt̄

(
=

∂

∂t̄
+ Ū

∂

∂X̄
+ V̄

∂

∂Ȳ

)
is the

expression of the material time derivative,T̄ is the fluid temperature,σ is the electrical
conductivity,µ is the fluid’s dynamic viscosity,κ is the fluid’s thermal conductivity,ξ is
the specific heat at constant volume andDA, DB are the coefficients of diffusion for the
corresponding chemical speciesA andB.

The boundary conditions relevant to the problem are defined by

∂Ū

∂Ȳ
= 0, T̄ = T̄0, ᾱ = ᾱ0, β̄ = 0, at Ȳ = 0, (2. 8)

Ū = 0, k
∂T̄

∂Ȳ
= −ht

(
T̄ − T̄1

)
, DA

∂ᾱ

∂Ȳ
= ksᾱ, DB

∂β̄

∂Ȳ
= −ksβ̄, at Ȳ = H̄,(2. 9)

in which k is the thermal conductivity,ht the wall heat transfer coefficient and̄T1 the
temperature at the wall. No-slip condition is considered for the fluid velocity. Last two
conditions are imposed for the concentrations of the two chemical speciesA andB on the
channel wall.

In the case of two-dimensional unsteady flow of viscous fluid, one can write the velocity
V̄ in the form

V̄ = (Ū(X̄,Ȳ ,t̄),V̄ (X̄,Ȳ ,t̄),0). (2. 10)

Using the transformations

x̄ = X̄ − ct̄, ȳ = Ȳ , ū(x̄, ȳ) = Ū(X̄, Ȳ , t̄)− c, v̄(x̄, ȳ) = V̄ (X̄, Ȳ , t̄),
T̄ (x̄, ȳ) = T̄ (X̄, Ȳ , t̄), p̄ (x̄, ȳ) = P̄

(
X̄, Ȳ , t̄

)
. (2. 11)
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In the moving/wave frame, the unsteady motion(X̄, Ȳ , t̄) becomes steady(x̄, ȳ) in the
stationary/fixed frame. Here(ū, v̄) are components of the fluid velocity in the moving/wave
frame and the pressure is̄p.

Introducing

x =
x̄

λ
, y =

ȳ

a
, u =

ū

c
, v =

v̄

cδ
, p =

a2p̄

cµλ
, δ =

a

λ
, < =

ρca

µ
,

υ =
µ

ρ
, M =

√(
σ

µ

)
, Pr =

µξ

k
, E =

c2

ξ
(
T̄1 − T̄0

) , Br = Pr E, h =
h̄

a
,

d =
b

a
, t =

ct̄

λ
, θ =

T̄ − T̄0

T̄1 − T̄0
, ᾱ=

f

α0
, β̄ =

g

α0
(2. 12)

and definingu andv (i.e., the fluid velocity components) in form of the stream functionψ
by

u =
∂ψ

∂y
, v = −∂ψ

∂x
, (2. 13)

the condition of incompressibility(2) is satisfied identically and Eqs.(3− 7) through low
Reynolds number and long wave-length yield

dp

dx
=

∂3ψ

∂y3
−M2

(
∂ψ

∂y
+ 1

)
, (2. 14)

∂4ψ

∂y4
−M2 ∂2ψ

∂y2
= 0, (2. 15)

∂p

∂y
= 0, (2. 16)

∂2θ

∂y2
+ Br

(
∂2ψ

∂y2

)2

+ M2Br

(
∂ψ

∂y
+ 1

)2

= 0, (2. 17)

1
Sc

∂2f

∂y2
−Kfg2 = 0, (2. 18)

γ

Sc

∂2g

∂y2
+ Kfg2 = 0, (2. 19)

wherep 6= p (y) , υ represents the fluid kinematic viscosity,M is the Hartmann number,
Br is the Brinkman number,Pr is the Prandtl number, the Eckert number is denoted by

E , the wave number byδ, Schmidt number is symbolized asSc, K = a2kcα2
0

υ is the
homogenous reaction strength,γ = DB

DA
denotes the diffusion coefficients ratio,θ(y) is the

fluid temperature in dimensionless form andf, g are the chemical species concentrations
in the dimensionless form respectively after dropping bars.
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The dimensionless boundary conditions are

θ = 0, f = 1, g = 0, at y = 0, (2. 20)
∂θ

∂y
= −Bi (θ − 1) ,

∂f

∂y
= Γf, γ

∂g

∂y
= −Γf, at y = h, (2. 21)

