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Abstract.: Let p be a prime greater than or equal to5. In this paper, by us-
ing the harmonic numbers and Fermat quotient we establish congruences
involving the sums

p−1
2∑

k=1

(
k

r

)
Hk,

p−1
2∑

k=1

(
2k
k

)2

16k
H

(2)
k and

p−1
2∑

k=1

1
4k

(
2k

k

)
H

(3)
k .

For example,

p−1
2∑

k=0

(
2k
k

)2

16k
H

(2)
k ≡ 4E2p−4 − 8Ep−3

(
mod p2

)
,

whereH
(m)
k are the generalized harmonic numbers of orderm andEn are

Euler numbers.
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1. INTRODUCTION

LetN be the set of natural numbers andN∗ be the positive natural numbers. The gener-
alized harmonic numbersH(m)

n are the rational numbers defined by

H
(m)
0 := 0, H(m)

n :=
n∑

k=1

1
km

, n ∈ N∗, m ≥ 0.

As usual,

H0 := H
(1)
0 = 0, Hn := H(1)

n =
n∑

k=1

1
k

, n ∈ N∗.

In this paper, we define other generalized harmonic numbers (strict) odd multiple

Hr (s) =
∑

1≤j1<j2<...<js≤r

1
(2j1 − 1) (2j2 − 1) · · · (2js − 1)

, r ≥ s ≥ 1,

It is convenient to setH0 (s) = 0 for s ≥ 0 and it is seen thatHr (1) =
∑r

i=1
1

2i−1 , r ≥ 1.

Let p be a prime number and letZ(p) be the set of rational numbers having denomina-
tors co-prime withp. Also, for two reduced rational numbersN1

D1
, N2

D2
∈ Z(p) such that

D1 andD2 are co-prime withp, we write N1
D1

≡ N2
D2

(mod p) to mean that the numerator
N1D2 −N2D1 is divisible byp.

In 2017, Městrovíc and Andjíc [7] obtained that for each primep > 3 and0 6 m 6
p− 2 the congruence

p−1∑

k=m

(
k

m

)
Hk ≡ (−1)m

m + 1

(
1− pHm+1 +

p2

2

(
H2

m+1 −H
(2)
m+1

)) (
mod p3

)
, (1. 1)

where
(

k
m

)
are the binomial coefficients.

In 2003, Rodriguez-Villegas [8] conjectured the congruence
p−1
2∑

k=0

(
2k
k

)2

(16)k
≡ (−1)

p−1
2

(
mod p2

)
.

This conjecture proved to be true and was improved by Z-W Sun in 2011[11]. The sequence
of Bernoulli numbers(Bn)n≥0 is defined by

B0 = 1, Bn = − 1
n + 1

n−1∑

k=0

(
n + 1

k

)
Bk, n ∈ N∗.

The sequence of Euler numbers(En)n≥0 is defined by

E0 = 1, En = −
n−1∑

k=1, 2|k

(
n

k

)
En−k, n ∈ N∗.

It is known thatB2n+1 = E2n+1 = 0 for n ∈ N∗. Many other properties can be found in
the literature, see for instance [3, Chapter15]. Fora ∈ Z(p), we denote byqa = qp (a) the
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Fermat quotient defined for a given prime numberp by

qa =
ap−1 − 1

p
.

In this paper, we exploit some properties of harmonic numbers to establish congruences for
sums in terms involving these numbers. Interesting results on this subject can be found in
[5, 7]. Our main results are as follows.

Theorem 1.1. Letp 6= 3 be an odd prime number and letr ∈ {
0, 1, . . . , p−1

2

}
. Then

p−1
2∑

k=r

(
k

r

)
Hk ≡

(−1)r (
2r
r

)

(r + 1) 22r+1

(
Xr,p − pYr,p + p2Zr,p

) (
mod p3

)
, (1. 2)

where

Xr,p =
2r + 1
r + 1

− 2q2,

Yr,p =
1

r + 1
+ 2q2 − q2

2 +
(

2r + 1
r + 1

− 2q2

)
Hr (1) ,

Zr,p = q2
2 −

2
3
q3
2 −

7
12

Bp−3 +
(

2q2 − q2
2 +

1
r + 1

)
Hr (1) +

(
2r + 1
r + 1

− 2q2

)
Hr (2) .

Theorem 1.2. Letp > 3 be a prime number. Then
p−1
2∑

k=0

(−1)k

(p−1
2

k

)(p−1
2 + k

k

)
H

(2)
k ≡ 4E2p−4 − 8Ep−3

(
mod p2

)
. (1. 3)

Theorem 1.3. Letp > 3 be a prime number. Then
p−1
2∑

k=0

(−1)k−1

(p−1
2

k

)
H

(3)
k ≡ −4q2

2 (mod p) .

