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Abstract.: In this paper, we produce a novel framework of a subclass of
convex functions that is exponentially convex functions. Moreover, it is
observed that the new concept helps to build new inequalities of Petrović’s
type by employing exponentially convex functions. We also introduce the
idea of coordinated exponentially convex functions and derive Petrović’s
type inequality for coordinated exponentially convex functions. We also
find Lagrange type and Cauchy type mean value theorems for Petrović’s
type inequality for exponentially convex and coordinated exponentially
convex functions. Our consequences with this new generalizations has
the abilities to be implemented for the evaluation of many mathematical
problems.
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1. INTRODUCTION

Integral inequalities are marvelous tools for building up the qualitative and quantitative
properties of convex functions. There has been a ceaseless development of intrigue in such
a region of research so as to address the issues of different utilizations of these variants.
For example, inequalities have been contemplated by numerous analysts who thus utilized
assorted procedures for investigating and proposing these variants [12, 18, 29] . One of the
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most significant inequality is the distinguished Petrović’s inequality [22]. Petrovíc’s type
inequality have been obtained by several authors, see [8, 21, 22, 23, 24, 25, 26, 27, 28, 10]
and reference therein.

Another approach is efficient to obtain the integral inequalities by utilizing convex func-
tions. It is known that the subclass of convex functions is closely related to log-convex
functions referred to as exponentially convex functions. Exponentially convex function
explored by Bernstein [7] in covariance formation then Avriel [4] contemplated and inves-
tigated this concept by imposing the condition ofr−convex functions. Noor et. al. [13]
explored exponentially convex functions while studying the paper of Antczak [3]. For more
features concerning to exponentially convex functions, see [2, 5, 13, 15, 17] and the refer-
ences therein. Pal [20] provided the fertile application of exponentially convex functions in
information theory, optimization theory, and statistical theory. For observing various other
kinds of exponentially convex functions and their generalizations, see [14, 16, 20].

The main purpose of this paper is to introduce a new concept of exponentially convex
functions on coordinates. We derive Petrović’s type inequality for exponentially convex
and coordinated exponentially convex functions. We expect that the idea may open new
doors in futuristic research.

2. NOTATIONS AND PRELIMINARIES

In this section, we demonstrate the basic definitions concerning to our research.

Definition 1. A nonempty setΩ ⊆ R is convex, if

ση + (1− σ)ξ ∈ Ω, ∀η, ξ ∈ Ω, σ ∈ [0, 1].

Definition 2. A functionF : Ω → R is convex, if

F(ση + (1− σ)ξ) ≤ σF(η) + (1− σ)F(ξ), ∀η, ξ ∈ Ω, σ ∈ [0, 1].

Definition 3.([13]) A positive functionF is called exponentially convex function onΩ, if

eF(η+σ(ξ−η)) ≤ (1− σ)eF(η) + σeF(ξ), ∀η, ξ ∈ Ω, σ ∈ [0, 1], (2. 1)

which can be written in the following form, which is due to Avriel [4].

Definition 4. A positive functionF is called exponentially convex function onΩ, if

F(η + σ(ξ − η)) ≤ log[(1− σ)eF(η) + σeF(ξ)], ∀η, ξ ∈ Ω, σ ∈ [0, 1]. (2. 2)

For the applications of the exponentially convex functions in information theory and
mathematical programming, see Antczak [3] and Alirezaei and Mathar [2].
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From now onwards, we takeI1 = [a1, b1] andI2 = [c1, d1] as intervals inR.
Other aspects of exponentially convex functions can be expressed as:

eF(η) ≤ η − b1

a1 − b1
eF(a1) +

η − a1

b1 − a1
eF(b1), ∀η ∈ I = [0, b1],

equivalently, one can write

eF(η) − eF(a1)

η − a1
≤ eF(b1) − eF(a1)

b1 − a1
, ∀η ∈ I, (2. 3)

which showsF is increasing inI.

Dragomir [9] introduced coordinated convex functions as follows:

Definition 5.([9]) Suppose the bidimensional interval∆ = I1 × I2.
Also, letF : ∆ → R be a mapping. Define partial mappings as

Fξ : [a1, b1] → R defined byFξ(u1) = F(u1, ξ) (2. 4)

and
Fη : [c1, d1] → R defined byFη(v1) = F(η, v1). (2. 5)

The functionF is called coordinated convex, if the partial mappings defined in (2. 4 )
and (2. 5 ) are convex on[a1, b1] and [c1, d1] respectively, for allξ ∈ [c1, d1] andη ∈
[a1, b1].

