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Abstract.: The authors have tried to prove some Ostrowski-type fractional

integral inequalities for—times differentiable functions and generalized
some results which were carried out in both [6, 25]. Some applications to
special means are given. The methods and techniques of this paper could
further stimulate the research conducted in the field of fractional integral
inequalities.
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1. INTRODUCTION

In 1938, A. M. Ostrowski proved an interesting integral inequality, estimating the ab-
solute value of the derivative of a differentiable function by its integral mean as follows:
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Theorem 1.1. [6] Letf : I — R, Iis an interval inR, be a differentiable function ii°,
the interior ofT andp, v € I°, u < v. If | f'(u)| < M for all u € [u, v], then

1 (-
4+(V_ﬂ)21 (v —p)M, (1.1

F(8) - — /H V f(u)du’ <

vV—Lu

for ¢ € [u, V], consideringM as a constant.

Inequality(1.1) has many applications related to special means-estimating error bounds
for some special means and some quadrature rules and in numerical analysis etc. Hence,
inequality(1.1) has attracted significant attention and interest from researchers and mathe-
maticians. Due to this, over the years researchers have devoted much effort and time to the
generalization and improvement @f.1). Including the works in [3, 4, 24, 26], so many
others are the results of these studies.

The concept of fractional calculus was developed prior to the tur208f century. It
has many applications in different fields of engineering and science including fluid flow,
viscoelastic materials, rheology, diffusive transport, electrical networks, probability and
electromagnetic theory. Like ordinary calculus, fractional integrals and derivatives are not
defined in a unique way. Different authors have their contributions in [8, 10, 12, 23].

2. NOTATIONS AND PRELIMINARIES

Definition 2.1. [14] Let f : I C R — [0, o0) be a function, therf is said to be convex (or
that f € Conv(I)), provided that:

Flug + (1= w)p) < uf(¢) + (1 —u)f(¥), Vo9 € I; ue [0,1].
Definition 2.2. [2] Let f: I C R — [0, o) be a function, therf is called P—function (or
that f € P(I)), provided that
Flugp+ (1 —up) < f(9) + F(¥), Vo, € [; we [0,1].

Definition 2.3. [27] Let f : [ C R — [0, c0) be a function, therf is calleds—Godunova-
Levin function of second kind (or thgite Qg(f)), provided that:

Fuo+ (1w < 7O SO

Definition 2.4. [7] Let f : I C R — [0,00) be a function, thery is called s—convex
function in the second sense (or thfag K2(1)), provided that:
flug+ (1= u)p) <uf() + (1 —w)* f(4), V¢, ¢ € I; w € [0,1]; s € (0,1].
Definition 2.5. [30] Let f : [ C R — [0,00) andh : J C R — (0, 00) be two functions
such thatf0, 1] C J, then f is calledh—convex (or thatf € SX(h, f)), provided that
Flug+ (1 —u)) < h(w) () +h(l = w)f(¥), ¥ $,0 € 1, (2. 2)

f is said to beh—concave function (or thaf € SV (h, f)), provided that the inequality
sign in(2.2) is reversed. For different choices of the functionve get some well known
inequalities. For instance,

Vel ue (0,1); s €10,1].
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e for h — I, identity functionSX (h, I) = Conu(I).
o for h(u) = u=* = u®, SX(h,I) = Q*(I) = K2(I).
o for h(u) = 1, SX(h,I) = P(I).

Definition 2.6. [23] The right- and left-sided Riemann-Liouville fractional integrals of
ordera > 0 of f, denoted by/;7, f and J;"_ f respectively, are defined as:

y 1 [° y
B0 = g | @0 e o> 2.9)
m
and
a 1 v a—1F¢
S F@) = ey, o o < 2.4

where,I" is the Euler gamma functiony — 1 gives the classical integral and it may be
noted that:

To f (@) = J)_f(¢) = f(9)
Delzinition 2.7. [29] The right- and left-sided Hadamard fractional integrals of order 0
of f are defined as:

a F L 1 ¢ ¢ ot f(u)
Hy f(¢) = F(a)/ﬂ <ln u) Tdu (2.5)
d
an H(X i3 —— 1 v 1 u ail f(u)d 2 6
o f(p) = F(oz)/¢ <n¢) 0 Uu. (2.6)

Definition 2.8. [13] Let X?(u,v), for ¢ € R andp € [1, oc], be the space of all complex
valued Lebesgue measurable functigrfer which || f|| x» < oo such that:

o v o du o e
e = {f [ e for p € [100) and e i=ess sup ol
w u p<u<v

Recently, Katugampola defined the following integrals unifying both Hadamard and
Riemann-Liouville fractional integrals.

