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Abstract.: The principal goal of this scientific note is first to compose
various rational types functions directly connecting to a variety of mul-
tivalently functions with complex coefficientsyhich are regular in cer-

tain domains in the complex plane, and then to designate numerous ar-
gument properties associating with certain applications of those (multiva-
lent) functions.
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1. BACKGROUND INFORMATION AND MOTIVATION

By a simple literature survey, it is possible to arrive at various scientific works associat-
ing with certain types of multivalenb¢, r-valent) functions being of the Taylor-Maclaurin
series expansions given by the forms:

T:=7(z)
= 2" F w2 T we 2T (7‘ € No :=NU{0}; w14, € (C) , (1)
whichareregularin
U::{Z:ZG(C and|z|<1},
wherethe well-known sets:
N , C and U

are called the sets of theatural numbers, theeomplexnumbers and thepen unitdisc,
respectively.
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More particularly, we write down herethat thosecomplexvaluedfunctions,which have
the forms givenasin (1) andalsoplay a big partin the theory of complexfunctions,are
alsoreferredby certaindifferentnamesin the publishedliterature,which arecalledasthe
multivalently (or, r-valently) analytic functionswith positive coefficientswhen all co-
efficients(w, ) are positivereal numbersand the multivalently(or, r-valently) analytic
functions with negative coefficientswhen all coefficients (w,,) are negative real
numbersFor all typesof thesecomplexfunctionscalledasjust above,someof the earlier
investiga-tionsgivenin [1, 3, 5, 10, 11, 13, 20, 21, 25, 27], may be presentedo the
attentionof the concernedesearchers as certamamples.

Recently,asit hasbeeninformedin detailsby the investigationsn [1, 2, 4, 7, 10, 11,
12,17,18, 20, 21, 22, 27, 28, 29], varioustypesof the multivalently analytic functions
with complex coefficients defindaly makinguseof certainelementaryperatorsnayalso
play asignificantrolesfor bothoperatotheoryandanalyticfunctiontheory. Consequently,
for thoseandour scopesthereis in needof two essentiateminderdn relationwith some
elementaryoperatorswhich were earlier constitutedby using the multivalently analytic
functionsbeingof the formsasin (1). See,especiallythe resultsin the paperspresented
by [2, 11, 15].

As a first reminder,for an analyticfunction T havingthe forms like (1), we wantto
beginwith evokingan extensivelefinitionof a differentialoperator giverby

DY{T}(2) = oLV (2) + (1 = 9)2 T (2), (2)
where ;
o= & 1)
= r! - u! u—r r—uv
- ((TU)! +u§rl (ufv)!wuz )Z (3)
and
v<r, 0<¢<1,seN, reN, veNy and z€U. (4)

Under the mentioned conditions given in (4) and after certain simple calculations, the
following relation can be easily seen that

d

—(D5{1}(=)) = T (@) + (1 - )21 (), (5)

wherethe functionY has the complex-series-expansion form expressed by (1).

In the literature, of course, it also is possible to see numerous scientific researches as-
sociating with certain special types constituted by some of earlier elementary differential
operators (or, their implications / applications) that we have also defined just above. For
some of them, there also is a need to call up some comprehensive information (or, re-
minders) €f., e.g.[1, 2, 3, 11, 13, 14, 15]), as follows.
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As asecondeminder,we alsoneedto startwith presentingan extra-elementargpera-
tor definedby the help of the definitionin [15]. (See also[14] and[16].) For its definition,
in the light of the informationgiven by (2)-(5), for a multivalently analytic function like
T(z) as in (1), we then establish the following-differentigerator given by

) s (Dy{T}e)

whereDy {T}(z) # 0 forall z € U.

Finally, by taking into account those elementary operators (2) and (5) together with (3)
and (5), of course, under the suitable conditions indicated by (4), there can be possible to
find out a large number of relations designated by several combining of the expressions,
whichare

TW(z) , DY{T}(z) and Dy{TY}(2) (7)

for any functionsY'(z) being of the series forms given as in (1).

Specially, after some simple operations, it is easy to see that the poiat 0 is a
removable singulapoint for the complex type operatng{T}(z) (and also all of its
special forms (like (8) below)) for both all € Ny and any function&(z) like (1). In the
present cases, as is well known, these types of the indicated-special relations between the
mentioned operators g{T}(z) and T(*)(z) also play an important role for (Analytic
and)Geometricd-unctionTheory. (See[6, 9] for its specialtopicsandseealsol6, 8, 9, 14,
16,19, 23, 26], asexamples.)f we wantto exemplify here,it is enoughto takethe value
of the parameter asv := 0. Since Y()(z) is the vth derivative of any multivalently
analytic function Y'(z) specifiedby (1), for all admissiblevaluesof those parameters
specifiedas in (4) and also for any multivalently analytic functions with complex
coefficientdike the form in (1), only one of those specialationships:

= (D8{r}=)
(0T + (1 9)2T(2)) .
ST T (1= 9)2T() ®)

2Y(2) + (1 — @) 22T (2)
9T () + (1 -9¢)2T'(z)

can be easily achievedhichis closely associated with (Analytic and) Geometric Function
Theory as elucidated by the works in [6, 9]. Here, we especially recommend focusing on
the whole of the recent paper in [15] as both various implications of the assertions in (2),
(3), (5), (6) and (8). The others are omitted here. We bring the identification of the others
to the attention of the relevant researchers.
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In order to establish our comprehensive resultsichwill be included numerous com-
bining of the related-elementary-differential operators dealing with the mentioned forms in
(7), itis time to enter to the second chapter of this paper.