Definition 6. The functionF : ∆ → R is convex in∆, if

F(ση + (1− σ)z1, σξ + (1− σ)w1) ≤ σF(η, ξ) + (1− σ)F(z1, w1), (2. 6)

∀(η, ξ), (z1, w1) ∈ ∆, σ ∈ [0, 1].

We now define the coordinated exponentially convex functions.

Definition 7. Suppose the bidimensional interval∆1 = [0, b1]× [0, d1].
Also, letF : ∆1 → R be a positive mapping. Define partial mappings as

Fξ : [0, b1] → R defined byFξ(u1) = F(u1, ξ) (2. 7)

and
Fη : [0, d1] → R defined byFη(v1) = F(η, v1). (2. 8)

The functionF is coordinated exponentially convex, if the partial mappings defined
in (2. 7 ) and (2. 8 ) are exponentially convex on[0, b1] and [0, d1] respectively, for all
ξ ∈ [0, d1] andη ∈ [0, b1].

Definition 8. Let ∆1 ⊆ Rn. A positive mappingF : ∆1 → R is exponentially convex
in ∆1, if

eF(ση+(1−σ)z1,σξ+(1−σ)w1) ≤ σeF(η,ξ) + (1− σ)eF(z1,w1), (2. 9)

∀(η, ξ), (z1, w1) ∈ ∆1, σ ∈ [0, 1].

Lemma 2.1. Every exponentially convex mappingF : ∆1 → R is coordinated exponen-
tially convex, but converse is not true in general.
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Proof. Let a positive mappingF : ∆1 → R be an exponentially convex in∆1. Also, let
Fη : [0, d1] → R defined asFη(v1) := F(η, v1). Then

eFη(σv1+(1−σ)w1) = eF(η,σv1+(1−σ)w1)

= eF(ση+(1−σ)η,σv1+(1−σ)w1)

≤ σeF(η,v1) + (1− σ)eF(η,w1)

= σeFη(v1) + (1− σ)eFη(w1), ∀σ ∈ [0, 1] andv1, w1 ∈ [0, d1],

which shows the exponentially convexity ofFη.
Similarly, one can show the exponentially convexity ofFξ.

Now, consider the positive mappingF0 : [0, 1]2 → [0,∞) given byeF0(u1,v1) = eu1v1 .
Clearly F is coordinated exponentially convex. But it is not exponentially convex on
[0, 1]2.

Indeed, if(η, 0), (0, w1) ∈ [0, 1]2 andσ ∈ [0, 1]. Then

eF(σ(η,0)+(1−σ)(0,w1)) = eF(ση,(1−σ)w1) = eσ(1−σ)ηw1

and

σeF(η,0) + (1− σ)eF(0,w1) = 1 = e0.

Thus,∀ σ ∈ (0, 1), η, w1 ∈ (0, 1), one has

eF(σ(η,0)+(1−σ)(0,w1)) > σeF(η,0) + (1− σ)eF(0,w1),

which shows thatF is not exponentially convex. ¤

Petrovíc [22] derived some inequality for convex functions.

Theorem 1.([22]) Let (ηi, i = 1, 2, ..., n) be non-negative n-tuples and(pj , j = 1, 2, ..., n)
be positive n-tuples such that

∑n
j=1 pj ≥ 1,

n∑
κ=1

pκηκ ∈ [0, a1] and
n∑

κ=1

pκηκ ≥ ηl for eachl = 1, ..., n.

Consider the functionF is convex on[0, a1], then
n∑

κ=1

pκF(ηκ) ≤ F
(

n∑
κ=1

pκηκ

)
+

(
n∑

κ=1

pκ − 1

)
F(0) (2. 10)

is valid.
Rehman et al. [28] gave the Petrović’s inequality on coordinated convex functions.

Theorem 2. ([28]) Let (ηi, i = 1, 2, ..., n) and (ξj , j = 1, 2, ..., n) be non-negative
n-tuples and(pk, k = 1, ..., n) and(ql, l = 1, ..., n) be positive n-tuples such that

n∑
κ=1

pκ ≥ 1, 0 6=
n∑

κ=1

pκηκ ≥ ηj for everyj = 1, 2, ..., n,
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and
n∑

l=1

ql ≥ 1, 0 6=
n∑

l=1

qlξl ≥ ξj for everyi = 1, 2, ..., n.

LetF : [0, a1)× [0, b1) → R be a convex on coordinates, then
n∑

κ=1

n∑

l=1

pκqlF(ηκ, ξl) 6 F
(

n∑
κ=1

pκηκ,

n∑

l=1

qlξl

)
+

(
n∑

l=1

ql − 1

)
F

(
n∑

κ=1

pκηκ, 0

)

(2. 11)

+

(
n∑

κ=1

pκ − 1

)(
F

(
0,

n∑

l=1

qlξl

)
+

(
n∑

l=1

ql − 1

)
F(0, 0)

)
.