Definition 2.9. [12] Let [u,~v] C R be a finite interval. Then, the right- and left-sided
Katugampola fractional integrals of order > 0 of f € X?(u, v) are defined as:

. 1—-a [ o
L F0) = By [ w0t = @7
m
and
v 1_a v v
L F(0) = Ty v w9 2.9)

with p < ¢ < v andp > 0, provided that the integrals exist. For — 1, integrals in
(2.7) and (2.8) coincide with the integrals ifi2.3) and (2.4), while for o — 0" integrals
in (2.7) and (2.8) coincide with the integrals i1§2.5) and (2.6). Katugampola fractional
integral operators are well-defined o¥i? (u, v) [11].
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Definition 2.10. [30, 1] Leth : J — R be a function. Thenj is said to be super-

multiplicative and super-additive, respectively, provided that the following respective in-
equalities hold

h(¢y) = h(@)h(); W@+ ) = h(¢) + h(¢) V ¢,1p € J.

3. RESULTS

Lemma 3.1.[9] Let f : I C R — R be anr-times differentiable function of°, the
interior of 7, such thay?, 2 € I° and f(") € XP(u2,v?) forr € Ny. Letf :=a — j +
14 1‘7” forr > j; 0,a,8 > 0andn € N. If ¢ € (u?,v°), then

1
M /0 uoetre=n f0) (42 gl 4 (1 — u®) p?)du — M
1 -
y / anJrTQ,nf(r) (ugd)g + (1 — ug) yé’)du
0
Je@srei—iy-n

— e+ T (-

< L 2
k=11<i<k 0

(2 = 69)F + (62 — 1" | cos1ky) 0
) l (60— pe)F(ve — ge)F ]f )
n H (_1>5 [ola+r+1— i) — n]T(a)

k

Sy 293*04
1<i<y
Ly fUOe) | (COeng O]
(pe — pe)i+p—1 (ve — ¢o)i+B-1 =Q(f1 ¢, p,v) (3.9

Proof. Consider

. /1 uetre=n=j f(r=i) (yegpe 4 (1 — u?)u?)du
n,r,j 0 [gu9*1(¢9 _ ,ua)]j ’

Integrating by parts yields

fo = [T a4 (1 i
n,r,0 0 [ng—1(¢g — MQ)}O

(99

 o(¢2 — po)

x / tyaetremn—l f- D (yege 4+ (1 — u)uf)du
0 [oue=1 (g2 — pe)|t

_ fUD(99)

= Gor ) leetre= . (3. 10)

— (o +710—n)
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Inr1 = /1 ueetremn =l Fr=h (uege + (1 — u?)u?)du
m T oue=1(¢e — pe)
Fr2(¢%)
=5 —(aot+tr0—0—"n
e(@r—poP )
x / tyoetremn=2 fr-2) (yege 4+ (1 — u)uf)du
0 [oue=t (g2 — peo)]?
Fr2(¢%)
=T —(ao+r0—0—n)lH 2. (3.11)
e —poP fnra
g2 = /1 ueetren=2fr=2) (yege 4 (1 — uf)u®)du
=, joue (6 = o)
999
= —— —(ap+ro—n—2p
o= poF )
X / byeetresn=3 Fro3) (uege + (1 — uf)ue)du
0 [oue=1 (g2 — pe)?
999
= ———""= —(ao+ro—n—20)1,,3. 3.12)
[o(pe — pe)]3 ( M
A combination of relation$3.10)-(3.12) yields:
7 = f(r 1) Z H O[—I—’l"-l-].—'é) ]f.(rikil)((j)g)
- o(¢e _MQ k=11<i<k o(¢2 — pe)F+t
+ H pla+r+1—14)—n]l, 3. (3.13)
1<i<3
Integrating by parts repeatedjy-times in relation(3.13) yields
1
f(r 1) iz a+7“—|—1—2) ] Fr—k—1)
Inro = I (¢?)
- ¢97u9 ;Kllk o(¢e — pe)JE+1
+ H a+r—+1—1)—nll,,;. (3. 14)
1<i<y
But
" e 0 o(atr—j—1)+1-n
o KM ¢ 0—1 F(r—3) (40
s = = ¢Q_MQ ]H/M ((bg_/w) o1 F=D (o) dy
1y f (r=3) (T
_ (uo)I' () (3. 15)

ol—ati (¢g _ Mg)ﬁﬁ'