2. SOME RESULTS AND RELATED IMPLICATIONS

The proposition (just below) is an important tool and very useful auxiliary theorem
proven by M. Nunokawa (see [24]). For some of the earlier results proven by that assertion
(just below), one may refer to the papers given in [14, 15, 16] as some examples.

Lemma 1. (see [24])LetQ(z) be a function with complex variable that is regular in the
discU satisfies the conditiof2(0) = 1, and also let exist a point, € U such that

me((z(z)) >0 when |z| < |zo] < 1, 9)
Q(z0) #0 (10)
and
EFEe(Q(zO)) ~0. (11)
Then
ZQ/(Z)‘z::zO =iAQ(2), (12)

whereA is a real number withA| > 1.

By both considering Lemma 1 and using various extensive combining determined by
certain (elementary) operators in (7) (see [15] and also [14, 16]), we now can both create
and then prove an extensive result consisting of various arguments of certain rational types
of the regular functions like (1hichis being the following theorem (below).

Theorem 1. Under the conditions of the definitions presentedlij (2), (3), (5)and (6)
and also for the appropriate values of the confined parameters stylizgh) tilge following
proposition then holds.

= (05{1}(2))

Arg R ¢ [— 5,0) (13)
= %e(D;{T}(z)) > (r—v)M, (14)

where
DR 0§M<flv and zeU. (15)

Proof. First of all, we have to use Lemma 1 to prove the theorem above. For this, it
is essential that the function specified in Lemma 1 is firstly created. Let us now try to
create the necessary designs. Under the conditions presented in (4) and in the light of the
expressions set out in (2), (5) and (6) together with (3), we can easily get that
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=4 (D5{1}(=)
Dy{T}(2)
P [T(”)(z) . gb)zT(”*l)(z)}
STOG) + (1 92X (3)
7 Z’r(v+1)(z) +(1-¢) zQT(”“)(z)
PYT@(2) + (1 — ¢) 2T+ (2)

wherez € U and the related functioff := Y(z) is constituted by the form like (1). By
take cognizance ofth derivative operator in (3) for the result in (16) and, thereby, after
some extensive complex calculations, in a similar waiéch were earlier considered in

[16], and also under the conditions presented by (15), for the proof of the related theorem,
let us then consider the following functié(z) given by the implicit form in:

DE{T}(2) =

DY{T}(2) = (r —v) [M+ (1 —M)Q(z)}. (17)

It is obvious that the mentioned functidi(z) is both regular inU and also ensures the
condition(0) = 1 as pointed out in the related lemma. Therefore, it follows from (17)
that

Z%(D;{T}(z)) (1= M)z (2)
Dy{Y}(z) — M+ (1-M)Qz2)

(Vz €U). (18)

Now, for the waiting proof, we presume that there exists a complex pgintU supplying
the condition in (11), namely,

Re(2z0)) =0 (2z0) £0), (19)
whichalso requires
Q(z0) =iX (A#0).

By applying the assertions of Lemma 1 to the statement given by (18) and also taking into
account the expression just above, for/al (0 <M< 1), we then get that

e (z;i(Dz{mz)) )

Dy{T}(z)
B (1 - M)z (z)
=Arg <M+ (1- M)Q(z)

z:_20>

- (1— M)iAQ(z)
=Arg (M Y- M)Q(z0)>
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Arg( (1— M)A >

M +i(1- M)A

<_ MMI-M) A(1 = M) )
- IM+i(1= M)A [ M+i(l— M)A

M-1
= Arct
(M=)

=-Z when M > 0+
e(—l 0) when 0 < M < 1/(r —v)

2

(20)

But, the result composed by (20) is contradiction with the inequality of the related theorem,
whichis the result given by (13). To say it simply that theredsa pointz, in U satisfying
the condition in (19). Thus, it also shows that the inequality:

%6(9(2)) >0

must be satisfied for alt € U. Thusly, the implicit form defined in (17) immediately fol-
lows that the inequality:

Re(D5{T}(2)) = Re((r =) [M + (1 - M)Q(2)] )
= (r =) [M+ (1= M)Re (2(2))]
> (r—ov)M,
whichalso is the inequality given by (14). Thus, this finishes the desired proof.

As we particularly highlighted in the first part, the main purpose of this research has
been to reach a very comprehensive fundamental conclusion by using various derivative
operators. Exactly so it has been done, and theorem 1 has been presented and then proven.
Naturally, of course, there will be possible to present various comprehensive conclusions
(or recommendations) regarding many specific consequences of the main result generated
here. Suggestions to be presented will be possible to get them by considering the appro-
priate selection of all parameters mentioned in the first section. Although determining all
those possible situations is a long task, we want to realize a number of our suggestions as
certain implications.