3. RESULTS

In this section, we inagurate a lemma, which plays a key role for proving our next results
associated with exponentially convex functions.

Lemma 3.1. Let (ηi, i = 1, 2, ..., n) be non-negative n-tuples and(pj , j = 1, 2, ..., n) be
positive n-tuples such that

∑n
j=1 pj ≥ 1, θ ∈ [0, a1],

n∑
κ=1

pκηκ ∈ [0, a1] and
n∑

κ=1

pκηκ ≥ ηl > θ for eachl = 1, ..., n.

Suppose a positive functionF : [0, a1] → R is exponentially convex. Ife
F(η)

η−θ is increasing
on [0, a1], then

e
F
�

nP
κ=1

pκηκ

�

≥

(
n∑

κ=1
pκηκ − θ

)

n∑
κ=1

pκ(ηκ − θ)

n∑
κ=1

pκeF(ηκ). (3. 12)

Proof. Since
∑n

κ=1 pκηκ ≥ ηl > θ for all l = 1, ..., n and eF(η)

η−θ is increasing on[0, a1],
we have

e
F
�

nP
κ=1

pκηκ

�

(
n∑

κ=1
pκηκ − θ

) ≥ eF(ηκ)

(ηκ − θ)
.

This implies

(ηκ − θ)e
F
�

nP
κ=1

pκηκ

�

≥
(

n∑
κ=1

pκηκ − θ

)
eF(ηκ).

Multiplying above inequality bypκ and taking sum forκ = 1, ..., n, one has
n∑

κ=1

pκ(ηκ − θ)e
F
�

nP
κ=1

pκηκ

�

≥
(

n∑
κ=1

pκηκ − θ

)
n∑

l=1

pκeF(ηκ),



580 W. Iqbal, M. A. Noor and K.I. Noor

from which, one has the required result. ¤

We now derive the Petrović’s type inequality for exponentially convex functions.

Theorem 3. Let (ηi, i = 1, 2, ..., n) be non-negative n-tuples and(pj , j = 1, 2, ..., n)
be positive n-tuples such that

∑n
j=1 pj ≥ 1, θ ∈ [0, a1],

n∑
κ=1

pκηκ ∈ [0, a1] and
n∑

κ=1

pκηκ ≥ ηl > θ for eachl = 1, ..., n.

Let a positive functionF : [0,∞) → R be an exponentially convex ande
F(η)

η−θ is increasing
on [0, a1]. Then

n∑

l=1

ple
F(ηκ) ≤ Ae

F
�

nP
κ=1

pκηκ

�

+

(
n∑

l=1

pl −A

)
eF(θ) , (3. 13)

where

A =




n∑
l=1

pl(ηl − θ)

n∑
κ=1

pκηκ − θ


 .

Proof. SinceF is exponentially convex. so from Lemma 3.1,

e
F
�

nP
κ=1

pκηκ

�

− eF(θ) ≥

(
n∑

κ=1
pκηκ − θ

)

n∑
l=1

pl(ηl − θ)

n∑

l=1

pl

(
eF(ηκ) − eF(θ)

)
.

This gives us

n∑
l=1

pl(ηl − θ)

n∑
κ=1

pκηκ − θ

(
e
F
�

nP
κ=1

pκηκ

�

− eF(θ)

)
≥

n∑

l=1

ple
F(ηκ) −

n∑

l=1

ple
F(θ).

This leads to
n∑

l=1

pl(ηl − θ)

n∑
κ=1

pκηκ − θ
e
F
�

nP
κ=1

pκηκ

�

≥
n∑

l=1

ple
F(ηκ) −

n∑

l=1

ple
F(θ)

+




n∑
l=1

pl(ηl − θ)

n∑
κ=1

pκηκ − θ


 eF(θ).
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Finally, we have
n∑

l=1

pl(ηl − θ)

n∑
κ=1

pκηκ − θ
e
F
�

nP
κ=1

pκηκ

�

≥
n∑

l=1

ple
F(ηκ)−




n∑

l=1

pl −

n∑
l=1

pl(ηl − θ)

n∑
κ=1

pκηκ − θ


 eF(θ).

This is equivalent to the required result. ¤

If θ = 0, then Theorem 3 reduces to the following new result.