A simple consequence of Theorem 1.3 is given by the following corollary.

Corollary 1.4. For any primep > 3 we have
p−1
2∑

k=0

1
4k

(
2k

k

)
H

(3)
k ≡ 4q2

2 (mod p) .

In the next section, we present some lemmas to be used later. In section three, we show
the proofs of the main results.

2. PRELIMINARIES

In this section, we first state some basic facts which will be used later.

Lemma 2.1. [1, 6] and[9, Thm. 5.2(c)]Letp 6= 3 be an odd prime number. Then

H p−1
2
≡ −2q2 (mod p) ,

H p−1
2
≡ −2q2 + pq2

2

(
mod p2

)
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and

H p−1
2
≡ −2q2 + pq2

2 −
2
3
p2q3

2 −
7
12

p2Bp−3

(
mod p3

)
. (2. 4)

Lemma 2.2. Letp 6= 3 be an odd prime number and letr ∈ {
0, 1, . . . , p−1

2

}
. Then

(p−1
2

r

)
≡ (−1)r

22r

(
2r

r

) (
1− pHr (1) + p2Hr (2)

) (
mod p3

)
, (2. 5)

(p−1
2 + r

2r

)
≡

(
2r
r

)

(−16)r

(
mod p2

)
, (2. 6)

and forr ∈ {0, 1, . . . , p− 1} we have
(⌊

p
6

⌋
+ r

2r

)(
2r

r

)
≡

(
6r
3r

)(
3r
r

)

(−432)r (mod p) . (2. 7)

Proof. For r = 0, ( 2. 5 ), ( 2. 6 ) and ( 2. 7 ) are true. Forr ∈ {
1, 2, . . . , p−1

2

}
, from the

definition of the binomial coefficients, we get
(p−1

2

r

)
=

1
r!

p− 1
2

(
p− 1

2
− 1

)
· · ·

(
p− 1

2
− r + 1

)

=
1

2rr!
(p− 1) (p− 3) (p− 5) · · · (p− (2r − 1))

=
1

2rr!
(−1) (−3) · · · (− (2r − 1))×

(
1− p

1

)(
1− p

3

)
· · ·

(
1− p

2r − 1

)

=
(−1)r

2rr!

r∏

k=1

(2k − 1)
r∏

k=1

(
1− p

2k − 1

)

=
(−1)r

22r

(
2r

r

) r∏

k=1

(
1− p

2k − 1

)

=
(−1)r

22r

(
2r

r

) 
1− p

∑

1≤i≤r

1
2i− 1

+ p2
∑

1≤i<j≤r

1
(2i− 1) (2j − 1)

+ · · ·



≡ (−1)r

22r

(
2r

r

) (
1− pHr (1) + p2Hr (2)

) (
mod p3

)

which is the congruence ( 2. 5 ). We also have
(p−1

2 + r

2r

)
=

1
(2r)!

(
p− 1

2
+ r

)(
p− 1

2
+ r − 1

)
· · ·

(
p− 1

2
− r + 1

)

=
1

22r (2r)!
(p + 2r − 1) (p + 2r − 3) · · · (p− (2r − 3)) (p− (2r − 1))

=
1

22r (2r)!
(
p2 − 12

) (
p2 − 32

) · · ·
(
p2 − (2r − 1)2

)

≡
(
2r
r

)

(−16)r

(
mod p2

)
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which gives the congruence ( 2. 6 ).
To prove ( 2. 7 ) lets ∈ {1, 5} given byp ≡ s (mod 6) . Then forr ∈ {1, 2, . . . , p− 1}

(⌊
p
6

⌋
+ r

2r

)(
2r

r

)
=

(
p−s
6 + r

) (
p−s
6 + r − 1

) · · · (p−s
6 − r + 1

)

(2r)!
(2r)!
(r!)2

=
(p + 6r − s) (p + 6r − 6− s) · · · (p− 6r + 6− s)

62r · (r!)2

≡ (−1)r (6r − s) (6r − 6− s) · · · (6− s) .s (s + 6) · · · (s + 6r − 6)
62r · (r!)2

=
(−1)r · (6r)!

(2 · 4 · · · 6r) (3 · 9 · 15 · · · (6r − 3)) · 62r · (r!)2

=
(−1)r · (6r)!

23r · (3r)! ·
(

3r·(2r)!
2r·r!

)
· 36r · (r!)2

≡
(
6r
3r

)(
3r
r

)

(−432)r (mod p) .