ψ = 0,
∂2ψ

∂y2
= 0, aty = 0,

ψ = F,
∂ψ

∂y
= −1, aty = h(x), (2. 22)

whereBi = htk
a is the Biot number,Γ = ksa

DA
measures the strength of the heterogenous

(surface) reaction.
The instantaneous volumetric flow rateQ in the stationary/fixed frame is defined by

Q =
∫ H̄(X̄,t̄)

0

Ū(X̄, Ȳ , t̄). (2. 23)

The expression given above in the wave frame is written as

q =
∫ h̄(x̄)

0

ū(x̄, ȳ)dȳ. (2. 24)

Using Eqs.(11), (23) and(24), we can constitute the following expression:

Q = q + ch̄(x̄). (2. 25)

Time-mean flow over a periodτ(= λ/c) is specified as

Q =
1
τ

∫ τ

0

Qdt̄. (2. 26)

Putting Eq.(25) into Eq.(26) and then integration of the resulting expression gives

Q = q + ca. (2. 27)

In the laboratory and the wave frames, the dimensional time-mean flowsη andF can be
placed into the forms

η =
Q

ca
, F =

q

ca
(2. 28)

and then(29) can be reduced as follows:

η = F + 1, (2. 29)

F =
∫ h(x)

0

∂ψ

∂y
dy = ψ(h(x))− ψ(0). (2. 30)

The dimensionless form ofh is

h(x) = 1 + d cos(2πx), (2. 31)

whered = b
a . The pressure rise in dimensionless form is given by

∆pλ =
∫ λ

0

dp

dx
dx, (2. 32)

wheredp
dx is defined in Eq.(14).
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It is estimated that the diffusion coefficients of chemical speciesA andB are of equiv-
alent size. ThereforeDA = DB , i.e., γ = 1. This assumption leads to the following
relation:

f + g = 1. (2. 33)

Hence Eqs.(18) and(19) give

1
Sc

∂2f

∂y2
−Kf (1− f)2 = 0, (2. 34)

and the boundary conditions take the form

f = 1, at y = 0;
∂f

∂y
= Γf, at y = h. (2. 35)

3. SOLUTIONS

The closed form solutions of Eqs.(14), (15) and (17) subject to the corresponding
boundary conditions are as follows:

ψ(y) =
2ehM (FMy cosh [hM ] + y sinh [hM ]− (F + h) sinh [My])

1 + hM + e2hM (−1 + hM)
, (3. 36)

dp

dx
=

− (F + h)M3 cosh [hM ]
hM cosh [hM ]− sinh [hM ]

, (3. 37)

θ(y) =
1

2 (1 + hM + e2hM (−1 + hM))2
[−Bre−2My (F + h)2 M2{e2hM − 4eM(h+y) − 4e3M(h+y)

−4eM(3h+y) + e2M(h+2y) − 4eM(h+3y) + e2MyM2y2 + 2e2M(h+y)M2y2

+e2M(2h+y)M2y2} − 2Bre2hM (F + h)2M2(−1 + 8 cosh[hM ])

+
1

(1 + Bih)
y{2Br(1 + e2hM )(F + h)2M3(1 + hM + e2hM (−1 + hM))

+Bie2hM (−2 + M2(2h2 + Br(F + h)2(−5 + h2M2)) + 8Br(F + h)2M2 cosh(hM)
+(2 + M2(2h2 + Br(F + h)2(−3 + h2M2))) cosh(2hM)− 4hM sinh(2hM))}]. (3. 38)

The heat transfer coefficient is defined by

Z(x) = hxθy (h) , (3. 39)

Z(x) =
1

((1 + Bih)(1 + hM + e2hM (−1 + hM))2)
× (Bid(−2 + 3BrF 2M2

−8BrehM (F + h)2M2 − 8Bre3hM (F + h)2M2 + Brh4M4

+2Brh3M3(1 + FM) + 2hM(−2 + BrFM(3 + FM)

+h2M2(−2 + Br(3 + 4FM + F 2M2) + 2e2hM (2− 2h2M2 + Br(F + h)))))).(3. 40)

The subsequent Eq.(34) is not linear inf . The closed form of the solution is not achievable
with the specific values of the parameters being used in this equation. Therefore, the per-
turbation approach has been used to find a solution forK (a small parameter). Therefore,
series expansion off is given in the form

f = f0 + Kf1 + K2f2 + ... (3. 41)
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Substitution of above equation into Eq.(34) and then arranging in terms of the like powers
of K, one can get:

3.1. System of O(K)0 and its solution.

∂2f0

∂y2
= 0, (3. 42)

f0 = 1, at y = 0,

∂f0

∂y
= Γf0, at y = h(x). (3. 43)

The Eq.(42) with corresponding boundary condition(43) gives the solution as follows:

f0 = 1 +
yΓ

1− hΓ
. (3. 44)

3.2. System of O(K)1 and its solution.

1
Sc

∂2f1

∂y2
− f0 (1− f0)

2 = 0, (3. 45)

f1 = 0, at y = 0,

∂f1

∂y
= Γf1, at y = h(x). (3. 46)

Supplementing the Eq.(41) to Eqs.(34) and(35), resolve the obtained equations and then
implement the relevant boundary conditions, the solution forf1 is as follows:

f1 =
ScΓ2{y4 (−1 + hΓ) (−5 + 5hΓ− 3yΓ)− 2h3y

(
10− 5hΓ + h2Γ2

)}
60 (−1 + hΓ4)

. (3. 47)

3.3. System of O(K)2 and its solution.

1
Sc

∂2f2

∂y2
− f1 − 3f2

0 f1 + 4f0f1 = 0, (3. 48)

f2 = 0, at y = 0,

∂f2

∂y
= Γf2, at y = h(x). (3. 49)

The solution of above system is

f2 =
1

25200 (−1 + hΓ)7
Sc2Γ3[−h6y

(
4900− 2560hΓ + 855h2Γ2 − 190h3Γ3 + 19h4Γ4

)

+420 (−1 + hΓ) {−1
8

y9Γ2(−1 + hΓ) +
3
8
y8Γ(−1 + hΓ)2

− 5
21

y7(−1 + hΓ)3 − 3
10

h3y5Γ(10− 5hΓ + h2Γ2)

+
1
3
h3y4(−10 + 15hΓ− 6h2Γ2 + h3Γ3)}]. (3. 50)
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4. DISCUSSION

The purpose of this section is to examine the influence of influential flow parameters
on the pumping characteristic, temperature, concentrations, streamlines and heat transfer
coefficient.

Now we first examine the nature of the pressure gradientdp
dx and the pressure rise∆Pλ

per wavelengthλ for the various parameter values in the problem under consideration.
We noted that the interpretation of the pressure rise requires the integration ofdp

dx . The
analytical solution of this integral is not possible. The numerical integration is then used
to determine this integral. The variations in pressure gradientdp

dx for various embedded
parameters are illustrated in the Figures 2 & 3. The variation indp

dx for distinct values of
Hartmann number is demonstrated in Figure 2 whend = 0.3 andη = 1.4. It is witnessed
that the pressure gradient decreases with an enhancement inM . Figure 3 shows the impact
of the amplitude ratiod on dp

dx whenM = 2 andη = 1.4. It is observed that the pressure
gradient decays near the channel walls while it enhances in the center of the channel. Figure
4 indicates the difference in the pressure rise∆pλ with the flow rateη for the numerous
values of amplitude ratiod values whenM = 0.5. We observe that pumping increases in
the interval(−0.5 ≤ η < 0.71) and it decreases in the interval(0.71 ≤ η < 1.5). Figure 5
is sketched to see the nature of the pressure rise∆pλ, against flow rateη for various values
of Hartmann numberM whend = 0.3. It is depicted that the pressure rise increases when
Hartmann numberM is increased in the interval(−0.5 ≤ η < 0.1) and it decreases in the
interval(0.1 ≤ η < 1.5).

The influence of various parameters on the fluid temperatureθ(y) is examined in Figures
6-8. The effect of Hartmann numberM is portrayed in Figure 6 whend = 0.3, x = 0,
Bi = 2, Br = 0.5, η = 1.4. It is noted that the temperatureθ(y) increases by increasing
Hartmann numberM due to viscous heating resulted from Joule heating. Figure 7 indicates
that the fluid temperatureθ(y) enhances with a rise in the Brinkman numberBr when
d = 0.3, x = 0, Bi = 2, M = 1, η = 1.4. Actually, Brinkman numberBr represents
the viscous dissipation effects. It is very clear that in the flow of viscous fluid, the fluid
viscosity extracts the kinetic energy out of the movement of the liquid and converts it
into intrinsic energy and hence heats the fluid. Figure 8 shows that the fluid temperature
decreases when Biot numberBi is increased (whered = 0.3, x = 0, Br = 0.5, M = 1,
η = 1.4) as the Biot number is the ratio of resistance to internal heat flow to the resistance
to the external heat flow. High values of the Biot number indicate that the convection is the
main heat transfer mechanism in the presented study.