464 S. Hussain, F. Azhar, M. A. Latif and J. Khalid

Combining the relation§3.14)-(3.15) implies

Fr @) & a+r+1 i) = 1] fr—po)
I’I’LT ‘Q
U d)Q _N“Q kz:llQllk QSQ —ILLQ)]k+1 f (¢ )
+ || otr+l—i)- ]9K¢ Fr=m (10T (). 3. 16)

1 a+y o _ ,0)it+B8
1<i<y (b K )

Consider

P /1 ua9+r9—7t—jf(r—j)(ug¢g + (1 — u®)v?)du
T [ouet (g2 — ve)y '
Similarly, using the same technique as use(8in0)-(3.14), we have

_f(rfl)(qg@)
Jn,r,O = T N
Q(V‘) - ¢9)
k+1[ a—i—r—i—l i) =] g

+ Z H [o(ve — go)]F+1 f '(¢°)
k=11<i<k

+ H [ola+r+1—10)—n]Jy,, (3.17)
1<i<y

But
1
Jn,r,j =

g]’(qﬁg — yQ)j+1
olatr—j—1)+1—-n

@ _ e o
</ @ b ) Ve fOD ) dy

W
oi(ve — gyt

elatr—j—1)+1—n

viipe—qge\ e
< (55 Ve )y

(KRG F T (a)

ol—oFi (e — $e)i+h (3.18)
Combining the relation§3.17)-(3.18), we have
I i)
frr0 = W
D folatr+1—i) —n] 7,y
= ae—gap 69
k=11<i<k
1 o
s I S ey o). @19

1<i<j

Multiplying (3.16) by 0252, (3.19) by 05 °~¢° and then subtracting the resulting equa-
tions yield the desired reSL(I3 9). O
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Remark 3.2. By settingo, j,n,r — 1, Lemma 3.1 reduces {&, Lemma 2.1]and [25,
Lemma 1]

Theorem 3.3. Let f : I C R — R be anr-times differentiable function off, the interior

of I, such thatu2, v € I° and /(") € XP(u2,v?) forr € Np. Let3:=a —j+ 1+ i
forr > j; 0,a, 3 > 0 andn € N. Moreover, if¢? € (u2,2) and ‘f(”) € SX(h,I¢)is

such that’ F(g9)

< M for M > 0, then

o o_ 0 1
F .| < M [ urere () b1 - )} du
0

Proof. Applications of Lemma3.1, boundedness arid-convexity of‘f(” yield:

du

1
F )| < e [Cumerren | FOuege 1 (1 - utyue)
0

1
Ve — ¢? _
+Q / ua@+r@ n
0

f(r)(uggbg + (1 —u®)r?)|du

2
P [ urerremn )| 1060 + 11 ) |70}

ve —¢° ! ap+ro—n 4
+o 2 /0 u {h(u ) }du

<0

f(r)(¢@) f(r)(,/g)

+ h(1 —u?)

QSQ_:LLQ ! ap+ro—n
< Mo /ug =1 {h(u®) + h(1 — u®)} du
0

Ve — ¢?
2

Ve — e
2

Hence, the proof has been completed. a

1
+ Mo / uETEN () 4 h(1 — u®)} du
0

1
=Mp / u®@tre=m Lh(u?) + h(1 — u?)} du.
0

Corollary 3.4. Let the conditions of Theorem 3.3 be satisfiedifar P(1¢), then

Q(f < Mp— M

‘ (f7¢7u71/)‘ > Qm'

Corollary 3.5. Let the conditions of Theorem 3.3 be satisfiedfor,n,0 — 1, if his
super-multiplicative and (u) > u, then

Jofw) | g fw) ]

f(¢) —T(a+1) 20— p)> ' 2w — ¢)e

_ 1
< Mw/ [h(u® ) + h(u®(1 = u))] du.
0
Remark 3.6. e Onlettingr,n, ;7 — 1; Theorem 3.3 and Corollary 3.4 refine as well
as coincide witl{6, Theorem 2.2hnd[6, Corollary 2.3] respectively.
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e On lettingp,r,n,7 — 1, Theorem 3.3 refines as well as coincides ith, The-
orem 1]and in particular for¢p — “;r” anda — 1 it refines and coincides with
[25, Corollary 3]

e Onlettingo, r,n,j — 1,andh € Conv([u,v]), Theorem 3.3 refines and coincides
with [25, Corollary 1] Moreover, forh € K2([u,v]), Theorem 3.3 refines and
coincides with{25, Corollary 2]

Theorem 3.7. Let the conditions of Theorem 3.3 be satisfied. Moreovex,gf> 1 for

whichp = =% and ’f € SX(h,1g), then
L ,/Q_ug/
M 2) 1—u?)
‘ (fs b, pov ‘_QQPPCVQJFPTQ np+1)+ 0 {h(u®) + h(1 —u®)} du.