¤

In Lemma 2.2, more specifically in the proofs of the main results of the last section, we
will use two combinatorial identities given in [2]. For reader’s convenience, we quote them
here.

Lemma 2.3. [2, Id. 1.48 and 1.51]For all integersa, l, n andr such thata ≤ n, we have

n∑

k=0

(
k + l

r

)
=

(
n + l + 1

r + 1

)
−

(
l

r + 1

)
(2. 8)

and

n∑

k=a

(
k

r

)
=

(
n + 1
r + 1

)
−

(
a

r + 1

)
. (2. 9)

Lemma 2.4. Let bep 6= 3 be an odd prime number. Then

p−1
2∑

k=1

(−1)k−1

k2
≡ (−1)

p−1
2 (2E2p−4 − 4Ep−3)

(
mod p2

)
. (2. 10)
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Proof. The result is true forp = 5. We can assume thatp > 5. The left hand side of ( 2.
10 ) can be written as

p−1
2∑

k=1

(−1)k−1

k2
=

p−1
2∑

k=1

1
k2
−

p−1
2∑

k=1

1 + (−1)k

k2

=

p−1
2∑

k=1

1
k2
−

p−1
2∑

k=1
2|k

1 + (−1)k

k2

=

p−1
2∑

k=1

1
k2
− 1

2

b p
4 c∑

k=1

1
k2

and from Corollary 5.2 (a) given in [9] and Corollary 3.8 given in [12], we finally get

p−1
2∑

k=1

(−1)k−1

k2
≡ 7

3
pBp−3 − 1

2

(
(−1)

p−1
2 (8Ep−3 − 4E2p−4) +

14
3

pBp−3

) (
mod p2

)

which proves ( 2. 10 ) forp > 5. ¤

Lemma 2.5. [4] Letn ∈ N∗. Then
n∑

k=0

(−1)n−k

(
n

k

)(
n + k

k

)
H

(2)
k = 2

n∑

k=1

(−1)k−1

k2
, (2. 11)

n∑

k=0

(−1)k−1

(
n

k

)
H

(3)
k =

1
2n

(
H2

n + H(2)
n

)
. (2. 12)

3. PROOFS OF THE MAIN RESULTS

Proof of Theorem 1.1.By the identity ( 2. 9 ), we obtain

p−1
2∑

k=1

(
k

r

)
Hk =

p−1
2∑

k=1

(
k

r

) k∑

j=1

1
j

=

p−1
2∑

j=1

1
j

p−1
2∑

k=j

(
k

r

)

=

p−1
2∑

j=1

1
j

(( p+1
2

r + 1

)
−

(
j

r + 1

))

=
( p+1

2

r + 1

)
H p−1

2
−

p−1
2∑

j=1

1
j

(
j

r + 1

)
,
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by the identity
(
n
r

)
= n

r

(
n−1
r−1

)
, we get

p−1
2∑

k=1

(
k

r

)
Hk =

(p−1
2

r

)
1 + p

2 (r + 1)
H p−1

2
− 1

r + 1

p−1
2∑

j=1

(
j − 1

r

)

and by ( 2. 8 ), the same expression can also be expressed as
p−1
2∑

k=1

(
k

r

)
Hk =

( p+1
2

r + 1

)(
H p−1

2
+

2
1 + p

− 1
r + 1

)
.

Apply the congruence ( 2. 5 ) of Lemma 2.2 to obtain
p−1
2∑

k=1

(
k

r

)
Hk ≡ (−1)r

(r + 1) 22r+1

(
2r

r

)
(1 + p)

(
1− pHr (1) + p2Hr (2)

)

×
(

H p−1
2

+
2

1 + p
− 1

r + 1

) (
mod p3

)
.

We note that

(1 + p)
(
1− pHr (1) + p2Hr (2)

) ≡ 1−p (Hr (1)− 1)+p2 (Hr (2)−Hr (1))
(
mod p3

)
,

so, by the congruence2
1+p ≡ 2 − 2p + 2p2

(
mod p3

)
and the congruence ( 2. 4 ) of

Lemma2.1, it follows
p−1
2∑

k=1

(
k

r

)
Hk ≡ (−1)r

(r + 1) 22r+1

(
2r

r

) (
1− p (Hr (1)− 1) + p2 (Hr (2)−Hr (1))

)

(3. 13)

×
(
−2q2 + pq2

2 −
2
3
p2q3

2 −
7
12

p2Bp−3 + 2− 2p + 2p2 − 1
r + 1

) (
mod p3

)
.

