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Abstract.: In engineering and mathematical physics nonlinear evolution-
ary equations play an important role. Kawahara equation is one of the
famous nonlinear evolution equation appeared in the theories of shallow
water waves possessing surface tension, capillary-gravity waves and also
magneto-acoustic waves in a plasma. Another specific subjective parts
of arrangements for some of evolution equations demonstrated by inves-
tigations, which connect alongwith their large-time behavior named as
eventual time periodicity uncovered across solutions to IBVPs (initial-
boundary-value problems). In this study eventual periodicity of solutions
for the generalized fifth order Kawahara equation (IBVP) on bounded do-
main coupled with periodic boundary condition will explored numerically
utilizing meshless technique called as Radial basis function generated fi-
nite difference (RBF-FD) method.
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1. INTRODUCTION

In engineering and mathematical sciences such as solid state physics, plasma physics,
chemical physics, fluid dynamics, chemical kinematics and geochemistry nonlinear evo-
lutionary equations play an important role [1, 14, 24, 25, 26, 27, 17, 18, 19]. As an ex-
ample, Kawahara equation is one of the famous nonlinear equation of evolution appeared

665



666 Hameed Ullah Jan, Marjan Uddin

in theories of shallow water waves possessing surface tension [7, 28, 9]. Various physi-
cal phenomena, suchlike plasma magneto-acoustic waves [22] and capillary gravity water
waves [15] are described and represented by Kawahara and modified Kawahara equation
respectively. KdV-Kawahara equation which is a particular form of Benney-Lin equation
that accustomed to clarify the one-dimensional development in diverse media of small but
finite amplitude long waves fluid dynamics problems [5, 23, 20, 21, 6]. Although the most
general solution of the Kawahara equation is not available, the analytical solution for a spe-
cial case in the form of solitary waves is given in [33]. Very few methods have been applied
for the numerical solution of Kawahara equation [35, 10, 34]. It is worth nothing that the
standard mathematical models of integer-order derivatives, including nonlinear models, do
not work adequately in many cases. In the recent years, fractional calculus has played a
very important role in various fields such as mechanics, electricity, chemistry, biology, eco-
nomics, notably control theory signal, image processing and groundwater problems. In the
past several decades, the investigation of travelling-wave solutions for nonlinear equations
has played an important role in the study of nonlinear physical phenomena. An excel-
lent literature of this can be found in fractional differentiation and integration operators
were also used for extensions of the diffusion and wave equations. The HDM was recently
applied to solve fractional modified Kawahara equation, fractional complex transform ap-
proximate is used for time fractional Kawahara and modified Kawahara equations, method
based on the Jacobi elliptic functions for the fractional modified Kawahara equation has
been found in [45, 16]. Another specific qualitative characteristic disclosed on solutions
to IBVPs of some evolutionary equations that have been established through investigations
and are linked by their large-time action named as eventual time periodicity. This enticing
and appealing event take place by a piston or flap or paddle-type wave maker put on one of
the channel’s ends in research tests. As the wave generator oscillates at a predictable period
Ty > 0, it appears that the amplitude of the waves becomes periodic at each place along
the channel when a particular period of time has elapsed [36, 37]. Various studies have
previously addressed this important and fascinating eventual periodic phenomena such as
Burger-type equations, generalised equations for KdV, BBM, and its dissipating counter-
parts [38, 29, 31, 30, 32, 44, 2]. The goal of this study is to see whether the corresponding
solutionu of the following model problem for generalized fifth order Kawahara equation
alongwith specified initial and boundary condition on bounded domain is eventually peri-
odic by using a numerical scheme known as RBF-FD meshless method.

up + aug + (B + du)uty + Yggr — Mlazzes = 0, T € [a,b], t € (0,7,
u(a,t) = ho(t), t € (0,77,
u(b,t) = ug(a,t) = ug(b,t) = ugy(b,t) =0, t € (0,77,
w(z,0) = up(z), x € [a,b)].

(1.1)

Whereq, 3, 6, v andy are known and the boundary déta(t) presumed to be periodic
of periodTy > 0 such thath,(t) = h,(t + To) has asymptotic cycle of periodic behav-
ior at any fixed point in space, supposing amplitude of the boundary forcing/tgfthis
minimal. So the wave-maker transfers energy from the left boundaey @, Place that
mounts the wave-maker) into a finite channel while the channel at the rightcead) is
free and open. In model (1. 1):
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If « =6 =0, then itis called Kawahara equation.
If « = 3 =0, thenitis called Modified Kawahara equation.
If 6 =0, thenitis called KdV-Kawahara equation.

Meshfree methods are becoming more popular, emerging, interesting and fascinating
numerical techniques due to the ability to solve those physical and engineering problems
with no meshing or minimum of meshing for which the traditionally used mesh-based
methods are not suited like finite volumes, finite differences, finite elements, Moving least
square, Element free galerkin, Point interpolation method, Reproducing kernel particle
method and Boundary element free method. RBFs methods appears to be really consists
and most prominent meshless methods among the family of meshless methods while look-
ing at the interpolation of multi dimensional scattered data and have received recently a
tremendous and considerable attention in scientific community because of its capacity to
achieve spectral accuracy, efficiency and high flexibility in solving complex PDEs, integral
equations and fractional equations opposed to other advanced methods [4, 8, 11]. The most
commonly used kernel in meshless techniques is the multi-quadric (MQ) kernel suggested
by Hardy [13] to solve collocation scheme for PDEs employing radial basis function.