Theorem 4.Let the conditions given in Theorem 3 be satisfied.
Also, let a positive functionF : [0,∞) → R be an exponentially convex. Then

n∑

l=1

ple
F(ηκ) ≤ e

F
�

nP
κ=1

pκηκ

�

+

(
n∑

l=1

pl − 1

)
eF(0). (3. 14)

Now, we derive Petrović’s type inequality on coordinated exponentially convex func-
tions.

Theorem 5. Let (ηi, i = 1, 2, ..., n) and(ξj , j = 1, 2, ..., n) be non-negative n-tuples
and(pk, k = 1, 2, ..., n) and(ql, l = 1, ..., n) be positive n-tuples such thatθ ∈ [0, a1],∑n

κ=1 pκ ≥ 1,
∑n

l=1 ql ≥ 1,

n∑
κ=1

pκηκ ∈ [0, a1), 0 6=
n∑

κ=1

pκηκ ≥ ηj > θ for everyj = 1, 2, ..., n

and
n∑

l=1

qlξl ∈ [0, b1), 0 6=
n∑

l=1

qlξl ≥ ξi > θ for everyi = 1, 2, ..., n.

Let a positive functionF : [0,∞)2 → R be coordinated exponentially convex function and
eF(η)

η−θ is increasing on[0, a1]. Then

n∑
κ=1

n∑

l=1

pκqle
F(ηj ,ξl) ≤ A

{
Be

F
�

nP
κ=1

pκηκ,
nP

l=1
qlξl

�

+

(
n∑

l=1

ql −B

)
e
F
�

nP
κ=1

pκηκ,θ

�}

+

(
n∑

κ=1

pκ −A

){
Be

F
�

θ,
nP

l=1
qlξl

�

+

(
n∑

l=1

ql −B

)
eF(θ,θ)

}
,

(3. 15)
where
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A =




n∑
κ=1

pκ(ηκ − θ)

n∑
κ=1

pκηκ − θ


 (3. 16)

and

B =




n∑
l=1

ql(ξl − θ)

n∑
l=1

qlξl − θ


 . (3. 17)

Proof. Consider the partial mappingsFη : [0, a1] → R andFξ : [0, b1] → R defined by
Fη(v1) = F(η, v1) andFξ(u1) = F(u1, ξ).

As F is coordinated exponentially convex on[0,∞)2. Therefore, the partial mapping
Fξ is exponentially convex on[0, b1]. By Theorem 3, we have

n∑
κ=1

pκeFξ(ηj) ≤




n∑
κ=1

pκ(ηκ − θ)

n∑
κ=1

pκηκ − θ


 e

Fξ

�
nP

κ=1
pκηκ

�

+




n∑
κ=1

pκ −

n∑
κ=1

pκ(ηκ − θ)

n∑
κ=1

pκηκ − θ


 eFξ(θ).

This is equivalent to

n∑
κ=1

pκeF(ηj ,ξ) ≤




n∑
κ=1

pκ(ηκ − θ)

n∑
κ=1

pκηκ − θ


 e

F
�

nP
κ=1

pκηκ,ξ

�

+




n∑
κ=1

pκ −

n∑
κ=1

pκ(ηκ − θ)

n∑
κ=1

pκηκ − θ


 eF(θ,ξ).
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By settingξ = ξl, we get

n∑
κ=1

pκeF(ηj ,ξl) ≤




n∑
κ=1

pκ(ηκ − θ)

n∑
κ=1

pκηκ − θ


 e

F
�

nP
κ=1

pκηκ,ξl

�

+




n∑
κ=1

pκ −

n∑
κ=1

pκ(ηκ − θ)

n∑
κ=1

pκηκ − θ


 eF(θ,ξl).

Multiplying above inequality byql and taking sum forl = 1, ..., n, one has

n∑
κ=1

n∑

l=1

pκqle
F(ηj ,ξl) ≤




n∑
κ=1

pκ(ηκ − θ)

n∑
κ=1

pκηκ − θ




n∑

l=1

qle
F
�

nP
κ=1

pκηκ,ξl

�

+




n∑
κ=1

pκ −

n∑
κ=1

pκ(ηκ − θ)

n∑
κ=1

pκηκ − θ




n∑

l=1

qle
F(θ,ξl).