The variation in concentration profile and concentration at the surface for different phys-
ical parameters are depicted in Figures 9-13. Figure 9 represents that the concentration
profile tends to increase with an enhancement in heterogeneous reaction parameterΓ when
x = 0.1, d = 0.3, Sc = 0.5, K = 0.2. Figure 10 illustrates the effect of the strength of
homogenous reaction parameterK on the concentration whenx = 0.1, d = 0.3, Sc = 0.5,
Γ = 2. It is clear thatf(y) decreases by increasingK. Figure 11 indicates the effects of
the Schmidt numberSc on concentration wherex = 0.1, d = 0.3, K = 0.4, Γ = 2. It is
noticed thatf is decreased by increasingSc as the Schmidt number is the ratio of momen-
tum to the mass diffusivity. The variation in concentration profile is revealed as a function
of h for some values ofΓ in Figure 12 withx = 0.1, d = 0.3, Sc = 0.5. It is observed that
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concentration increases for largerΓ. From Figure 13 we see that larger Schmidt number
Sc decreases the concentration profilef(y) wherex = 0.1, d = 0.3, Γ = 2.

The behavior of heat transfer coefficientZ(x) for different values of embedded parame-
ters is shown in Figures 14-16. The heat transfer coefficient exhibits behavioral oscillations
which are expected because of the propagation of peristalsis waves. Figure 14 represents
that the magnitude of the coefficient of heat transferZ(x) increases with a rise in the value
of Hartmann numberM whend = 0.3, Bi = 1, Br = 0.5, η = 1.4. Figure 15 depicts that
heat transfer coefficientZ(x) enhances by an increase in the value of Brinkman numberBr
whend = 0.3, Bi = 1, M = 1, η = 1.4. Similar behavior is observed for Biot numberBi
(see Figure 16) i.e., by increasing the value of Biot number, the magnitude of heat transfer
coefficient increases whend = 0.3, Br = 0.5, M = 1, η = 1.4.

The trapping phenomenon is fundamentally the development of a bolus of fluid that
circulates internally by closed streamlines. To observe this phenomenon, Figures 17 and
18 are plotted. The streamlines for various Hartmann numberM values are shown in Figure
17 when the other parameters are kept constant i.e.,d = 0.5, η = 1.4. This Figure shows
that the size of the trapping bolus decreases while the number of streamlines increases
whenM increases. Figure 18 demonstrates the trapping pattern for various mean flow rate
valuesη whend = 0.5, M = 1. It is noted that the number of streamlines increases and
the trapped bolus size decreases when mean flow rateη increases.
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Figure 2:Pressure gradientdp
dx for M.

Figure 3:Pressure gradientdp
dx for d.

Figure 4:Pressure rise∆Pλ against flow rate ford.
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Figure 5:Pressure rise∆Pλ against flow rate forM.

Figure 6:Temperature profileθ(y) for M.

Figure 7:Temperature profileθ(y) for Br.
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Figure 8:Temperature profileθ(y) for Bi.

Figure 9:Concentration profilef(y) for Γ.

Figure 10:Concentration profilef(y) for K.
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Figure 11:Concentration profilef(y) for Sc.

Figure 12:Concentration profilef(h) for Γ.

Figure 13:Concentration profilef(h) for Sc.
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Figure 14:Z(x) for M.

Figure 15:Z(x) for Br.

Figure 16:Z(x) for Bi.
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[b]0.5 [b]0.5

[b]0.5

Figure 17:Streamlines forM (panels a-c).
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[b]0.5 [b]0.5

[b]0.5

Figure 18:Streamlines forη (panels a–c).
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5. CONCLUDING REMARKS

Here the impacts of homogeneous and heterogeneous chemical reactions, viscous dis-
sipation, convective conditions and Joule heating on the peristaltic flow in a channel are
studied. The presented analysis leads to the following main results.

• The pressure rise first increases and then decreases with an increase in amplitude
ratio.

• Effects of Brinkman and Hartmann numbers on temperature are quite analogous
i.e., when such parameters increase, the temperature goes up.

• Fluid concentration decreases when the value of homogeneous reaction parameter
K is increased.

• Temperature is declined for rise in Biot number.
• Reverse behavior of trapping is depicted for Hartmann number and volume flow

rate.
• Concentration of the fluid increases as the heterogeneous reaction parameterΓ

enhances.
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