Proof. Applications of Lemma3.1, Young’s inequality in [5, Page 10] ankf RIS
SX(h,12) yield:

. o_ o ol
‘Q(f;cﬁ,u,l/)‘ﬁg(b 2# /u”““”
0

1
+ QVQ - ¢g / uug-i—rg—n
2 0

_ 1
< g(b@ . ue {{/(J (uag-i-rg—n) du+ = / ‘f(r Q¢Q (1 _Ug)li )

FO (e + (1 - u)®)| du

f(v‘) (u2¢? + (1 — u®)v?)| du

q
q

P
e _ 4o (1 [L
+QV 2¢ {]5/ (u‘“’”@_") du+ = /‘f(r) ulp? + (1—u9)1/9)qdu}
0
Py ¢Q—MQ/ £r) q
R SR\ ‘Tu99+1—u9@ du
2p(pao + pro —np + 1) 2¢ o o utef )
— 9% (M50 !
+0 57 /‘f (u?¢? + (1 —u®)r?)| du
q 0
- Ve — p?
< 0= - v
2p(pao + pro —np + 1)
¢e —pe [ #(r) q #(r) q
+o0 5 h(u?) (@) +h(1—u?) |1 (u?)| ¢du
0
o _ po rl o q v q
# o  [nan|[oen] 4na - [0 wn)] ) au
Y — 2 — e /1
< 0= - - + M - h(u®) + h(l —u?)}du
2p(p0<p+p7’p—np+1) 25 ) {h(u) +h( )}
Ve — ¢
+ Mp 57 {h(u9)+h(1—u9)}du
0

I/Q—,LLL) V,Q_M,g /1
=0--~ = — Mo———— h(u?) + h(1 —u?)} du.
2p(poo + pro —np + 1) 2¢ Jo {A(u®) + h( )

Hence the proof has been completed. a
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Corollary 3.8. Let the conditions of Theorem 3.7 be satisfiedifar P(1¢), then

¥ 0{q+2Mp(poo +pro—np+ 1)} {v? — p?

(s )| < LLT2MP P2+ pro—np L)LV = )
2pq(pae + pro —np + 1)
Corollary 3.9. Let the conditions of Theorem 3.7 be satisfiedfor,n,o0 — 1, if h is
super-additive and(u) > u, then
To S T d ) ]| v = pld + Mipa+ 1)h(1)}

20— 20v—9¢) ||~ 2pq(po + 1)
Theorem 3.10. Let the conditions of Theorem 3.7 be satisfied, then

Ve — pe [f/fol ue {h(u?) + h(1 — u2)} du

f(¢)-T(a+1)

Ofs6,m,v)| < M — 2
‘ (f3 ¢ p1.v) ¢ 2 Yoaop+rpo+o—np+1

Yo f; (1~ ue) {h(ue) + h(1 —ue)} du
{/(wop + rpo — npp + 1) (aop + rpo+ 0 — np + 1)

Ve — po 3 ot
< Mo—— = = N 21_‘1/ h(ue)du.
Voop+rop—np+1 0
Proof. Applications of Lemma3.1 and I-blderiscan integral inequality in [28, Theorem
1.4] yield:

% o _ 0 1
‘Q(fa ONTS V)’ < Q¢ 5 " / yoetre—n
0

1
+ QVQ - ¢Q / uag+7'g—n
2 0

gf)@i,ug

FO (e + (1 — u®)p?)| du

f(r)(uﬁ’gb@ + (1 —u®)v?)|du

<o

- 2
. 1 8 . 1
x P/(1_ua) juoetre=n[? gy { / (1 ue)
0 0
N N q
A e A e R I
0 0
ve—¢ge | | [t y
o ([ o) jueeren au
2 0
) 1
o / (1 ue)
0
ot o ot o q
+1 / u@ [yeetre=n|P qy ¢ / ug‘f(r)(uﬁ’ngJr(lfu@)yg)’ du
0 0

o q
F(uege + (1 = ueype)| du

q

f(r)(ugqbg + (1 —uo)ve)| du
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q
}du

f(r)(¢g) a + h(1 — ue) f(r) (ue)

o e@aﬁﬂ—u@{MW)
<Q¢ —H

- 2 {/(cop + rpo — np+ 1)(cop + rpo+ 0 — np + 1)