(3. 18)

Now again by Theorem 3, we have

n∑

l=1

qle
F
�

nP
κ=1

pκηκ,ξl

�

≤




n∑
l=1

ql(ξl − θ)

n∑
l=1

qlξl − θ


 e

F
�

nP
κ=1

pκηκ,
nP

l=1
qlξl

�

+




n∑

l=1

ql −

n∑
l=1

ql(ξl − θ)

n∑
l=1

qlξl − θ


 e

F
�

nP
κ=1

pκηκ,θ

�

and

n∑

l=1

qle
F(θ,ξl) ≤




n∑
l=1

ql(ξl − θ)

n∑
l=1

qlξl − θ


 e

F
�

θ,
nP

l=1
qlξl

�

+




n∑

l=1

ql −

n∑
l=1

ql(ξl − θ)

n∑
l=1

qlξl − θ


 eF(θ,θ).

Putting these values in inequality (3. 18 ) and using the notations given in (3. 16 ) and
(3. 17 ), we get the required result. ¤

If θ = 0, then Theorem 3 reduces to the following new result.
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Theorem 6.Let the conditions given in Theorem 3 be satisfied.
If F : [0,∞)2 → R be coordinated exponentially convex, then

n∑
κ=1

n∑

l=1

pκqle
F(ηj ,ξl) ≤

{
e
F
�

nP
κ=1

pκηκ,
nP

l=1
qlξl

�

+

(
n∑

l=1

ql − 1

)
e
F
�

nP
κ=1

pκηκ,0

�}

+

(
n∑

κ=1

pκ − 1

) {
e
F
�

0,
nP

l=1
qlξl

�

+

(
n∑

l=1

ql − 1

)
eF(0,0)

}
.

(3. 19)

By considering non-negative difference of (3. 14 ), we define the following linear func-
tional.

P(eF ) = e
F
�

nP
κ=1

pκηκ

�

+

(
n∑

l=1

pl − 1

)
eF(0) −

n∑

l=1

ple
F(ηκ). (3. 20)

Also by considering non-negative difference of (3. 19 ), we define the following linear
functional.

Υ (eF ) =

{
e
F
�

nP
κ=1

pκηκ,
nP

l=1
qlξl

�

+

(
n∑

l=1

ql − 1

)
e
F
�

nP
κ=1

pκηκ,0

�}

+

(
n∑

κ=1

pκ − 1

){
e
F
�

0,
nP

l=1
qlξl

�

+

(
n∑

l=1

ql − 1

)
eF(0,0)

}
−

n∑
κ=1

n∑

l=1

pκqle
F(ηj ,ξl).

(3. 21)
We need the following lemma.

Lemma 3.2. Let a positive functionF : [0, b1] → R be an exponentially convex such that

n1 6 (η − a1)eF(η)F ′(η)− eF(η) + eF(a1)

(η − a1)2
6 N1,

∀ η ∈ [0, b1]\{a1} anda1 ∈ (0, b1).

Letγ1, γ2 : [0, b1] → R be positive functions defined as

γ1(η) = log[N1η
2 − eF(η)]

and
γ2(η) = log[eF(η) − n1η

2],

thenγ1 andγ2 are exponentially convex on[0, b1].

Proof. Suppose

Pγ1(η) =
eγ1(η) − eγ1(a1)

η − a1
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=
N1η

2 − eF(η) −N1a1
2 + eF(a1)

η − a1

=
N1(η2 − a1

2)
η − a1

− eF(η) − eF(a1)

η − a1
.

= N1(η + a1)− eF(η) − eF(a1)

η − a1
.

By differentiating with respect toη, one has

P ′γ1
(η) = N1 − (η − a1)eF(η)F ′(η)− eF(η) + eF(a1)

(η − a1)2
.

Since

N1 − (η − a1)eF(η)F ′(η)− eF(η) + eF(a1)

(η − a1)2
≥ 0.

This implies

P ′γ1
(η) ≥ 0, ∀η ∈ [0, a1) ∪ (a1, b1].

Similarly, one can show that

P ′γ2
(η) ≥ 0, ∀η ∈ [0, a1) ∪ (a1, b1].

This implies thatPγ1 andPγ2 are increasing onη ∈ [0, a1) ∪ (a1, b1] for all a ∈ (0, b1).
Hence by (2. 3 ),γ1(η) andγ2(η) are exponentially convex in[0, b1]. ¤

Here we give mean value theorems related to functional defined for Petrović’s inequality
for exponentially convex functions.

Theorem 7. Let (η1, ..., ηn) ∈ [0, b1], and (p1, ..., pn) be positive n-tuples such that∑n
k=1 pkηk ≥ ηj for eachj = 1, 2, ..., n.

Also letφ(η) = log η2.
If a positive exponentially convex functionF ∈ C1([0, b1]), then there existη ∈ (0, b1)
such that

P(eF ) =
(η − a)eF(η)F ′(η)− eF(η) + eF(a1)

(η − a)2
P(eφ), (3. 22)

provided thatP(eφ) is non zero anda ∈ (0, b1), whereP(eF ) is a linear functional.