2. DESCRIPTION OFRBF-HNITE DIFFERENCES METHOD

We deal with general time dependent PDE for mathematical formulation and define the
RBF-FD process in a gradual way. Take the problem of frame

ug(x,t) = Lu(z,t), suchthatt €e Z CR®, s > 1,¢ > 0, (2. 2)
associated with initial and boundary conditions
u(z,0) = up(z), Bu(z,t) = h(z,t), z € OZ, (2.3)

wherewuy and h are certain provided functions, while the spatial operaiyré3 repre-
senting the differential operators. Assufie } ; denotesV number of nodes used for
approximation in the domaisa for the given problem. RBF-FD is a mesh-free method and
essentially a generalization of conventional finite difference (FD) method. In classical FD
approach the derivative of a functians defined as a linear combination of the values of

at some closest surrounding values (stencil) nodes. The difference is that RBF-FD methods
use radial basis function instead of polynomials use in classical FD method [12].

2.1. Global RBF differentiation matrix. Discretization of equations (2. 2 )-(2. 3) via
global RBF method can be followed by approximating the unknown funciidry the
linear combination of radial kernel at the noder specified by

N
i(z) =Y cio(le —zll) = @(x) e, z €5, (2. 4)
j=1
such that®(x)” = (¢||z — 21|, ¢||lz — 22|, ... ,¢|lz — zn]|), andc is the expansion

coefficients vector. Equation (2. 4 ) in Lagrange form is stated as

a(z) = ®(x) K tu, (2. 5)
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hereK representing system interpolation matrix for the global RBF. Now the interpolant
(kernel-based): in equation (2. 5) gives good approximation @f Consequently any
operator used of also would be an excellent estimation of relevant operator employed on
u (see [12, 11]). Applying linear differential operat6ron above equation (2. 5) gives

Li(z) = LB(x) K u. (2. 6)
From equation (2. 6 ) we used the notation below for values
LP(x1)"
K, = . . (2.7)
L®(xn)"

The global discretization (differentiation) matdixof size N x N may thus be considered
as

L=K/;K ! (2. 8)
Since from equation (2. 7)), we see that tHerow of K - corresponds taﬁ:@(xi)T, there-
fore we observe from equation (2. 8) that therow of L,

L; = L&(x;) K1, (2.9)
serve as global differentiation matixone single row.

2.2. Local RBF differentiation matrix. We now report derivation of local differentiation
matrix and describe how to compute the local finite differences associated weights which
give rise to local interpolant in a locally small neighborhood regarding pairgxactly.
Consider the set of poins = {z1, ..., zy } where we want the derivative approximation,
these points can be regarded as stencil centers. For aifivemaluation node say;, the

size of nearest neighboring nodes in stengil of z; isn. Specifying also the set of points

Z = {z,...,zn} at which we want to analyze (sample) data. The points inside the stencil
having sizen are collected aZ; C Z. Now estimation of differential operatd} on stencil

with center node:; and collected a¥; is given by

L, = K{K,. (2. 10)

Actually it assemble a stencil having center nagénence we declare it as local differen-
tiation matrix however it behaves globally since it operate whole entire data of that small
stencil. All thoseL; matrices contains non-zeros entries in sparse(global) mhffix,
however their position must still be determined further in that sparse niafrfx. Now

LEP which representing thé” row of L and holds non-zero values from matilix
(since it has one test nodeg so it is row vector). As the points i7; C Z are used in
constructingL;. Hence columns dk.*'” connected alongwith those points which are non-
zero columns of row. Determining the position in the sparse r&f/” of those points
correctly, define an incidence matrix having entries below

Pl — { 1, if k=¢,i.e., k" entryinZ; meetthe/*” entryin Z,
ilk, 4 —
’ 0, else
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Use this to describe the complete sparse matrix as

Ki'K,'Py
LfP = ) ) (2. 11)
K"K, Py
Ultimately the discretization for problem (2. 2 )-(2. 3 ) can be written as
% = Mu, (2.12)

FD
whereM = [ ]gFD } ., whereB¥'P stand for the discretization of operator applied at

the boundary and can accordingly be foundlds”. Evolving in time the ODE system

(2. 12), some solver ODE such as, odel113 ode23, ode45,and several others can be used

from Matlab.