%& ue {h(u@) 70 60)|" + h(1L = we) | FO o) d} .
* Voaop+rpo+p—np+1
Ve — ¢
+ 0 B
3o \/ Jo (L =ue) 5 {h(u@) 70 60)[" + h(1 = ue) | ) (we) q} d“
X

{/(cop + rpo — np + 1) (cop + rpo + 0 — np + 1)

i/fol ue [} {h(ue) d} du
+

Jaop+rpo+o—np+1

o q o
f(r)(¢g) + h(1 — ue) f(T)(yg)

BT, Yo/ Ji (1~ ue) (h(ue) + h(1 - ue)} du
= 0 -
2 /agp +rpe — np + 1)(cgp + rpo+ ¢ — np + 1)

{/(cop+rpo+o0—np+1) 2

+ </f01 ue {h(ue) +h(l — “Q)}du] + MQM

) Yo/ fi (1= ue) {h(ue) + h(1 - ue)} du
{/(cop + rpo — np + 1)(agp + rpo+ 0 — np + 1)

Vﬁuﬂhw@+huu@hm]
Jr

{/(cop +rpo+o0—np+1)

—q/ rl
ve e Yo/ J; (1~ ue) {h(ue) + h(1 - u0)} du
2| {/laop +rpo—np + 1)(aop +rpo+ o —np + 1)

{/(cop +rpo+0—np+1)

Vﬁu%hw®+huu@hm]
_|_

9o +rop—np+1

Y — 3 1
Mo——— 4 = \ 2/ h(u?)du
2/ aop+Top —np + 1 0

Ve — e 3 ot
Mo—— = = ¥ 21*‘1/ h(u)du
{aop+rop—np+1 0

<M ve e \//1 {h(ue) + h(1 — )} du
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Hence, the proof has been completed. d

Corollary 3.11. Let the conditions of Theorem 3.7 be satisfiedfar P(1¢), then

ve—pe Moy {o+ Yoo +rpo—np+1}
2 {f(ogp+rpo—np+1)(agp+rpo+o—np+1)

. _ Ve — e
< V21=d M o— .
= Cooptrep—np+1

‘Q(f;aw,V)‘ <

Remark 3.12. e On lettingr,n,7 — 1, Theorem 3.7 and Corollary 3.8 refine as

well as coincide witlj6, Theorem 2.5hnd[6, Corollary 2.6] respectively.

e On lettingp,r,n,j — 1, Theorem 3.7 refines as well as coincides 2k, Theo-
rem 2]and in particular for¢ — % it refines and coincides witf25, Corollary
6].

e Onlettingo,r,n,j — 1andh € Conv([u, v]), Theorem 3.7 refines and coincides
with [25, Corollary 4] Moreover, forh € KZ([u,v]) Theorem 3.7 refines and
coincides with{25, Corollary 5]

Theorem 3.13. Let the conditions of Theorem 3.10 be satisfied; Moreover, ¥ 1 for
which| £ "€ X (h, 12), then

vo e [ {01 31— weyuortren (h(ue) + (1 — ue)} du
2 {llag+ro—n+o+1)(ag+ro—n+1)!

‘Q(f%uw)‘ < My

§/ Ji ueetrere=n {h(ue) + h(1 - ue)} du

+ - =
{(ao+r0—n+o0+1)i1

-y
0— =
2{/(co+r0—n+1)7

<M

= ij//ol uetre=n {h(ue) + h(1 — ue)} du.

Proof. Applications of Lemm&3.1 and improved power mean inequality in [28, Theorem
1.5] yield:

FO (@2 + (1 - uf)p?)| du

¥ o __ .0 1
‘Q(f? ¢)7 M, V)‘ S ng 2 H / anJrTan
0

ve — ¢° ! o | %
+0 5 x/ yoetre—n f(r)(ug¢9+ (1 —u®)r?)| du
0
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o _ 0| . 1 q-1
P am [\/ ( / (1 - ue) |ua@+w|du>
2 0
3 1
X A / (1 — uQ) ‘ua0+TQ_n|
0
. 1 -1 |
+ q (/ ue |uag+rg—n| du> a / ul ‘uag+rg—n|
0 0

G—1

1 q
+QV9;¢9 [{/(A (1_ug) |uag+rg7Ldu)