Proof. AsF ∈ C1([0, b1]), so there exist real numbersn1 andN1 such that

n1 6 (η − a1)eF(η)F ′(η)− eF(η) + eF(a1)

(η − a1)2
6 N1, ∀η ∈ [0, b1] anda1 ∈ (0, b1).

Consider the functionsγ1 andγ2 defined in Lemma 3.2.

As γ1 is exponentially convex in[0, b1], so

P(eγ1) ≥ 0,
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that is
P

(
N1η

2 − eF(η)
)
≥ 0,

this gives
N1P(eφ) ≥ P(eF ). (3. 23)

Similarly γ2 is exponentially convex[0, b1], therefore one has

n1P(φ) 6 P(eF ). (3. 24)

By assumptionP(eφ) is non zero, combining inequalities (3. 23 ) and (3. 24 ), one has

n1 6 P(eF )
P(eφ)

6 N1.

Hence there existη ∈ (0, b1) such that

P(eF )
P(eφ)

=
(η − a)eF(η)F ′(η)− eF(η) + eF(a1)

(η − a)2
,

which is the required result. ¤

Theorem 8.Let the conditions given in Theorem 3 be satisfied.
Suppose the positive exponentially convex functionsF1,F2 ∈ C1([0, b1]), then there exist
ξ ∈ (0, b1) such that

P(eF1)
P(eF2)

=
(ξ − a)eF1(ξ)F ′1(ξ)− eF1(ξ) + eF1(a)

(ξ − a)eF2(ξ)F2
′(ξ)− eF2(ξ) + eF2(a)

,

provided that the denominators are non-zero anda1 ∈ (0, b1), whereP(eF1) andP(eF2)
are linear functional.

Proof. Supposek ∈ C1([0, b1]) be a function defined as

k = log (c1e
F1 − c2e

F2),

wherec1 andc2 are defined as
c1 = P(eF2),

c2 = P(eF1).
Then using Theorem 3 withF = k, one has

(ξ − a)elog(c1eF1(ξ)−c2eF2(ξ))(log(c1e
F1(ξ) − c2e

F2(ξ)))′ − (c1e
F1(ξ) − c2e

F2(ξ))

+ (c1e
F1(a) − c2e

F2(a)) = 0,

this gives

(ξ − a)(c1e
F1(ξ) − c2e

F2(ξ))′ − c1e
F1(ξ) + c2e

F2(ξ) + c1e
F1(a) − c2e

F2(a) = 0,

that is

(ξ − a)(c1e
F1(ξ)F ′1(ξ)− c2e

F2(ξ)F ′2(ξ))− c1e
F1(ξ) + c2e

F2(ξ) + c1e
F1(a) − c2e

F2(a) = 0,

this gives

(ξ − a)c1e
F1(ξ)F ′1(ξ)− (ξ − a)c2e

F2(ξ)F ′2(ξ)− c1e
F1(ξ) + c2e

F2(ξ) + c1e
F1(a) − c2e

F2(a) = 0



PETROVIC’S TYPE INEQUALITY FOR COORDINATED EXPONENTIALLY CONVEX FUNCTIONS 587

this implies

c1

{
(ξ − a)eF1(ξ)F ′1(ξ)− eF1(ξ) + eF1(a)

}
= c2

{
(ξ − a)eF2(ξ)F ′2(ξ)− eF2(ξ) + eF2(a)

}

c2

c1
=

(ξ − a)eF1(ξ)F ′1(ξ)− eF1(ξ) + eF1(a)

(ξ − a)eF2(ξ)F ′2(ξ)− eF2(ξ) + eF2(a)
.

Putting the values ofc1 andc2, one has the required result. ¤

We need the following lemma.

Lemma 3.3. Let ∆ = [0, b1] × [0, d1]. Also, letF : ∆ → R be a positive coordinated
exponentially convex function such that

n1 6
(η − a1)eF(η,ξ) ∂

∂ηF(η, ξ)− eF(η,ξ) + eF(a1,ξ)

(η − a1)2ξ2
6 N1

and

n2 6
(ξ − c1)eF(η,ξ) ∂

∂ξF(η, ξ)− eF(η,ξ) + eF(η,c1)

(ξ − c1)2η2
6 N2

∀η ∈ [0, b1]\{a1}, a1 ∈ (0, b1) andξ ∈ [0, d1]\{c1}, c ∈ (0, d1).