As the first implication of this investigation, under the conditions given by (4) and also in
the light of the definition (6) constituted by certain combining of the elementary operators
given by (7), for any multivalently analytic function := Y(z) like the form in (1), the
main result, namely, Theorem 1 can then be rearranged by the following implicatia
is Proposition 1 (just below).
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Proposition 1. Under the conditions of the definitions given(By, (3)and(5), and also for
the suitable values of the relevant parameter§dij for any functionsl’ := Y(z) having

the form given in(1), if

Arg{dpg{x}(z) d(%‘i(%{T}(z)))} ¢[-20)

(Dy{T}) 2=\ Pe{X}C)

is provided,

o [ (x}e)
PTG

is also provided under the conditions composed1d).

}>(rv)/\/l

As the second-extensive implication of this investigation, under the conditions given by
v<r , reN , veNy and ze€U, (21)

and also by taking the value of the parameteas ¢ := 1, for an analytic function
T := T(z) like the form given by (1), the mentioned connection between the elementary

operators given by
YW (z) and DY{Y}(z) (22)

immediately requires to the following relations given by
DY{YT}(z) = T(2)
and

) Z% (T('u)(z)) ZT(U+1)(2)
DI{T}(Z) = T) (Z) = T(”)(z) ’

where,of course, Y (") (z) # 0 for all z € U.

In consideration of these relationships just above, naturally, Theorem Broposition
1) the presents us the following-extensive implicatihjchis Proposition 2 (just below).

Proposition 2. Under the conditions of the definitions given @y, (2), (3)and (5), and
also for the agreeable values of the mentioned parametd)jfior any multivalent func-

tions Y := T(z) given by(1), if
YW (2) d [2YEH)(2) T
Arg{ TEID(2) dz( TO(2) >} #|-39)

Re <W> > (r—v)M

is also satisfied under the conditions comprisedX®).

is satisfied,
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As the third-extensive implication of this investigation, under the conditions given by
(21) and also by taking considering the value of the parangetexy := 0, for an analytic
functionY := T(z) like the form given by (1), the connection between the operators given
by (22) immediately yields to the following relations given by

DY{T}(z) = 2T ()
and
z(%('f(”“)(z))
T (v+1) (z)

2T(+2)(2)
YO (z)

whete, of coursewhereY "+ (z) £ 0 forall z € U.

De{Y}(z) =1+

=1+

Through the instrumentality of those relations given just above, accordingly, Theorem 1
(or, Proposition 1) also presents us the following-extensive implicatidbrichis Proposi-
tion 3 (just below).

Proposition 3. Under the condition of the definition given (8), and also for the ac-
ceptable values of the concerned parametei@)nfor any multivalently regular functions
T := Y(z) given by the form irf1), if

2T (2) d [ 2Y@+2)(2) 7
Arg{ T+ (2) + 2 T2 (2) dz( T+ (2) )} #[-59)

is ensured,

2 Y@+ (5
T(v+1)(i)) > > (r—v)M

is then ensuredinder the conditionconstitutedoy (15).

1+9?e(

As the last-extensivémplication of this investigation by the help of therelationstated
by (8), or, equivalently,by takinginto accountthe valueof v asv := 0 in Theoreml (of
courseor, in Propositionl), the extensiveimplication, which speciallyconsistof various
geometricpropertiesof (multivalently) analyticfunctionsin the opendisc U (see[6, 9]),
caneasily been establishéxy the followingproposition.

Proposition 4. For a multivalentlyregular functionY := Y(z) beingof theformin (1), if

# (o)
z 2)+(1—¢) 2T/ (2 T
Arg T (H1(1-0)217() ¢ {* 5’0)

#Y(2)+(1-¢) 21" (2)

is true,
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2Y(2) + (1— ) 2277 (2)
(s ) 7™M

is also true, where

1
0<¢p<1, reN, 0<M<- and zeU.

As concluding remarks, only four of our main result has been constituted in the forms
determined by propositions. It also is clear that all of them are related to multivalently
functions. In the same time, some of those are also related to multivalently regular functions
(like (1)) and some of the others are also related normalized regular function (like (1)
with p := 1). Of course, some special results highlighted in the mentioned theorem (or
propositions), as presented above, may be revealed by appropriate selection of parameters.
We want to bring these special results to the attention of researchers. Specially, for the
related researchers, we offer firstly to run through various type relationships, determined
by certain multivalently regular functions with different type coefficients, between our main
results and some of the earlier results given by the papers in the references and then to focus
on some of them again.

In addition, of course, by making use of various package programs, it is of course pos-
sible to illustrate some (more) special cases of the mentioned-special results as their geo-
metrical (oranalytical) propertiesyhichconsist of graphics in the forms 2D and 3D in the
related complex planes. We also present the creation of the graphical dimension of these
special explanations to the attention of interested researchers.
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