1
x \// (1 — ue) [ucetre—n|
0
} 1 g-1 1
+ X (/ ul |an+TQ*n| du) d / ul ‘UQQ+TQ*"L|
0 0

#C — @
2

v ot = npueesren fagu)

{l(ao+ro—n+o+1)(ao+ro—n+1)d1

FO (uege + (1 - ue)ue)| du

‘ q

q

f(T) (uegpe + (1 — ug)ug)‘ dt]

q
du

f(r) (uep? + (1 — ue)ve)

f(r) (ued? + (1 — ue)ve)

q
du]

q
}du

<o

F60)[" + (1~ ue) [0 (ue)

X

Foen" 11 = u) |0 o)}

ii/fol yeetroto—n fol {h(u@)

- {(ao+ro—n+o+1)71

vl — ¢°
+o—

f/g‘i‘l JA(1 = ueyusetren {h(ug) f'(r)(qﬁg)‘q +h(1 - ue) f(r)(ya)“?} du
X

{llao+ro—n+o+1)(ao+ro—n+1)71

f/fol ucetroto—n {h(ug) q} du

/(ao+ro—n+o+1)i!

f(r)(¢@) a + h(1 — ue) f(r)(yg)

+

<Mop

g0 o [ o1 JF (= ueyuoerre=n {h(ue) + A(1 — ue)} du
2 Vllao+ro—n+o+1)(ao+ro—n+1)]i-1

+

(/i ueerrere (hue) + h(1 = ue)} du
{(ag+ro—n+o+1)i1
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v go [ {01 10— weyuserremn {1 (ue) + h(1 — ue)} du

+ Mo . _
2 llco+ro—n+o+1)(ag+ro—n+1)d1

§f [T unerreven (h(ue) + h(1L — u)} du
+ — =
Ylag+ro—n+o+1)iT

yo o [ {01 10— weyueerremn {(ue) + h(1 - ue)} du
2 {4'/[(ag+rg—n+g+1)(ag+rg—n+1)]‘7*1

<My

§f [T unerreven (h(ue) + A(1L— u)} du
Ylag+ro—n+o+1)iT

+

ey \// +ro=n {h(ue) + h(1 - ue)} d
0— — ueetre—n fh(ye) + —u?)}du
2{/(co+ro—n+1)71 | Jo

Hence, the proof has been completed. d

<M

Corollary 3.14. Let the conditions of Theorem 3.13 be satisfiedifer P(1¢2), then

(f: ¢, 1, v)]
<M1/9u9[ ao+ro—n—+20+1
=T (aotro—ntot Daetro—ntl)

< i VM
(ep+r0—n+1)
Remark 3.15. e On lettingr,n,j — 1, Theorem 3.13 and Corollary 3.14 refine as
well as coincide witlj6, Theorem 2.8hnd[6, Corollary 2.10] respectively.

e On lettingo,r,n,j — 1, Theorem 3.13 refines as well as coincides V&5,
Theorem 3]and in particular for¢ — “;“’ it refines and coincides witf25,
Corollary 9]

e On lettingo,r,n,j — 1andh € Conv([u,v]), Theorem 3.13 refines and coin-
cides with[25, Corollary 7] Moreover, forh € K2([u,v]), Theorem 3.13 refines
and coincides witli25, Corollary 8]

4. APPLICATIONS RELATED TO SPECIAL MEANS

For arbitrary positive numbeys v(u # v), we consider the means as given;
1: Arithmetic mean:

+v
Alpv) = F5~.

2: Generalized logarithmic mean:
pPHL it

Lalwv) = Lml)(u—u)

} , P ER\{-1,0}.



472 S. Hussain, F. Azhar, M. A. Latif and J. Khalid

Now, utilize the outcome of Section 3, we describe few applications related to special
means concern with real numbers. In [30], the related example is describe below:

Example 4.1. [30]
Consider the function defined agi(¢) = (¢ + ¢)P~1, ¢ > 0.

1: In casec = 0, the functionk will be multiplicative function.

2: Incasec > 1, if p € (0,1) the functionh will be supermultiplicative where as if
p > 1 the function will be a sub-multiplicative.

3: Incasec = 1 andp € (0, 1), with expressiorh(u) = (1 4+ «)P~1, u > 0 will be
a supermultiplicative.

Let f(¢) = ¢", ¢ > 0,|n| > 2 is h—convex functions.