Consider the functionsαξ : [0, b1] → R, andαη : [0, d1] → R, defined as

α(η, ξ) = log[max{N1, N2}η2ξ2 − eF(η,ξ)]

and

β(η, ξ) = log[eF(η,ξ) −min{n1, n2}η2ξ2].

Thenα andβ are coordinated exponentially convex.

Proof. Suppose the partial mappingsαξ : [0, b1] → R andαη : [0, d1] → R defined as
αξ(η) := α(η, ξ) for all η ∈ (0, b1] andαη(ξ) := α(η, ξ) for all ξ ∈ (0, d1].

Pαξ
(η) =

eαξ(η) − eαξ(a1)

η − a1

=
eα(η,ξ) − eα(a1,ξ)

η − a1

=
elog[max{N1,N2}η2ξ2−eF(η,ξ)] − elog[max{N1,N2}a2ξ2−eF(a1,ξ)]

η − a1

=
N1η

2ξ2 − eF(η,ξ) −N1a
2ξ2 + eF(a1,ξ)

η − a1

= N1
(η2 − a2)ξ2

η − a1
− eF(η,ξ) − eF(a1,ξ)

η − a1

= N1(η + a)ξ2 − eF(η,ξ) − eF(a1,ξ)

η − a1
.
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Differentiating partially with respect toη, one has

P ′αξ
(η) = N1

∂

∂η

(
ηξ2 + a1ξ

2
)− ∂

∂η

(
eF(η,ξ) − eF(a1,ξ)

η − a1

)

= N1ξ
2 −

(η − a1)eF(η,ξ) ∂
∂ηF(η, ξ)− eF(η,ξ) + eF(a1,ξ)

(η − a1)2
.

By assumption

N1ξ
2 −

(η − a1)eF(η,ξ) ∂
∂ηF(η, ξ)− eF(η,ξ) + eF(a1,ξ)

(η − a1)2
≥ 0.

P ′αξ
(η) ≥ 0, ∀η ∈ [0, a1) ∪ (a1, b1].

Similarly, one can show that

P ′αη
(ξ) ≥ 0, ∀η ∈ [0, c1) ∪ (c1, d1].

This ensure thatPαξ
is increasing on[0, a1) ∪ (a1, b1] for all a1 ∈ [0, b1] andPαη is in-

creasing on[0, c1) ∪ (c1, d1] for all c1 ∈ [0, d1].

By (2. 3 ),α is exponentially convex. Hence by Lemma 2.1,α is coordinated exponen-
tially convex.

Similarly, one can show thatβ is coordinated exponentially convex. ¤

Here we give mean value theorems related to the functional defined for Petrovic̀’s in-
equality for coordinated exponentially convex functions.

Theorem 9. Let (η1, ..., ηn) ∈ [0, b1], (ξ1, ..., ξn) ∈ [0, d1] be non-negative n-tuples
and(q1, ..., qn), (p1, ..., pn) be positive n-tuples such that∑n

k=1 pkηk ≥ ηj for eachj = 1, 2, ..., n. Also letϕ(η, ξ) = log (η2ξ2).

Let a positive coordinated exponentially convex functionF ∈ C1(∆), then there exist
(ξ, η) in the interior of∆, such that

Υ (eF ) =
(η − a)eF(ξ,η) ∂

∂ηF(ξ, η)− eF(ξ,η) + eF(ξ,a)

(η − a)2ξ2
Υ (eϕ) (3. 25)

and

Υ (eF ) =
(ξ − a)eF(ξ,η) ∂

∂ξF(ξ, η)− eF(ξ,η) + eF(a,η)

(ξ − a)2η2
Υ (eϕ), (3. 26)

provided thatΥ (eϕ) is non-zero anda ∈ (0, b1), whereΥ (eF ) is a linear functional.

Proof. As F has continuous first order partial derivative in∆, so there exist real numbers
n1, n2, N1 andN2 such that

n1 6
(η − a)eF(η,ξ) ∂

∂ηF(η, ξ)− eF(η,ξ) + eF(ξ,a)

(η − a)2ξ2
6 N1
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and

n2 6
(ξ − a)eF(η,ξ) ∂

∂ξF(η, ξ)− eF(η,ξ) + eF(a,η)

(ξ − a)2η2
6 N2,

∀η ∈ (0, b1], ξ ∈ (0, d] anda ∈ (0, b1).

Consider the functionsα andβ defined in Lemma 3.3.