After distributing and simplifying the right hand side of the congruence ( 3. 13 ) we get
congruence ( 1. 2 ) of Theorem 1.1, which completes the proof. ¤

Proof of Theorem 1.2.To obtain ( 1. 3 ), it suffices to taken = p−1
2 in the identity ( 2. 11

) of Lemma 2.5 and use Lemma 2.4. ¤

Remark 3.1. By the identity
(
n
k

)(
n+k

k

)
=

(
2k
k

)(
n+k
2k

)
and the congruence ( 2. 6 ), Theorem

1.2 is reduced
p−1
2∑

k=0

(
2k
k

)2

16k
H

(2)
k ≡ 4E2p−4 − 8Ep−3

(
mod p2

)
.

Takingn =
⌊

p
6

⌋
in the identity ( 2. 11 ) of Lemma 2.5 and by the identity

(b p
6 c
k

)(b p
6 c+k

k

)
=

(
2k
k

)(b p
6 c+k

2k

)
, by the congruence ( 2. 7 ) and the congruence (2.8) of Lemma 2.6 given in

[10], we deduce
b p

6 c∑

k=1

(
6k
3k

)(
3k
k

)

432k
H

(2)
k ≡ −20Ep−3 (mod p) . (3. 14)
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Proof of Theorem 1.3.To obtain ( 1. 3 ), it suffices to taken = p−1
2 in the identity ( 2.

12 ) of Lemma 2.5 and use the first congruence of Lemma 2.1 noting thatH
(2)
p−1
2

≡ 0

(mod p). ¤

4. PARTICULAR CASES OFTHEOREM 1

In this section, we determine the congruence of
∑ p−1

2
k=1 kαHk

(
mod p3

)
, for α ∈ {0, 1, 2} .

(i) Takingr = 0 in the congruence ( 1. 2 ) and use the fact thatH0 (1) = H0 (2) = 0 to
obtain the congruence

p−1
2∑

k=1

Hk ≡ 1
2
− q2 − p

(
−1

2
q2
2 + q2 +

1
2

)
+ p2

(
−1

3
q3
2 +

1
2
q2
2 −

7
24

Bp−3

) (
mod p3

)
.

(4. 15)
(ii) Takingr = 1 in the congruence ( 1. 2 ) to obtain

p−1
2∑

k=1

kHk ≡ −1
8

(
X1,p − pY1,p + p2Z1,p

) (
mod p3

)
, (4. 16)

where

X1,p =
3
2
− 2q2, Y1,p = 2− q2

2 and Z1,p =
1
2

+ 2q2 − 2
3
q3
2 −

7
12

Bp−3.

So, the congruence ( 4. 16 ) is to be

p−1
2∑

k=1

kHk ≡ − 3
16

+
1
4
q2−p

(
1
8
q2
2 −

1
4

)
+p2

(
1
12

q3
2 −

1
4
q2 − 1

16
+

7
96

Bp−3

) (
mod p3

)
.

(4. 17)
(iii) Takingr = 2 in the congruence ( 1. 2 ) to find

p−1
2∑

k=1

(
k

2

)
Hk ≡ 1

16
(
X2,p − pY2,p + p2Z2,p

) (
mod p3

)
, (4. 18)

where

X2,p =
5
3
− 2q2,

Y2,p =
1
3

+ 2q2 − q2
2 +

(
5
3
− 2q2

)
H2 (1) =

23
9
− 2

3
q2 − q2

2 ,

Z2,p = q2
2 −

2
3
q3
2 −

7
12

Bp−3 +
(

1
3

+ 2q2 − q2
2

)
H2 (1) +

(
5
3
− 2q2

)
H2 (2)

= 1 + 2q2 − 1
3
q2
2 −

2
3
q3
2 −

7
12

Bp−3.
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By substituting
(
k
2

)
= 1

2k2 − 1
2k in the right hand side of the congruence ( 4. 18 ), it can

be written as

1
2

p−1
2∑

k=1

k2Hk − 1
2

p−1
2∑

k=1

kHk ≡ 1
16

(
X2,p − pY2,p + p2Z2,p

) (
mod p3

)
,

from which we get
p−1
2∑

k=1

k2Hk ≡
p−1
2∑

k=1

kHk +
1
8

(
X2,p − pY2,p + p2Z2,p

) (
mod p3

)
. (4. 19)

In view of ( 4. 17 ) and ( 4. 19 ), we have
p−1
2∑

k=1

k2Hk ≡ 1
48
− p

(
− 1

12
q2 +

5
72

)
+ p2

(
− 1

24
q2
2 +

1
16

) (
mod p3

)
.
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