Proposition 4.2. Let0 < u < v,p € (0,1). Then

M(v —p) {213 - 1}

A () = L) < =5 -

Proof. We can derive inequality from Theorem 3.3 withr, a,n,j — 1, and¢ — ‘“2“”

which is applied for thé.—convex functions that aré: R — R, f(¢) = ¢™, andh : R —
R, h(u) = (1 +u)?~! for p € (0,1). Further explanations can be neglected. O

Proposition 4.3. Let0 < u < v,p € (0,1) andg = I%, G > 1. Then

(v—p) | M—p {2(215 - 1)}
A™(u,v) — L7 (1, v)] < ——= + - -
A ) = L (uo)] < 5B+ = -
Proof. We can derive inequality from Theorem 3.7 wighr, o, n,7 — 1, and¢ — “T“’

which is applied for thé.—convex functions that arf: R — R, f(d)) =¢", andh: R —
R, h(u) = (1 +u)?~! for p € (0,1). Further explanations can be neglected. O

Proposition 4.4. Let0 < p < v, € (0,1) andg = =25, ¢ > 1. Then

ﬁ7

M —p) | {5 A+ BT
2 /(B +1) (D +2)

|A™(p,v) — Ly (p,v)] <

_ My —p) 22 1)

BRA7ACEN VA

Proof. We can derive inequality from Theorem 3.10 withw, 7, n, 5 — 1, and¢ — “T*”

which is applied for thé,—convex functions that arﬁ: R — R, f(¢) =¢", andh: R —
R, h(u) = (1 +u)P~! for p € (0, 1). Further explanations can be neglected. O
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Proposition 4.5. Let0 < u < v,p € (0,1) and§ = ﬁfl,zj > 1. Then

¢/ 24420+ (3—2)+p) q/10(28 —1)4+25 (p—1)p—(p+5)p
< M(v — ) \/ p(p+1)(5+2) \/ p(p+1)(p+2)

AMpv) — L
A" (1 v) = Ln(p,v) < —— it + 30T

<M(V_M)§2ﬁ_]‘
S\ b

Proof. We can derive inequality from Theorem 3.13 withn, ,n, 7 — 1, and¢ — “;”

which is applied for thé.—convex functions that aré : R — R, f(¢) = ¢™, andh : R —
R, h(u) = (1 +u)P~! for p € (0, 1). Further explanations can be neglected. O
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5. CONCLUSION

We generalized Ostrowski-type fractional integral inequalities using the katugampola
fractional integrals foh—convex. Due to the fact that the Katugampola fractional integrals
are the generalization of Riemann-Liouville fractional integrals and Hadamard fractional
integrals. In particular, if we take the limits @s— 1 ando — 0, then our results could be
stated using the Riemann-Liouville and Hadamard fractional integrals respectively. Some
particular cases have also been considered. We believe that these results will inspire further
research on fractional integral inequalities and their applications

6. ACKNOWLEDGMENTS

Special appreciation and my sincere gratitude goes to my honourable supervisor, Dr
Sabir hussain and co-supervisor Dr Amer Latif for the patient guidance, encouragement,
advice, permanent devoted motivation and valuable assistance during my M.Phil research
work. | have been extremely lucky to have a teachers who cared so much about my work,
and who responded to my questions and queries so promptly. | owe so much to my father
and some precious friends for their undying support, their unwavering belief that i can
achieve so much.

REFERENCES

[1] H. Alzer, A superadditive property of hadamard’'s gamma functiabh. Math. Semin. Univ. Hambg9
(2009) 11-23.

[2] S. S. Dragomir, J. Pecaric and L. E. PerssBame inequalities of Hadamard typf@oochow J. Math21
(1995) 335-345.

[3] S.S. Dragomir, S. Wand new inequality of Ostrowski’s type ity normand applications to some special
means and to some numerical quadrature rulesnkang J. Math29 (1997) 239-244.

[4] S. S. Dragomir, S. Wanghpplications of Ostrowski’s inequality to the estimation of error bounds for some
special means and some numerical quadrature ruAgpl. Math. Lett.11(1998) 105-109.

[5] S. S. Dragomir, R. P. Agarwal, N. S. Barndttequalities for beta and gamma functions via some classical
and new integral inequalities). Inequ. Appl5(2000) 103-165.

[6] G. Farid, U. N. Katugampola, M. Usma@strowski type fractional integral inequalities for mapping whose
derivatives areh—convex via Katugampola fractional integralStud. Univ. Babes-Bolyai Matl63(2018)
465-474.