As α is coordinated exponentially convex, then

Υ (eα) ≥ 0,

that is

Υ
(
N1η

2ξ2 − eF(η,ξ)
)
≥ 0,

this gives

N1Υ (eϕ) ≥ Υ (eF ). (3. 27)

Similarly β is coordinated exponentially convex, therefore one has

n1Υ (eϕ) 6 Υ (eF ). (3. 28)

By assumptionΥ (eϕ) is non-zero, so combining inequalities (3. 27 ) and (3. 28 ), one has

n1 6 Υ (eF )
Υ (eϕ)

6 N1.

Hence there exists(ξ, η) in the interior of∆, such that

Υ (eF ) =
(η − a)eF(ξ,η) ∂

∂ηF(ξ, η)− eF(ξ,η) + eF(ξ,a)

(η − a)2η2
Υ (eϕ).

Similarly, one can show that

Υ (eF ) =
(ξ − a)eF(ξ,η) ∂

∂ξF(ξ, η)− eF(ξ,η) + eF(a,η)

(ξ − a)2η2
Υ (eϕ),

which is the required result. ¤

Theorem 10.Let the conditions given in Theorem 3 be satisfied.
Also let the positive coordinated exponentially convex functionsF1,F2 ∈ C1(∆), then
there exist(ξ, η) in the interior of∆, such that

Υ (eF1)
Υ (eF2)

=
(η − a)eF1(ξ,η) ∂

∂ηF1(ξ, η)− eF1(ξ,η) + eF1(ξ,a)

(η − a)eF2(ξ,η) ∂
∂ηF2(ξ, η)− eF2(ξ,η) + eF2(ξ,a)

and
Υ (eF1)
Υ (eF2)

=
(ξ − a)eF1(ξ,η) ∂

∂ξF1(ξ, η)− eF1(ξ,η) + eF1(a,η)

(ξ − a)eF2(ξ,η) ∂
∂ξF2(ξ, η)− eF2(ξ,η) + eF2(a,η)

,

provided that the denominators are non-zero anda ∈ (0, b1), whereΥ (eF1) andΥ (eF2)
are linear functional.
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Proof. Suppose

k = log (c1e
F1 − c2e

F2),

wherec1 andc2 are defined as

c1 = Υ (eF2),

c2 = Υ (eF1).

Using Theorem 3 withF = k, one has

(η − a)elog(c1eF1−c2eF2 )(ξ,η) ∂

∂η
log(c1e

F1 − c2e
F2)(ξ, η)− elog(c1eF1−c2eF2 )(ξ,η)

+ elog (c1eF1−c2eF2 )(ξ,a) = 0

(η − a)
∂

∂η
(c1e

F1 − c2e
F2)(ξ, η)− (c1e

F1 − c2e
F2)(ξ, η) + (c1e

F1 − c2e
F2)(ξ, a) = 0

(η − a)c1
∂

∂η
eF1(ξ,η) − (η − a)c2

∂

∂η
eF2(ξ,η) − c1e

F1(ξ,η) + c2e
F2(ξ,η)

+ c1e
F1(ξ,a) − c2e

F2(ξ,a) = 0

c1

{
(η − a)

∂

∂η
eF1(ξ,η) − eF1(ξ,η) + eF1(ξ,a)

}
− c2

{
(η − a)

∂

∂η
eF2(ξ,η)

+eF2(ξ,η) − eF2(ξ,a)
}

= 0

c1

{
(η − a)

∂

∂η
eF1(ξ,η) − eF1(ξ,η) + eF1(ξ,a)

}
= c2

{
(η − a)

∂

∂η
eF2(ξ,η)

−eF2(ξ,η) + eF2(ξ,a)
}

,

c2

c1
=

(η − a)eF1(ξ,η) ∂
∂ηF1(ξ, η)− eF1(ξ,η) + eF1(ξ,a)

(η − a)eF2(ξ,η) ∂
∂ηF2(ξ, η)− eF2(ξ,η) + eF2(ξ,a)

.

Similarly, one can show that

c2

c1
=

(ξ − a)eF1(ξ,η) ∂
∂ξF1(ξ, η)− eF1(ξ,η) + eF1(a,η)

(ξ − a)eF2(ξ,η) ∂
∂ξF2(ξ, η)− eF2(ξ,η) + eF2(a,η)

.

Putting the values ofc1 andc2, one has the required result. ¤

4. CONCLUSION

We have defined the coordinated exponentially convex functions. Petrović’s type in-
equality for exponentially convex and coordinated exponentially convex functions have
been derived. We also derived Lagrange type and Cauchy type mean value theorems for
Petrovíc’s type inequality for exponentially convex and coordinated exponentially convex
functions. Some new special cases are discovered. We hope that the strategies of this pa-
per will motivate the researchers working in functional analysis, information theory and
statistical theory. This is a new path for research in future.
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