474 S. Hussain, F. Azhar, M. A. Latif and J. Khalid

[7] H. Hudzik, L. MaligrandaSome remarks os—convex functionsAeq Math.48,(1994) 100-111.

[8] J. Hadamard,Essai sur I'etude des fonctions donnees par leur develoment de Tajdornal de
Math‘ematiques pures et Appliqu‘ee%1892) 101-186.

[9] S. Hussain, F. Azhar, M. A. LatifGeneralized fractional Ostrowski type integral inequalities for Logarith-
mically convex functiond'he Journal of analysid0(2021) 1-14.

[10] R. Khalil, A. Al Horani, A. Yousef M. Sabadheh, A new definition of Fractional Differential Equatjans
Math.264(2014) 65-70.

[11] U. N. KatugampolaNew approach to a generalized fractional integralppl. Math. Comput2182011)
860-865.

[12] U. N. KatugampolaNew approach to generalized fractional derivativBsill. Math. Anal. Appl.4(2014)
1-15.

[13] S. KermausuorGeneralized Ostrowski type inequalities involving second derivatives via the Katugampola
fractional integrals J. Nonlinear Sci. Appl12(2019) 509-522.

[14] S. M. Kaung, G. Farid, W. Nazeer, M. UsmdDstrowski type fractional integral inequalities for mappings
whose derivatives argx, m)—convex via Katugampola fractional integraSonlinear Functional Analysis
and Applications1(2019) 109-126.

[15] M. A. Latif, S. S. Dragomir and E. MomoniaEejér type inequalities for harmonically-convex functions
with applications Journal of Applied Analysis and ComputatiahNo. 3 (2017) 795-813.

[16] M. A. Latif, S. S. Dragomir and E. Momoniagome Fejer type inequalities for harmonically-convex func-
tions with applications to special mearsternational Journal of Analysis and Applicatick® No. 1 (2017)
1-14.

[17] M. A. Latif, S. S. Dragomir and E. MomoniaGomeg-analogues of Hermite-Hadamard inequality for
s-convex functions in the second sense and related estinfategb Uni. . math48,No. 2 (2016) 147-166.

[18] M. A. Latif and W. Irshad,Some Fd§r and Hermite-Hadamard type inequalities considerirgpnvex and
(o, €)-convex functionsPunjab Uni. j. math50, No. 3 (2018) 13-24.

[19] M. A. Latif, Estimates of Hermite-Hadamard inequality for twice differentiable harmonically-convex func-
tions with applicationsPunjab Uni. j. math50,No.1 (2018) 1-13.

[20] M. A. Latif, S. S. Dragomir and E. Momonia§ome weighted Hermite-Hadamard-Noor type inequalities
for differentiable preinvex and quasi preinvex functioRgnjab Uni. j. math47,No.1 (2015) 57-72.

[21] M. A. Latif, S. Hussain and M. BalochiVeighted Simpson’s Type Inequalities for HA-convex Functions,
Punjab Univ. j. math52,No.7 (2020) 11-24.

[22] S. Obeidat and M. A. Latifdn Fer and Hermite-Hadamard type inequalities involvilagonvex functions
and applicationsPunjab Uni. j. math52,No.6 (2020) 1-18.

[23] H. Laurent,Sur le calcul des derivees a indicies quelcongddsuv. Annales de MathematiB(1884) 240-
252.

[24] W. J. Liu, Q.-L. Xue, S. -F. Wangseveral new perturbed Ostrowski-like type inequaljtieequal.Pure
Appl. Math.8(2007) 1-6.

[25] M. Matloka, Ostrowski type inequalities for functions whose derivativeshareonvex via fractional inte-
grals, J. Sci. Res. Rep8(2014) 1633-1641.

[26] D. S. Mitrinovic, J. Pecaric, A. M. FinkClassical and New Inequalities in Analysisluwer Academic,
Dordrecht. (1993).

[27] M. A. Noor, K. I. Noor, M. U. Awan,Fractional Ostrowski Inequalities for s-Godunova-Levin Functjons
Int. J. Anal. Appl.5(2014) 167-173.

[28] S. Ozcan,l. iscan,Some new Hermite-Hadamard type inequalitiessferconvex functions and their appli-
cations J. Inequ. Appl. (2019) 1-11.

[29] S. G. Samko, A. A. Kilbas, O. |. Maricheffractional integrals and derivatives : Theory and applications,
Gordon and Breach Science PublisheYserdon. (1993).

[30] S. Varosaned)n h—convexity J. Math. Anal. Appl326(2007) 303-311.