3. STABILITY ANALYSIS

Applying -weighted scheme to equation (1. 1) in the form

un+1 _ un
— +0Lu" T 4+ (1 — O)u" = g(x, t" ) (3. 13)
where0 < 0 < 1, 7 denotes time step and' (n is non-negative integer) indicates solution
at timet”™ = nr. We have

un+1 _ un

— + 0 [auy + (8 + du)uuy + Yugrr — HUzrraz

+(1 = 0) [aug + (B + du)uuy + Ypre — Hzzzzs) = 0. (3. 14)

The nonlinear term&uu, )"+t and(u?u, )" in equation (3. 14 ) can be approximated by
linear term [41] as

(u™u)" M~ (™) T 4 m (™) ™ — (™), m = 1,2,... (3. 15)

€T

]TL—‘rl

substituting equation (3. 15 ) into equation (3. 14 ) and rearranging it, equation (3. 14 ) will
be written as

[1+07Bul + 20rsu™ul]u " + [0ra + 07 Bu” + 076 (u?)"| ul ™t + Oryuytt
—Orpup ™t =14 078u” — (1 — 0)7Bu — (1 — 0)Tu™ + 2070u™u”] u™

—(1=0)rauy — (1 — 0)ryul, + (1 — 0)Tpud,.
(3. 16)

Through applying the Von Neumann stability analysis, the stability of the proposed system
will be analysed. Despite the fact that the application of Von Neumann stability refers to
linear difference equations, but it can provide the requisite condition and in practice can be
useful for the nonlinear (linearized) difference equation (see [42] and references therein).
For this reason, first, one variable should be local freezes in the nonlinear terms in equation
(3.16), i.e.,u™ = v andu! = v,, wherev is local constant value af™ andv, is local
constant value o&, then Von Neumann analysis used to determine the required necessary
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stability condition. If the nonlinear terms are freezed locally = v andu} = v, in
equation (3. 16), it could be written as

(14 67Bv, + 2076vv, ] u™ ! + [0ra + 0780 + 070 (v*) | ul T + Oryuyt
—Orpugtt = [1 4 678v, — (1 — 0)7fv, — (1 — O)1v + 207600, ) u™ (3. 17)
—(1=0)raul — (1 — 0)Tyul, + (1 — 0)Tpud,.
The Von Neumann method is applied for evgry usingu’ = £nei and replacing it
in equation (3. 17),
[1 4 67Bv, + 2076vv,] £" e + in [0Ta + 07 Bv + O76(v?)] £ H e

_Z-T]39T,Y€n+1einzj “7507_M§n+1 nT; _

T (3.18)
[14076v, — (1 — 0)1Bv, — (1 — 0)Tv + 207600, e
—in(1 — O)Tag™ e +in3(1 — O)TyE e 4 ind(1 — @) Tucm e
After simplification of equation (3. 18 ) we have
Py —iQy
= % 3.19
¢ Py +1iQ- ( )
where
P =1+ 6076v, — (1 —6)1fv, — (1 — 0)1v + 207T000,)]
Qu = [n(1 = 0)Ta —n* (1= )7y —n°(1 = O)74]
Py, = [1 4 07pv, + 2076v0,)]
Q2 = [nGTa + 007 v + nhTd(v?) — 20Ty — 77507;4
P?+Qf N
2 i
—. .2
=t = b 3. 20)

WhereN = P? + Q? andD = P + Q3, we know that ifD — N > 0 then|¢| < 1 and
the method is stable. Upon simplification, we get

D — N =1(v+ pvg). (3. 21)

Now it is clear thatr > 0, so for enough small value of that islim,__.y, we neglect

those terms containing product of Thus equation (3. 21) is non-negative fbr> %
and7(v + fBuv,) > 0. Thereforel¢| < 1. Hence the necessary condition is established for
stability and it can be concluded that our method is convergent. In addition, the convergence
analysis of the above mentioned RBF-FD method has been analytically proved by Bayona,
and Moscoso et al., [3].

4. NUMERICAL RESULTS

4.1. Usage and application of the numerical scheme suggesteWithin this section, the
proposed method is implemented for finding the numerical solution of generalized Kawa-
hara equation. The accuracy, efficiency and the success of this scheme is tested in terms of
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L., and L, (error norms) and the two invarianis and; which are defined by

Loc = |[u* — uloc = maxu® — 4l

N
Lo = * — h * 2
o = ||u* — ull2 ;(u u) 4. 22)

1> 1,
Ijzf/ u%lx:}hZug,j:l,Q.

J J— i1

Now consider equation (1. 1) with parameter= 5 = 0 andé = v = pu = 1, alongwith
analytical solitary wave solution [39] given by

u(z,t) = DSech?(k(x — Bt)), (4. 23)

whereD = \7—1% B = 5 andk = %\/g the initial and boundary conditions are extracted
from the exact solution (4. 23 ). The calculation are carried out by tgkirig = [—30, 30],
with N = 61. We use MQ-RBFb(r) = v/c? + r2 with shape parameter= 5. The L,
and L, norms att = 0,5, 15,25 are seen in Table 1, and also the solitary wave profile in
comparison with the exact solution is shown in Figure 1.

Method time Lo Lo I Iy CPU
time/sec
[43] 0 0 0 -8.48525 2.68328
5 6.1995e-05 1.7896e-04 -8.48524 2.68317 0.187
15 1.0717e-04 2.7337e-04 -8.48487 2.68296 0.313
25 1.2130e-04 3.4855e-04 -8.48464 2.68275 0.453
RBF-FD 0 0 0 -8.34616 2.63929 0.013
5 4.9580e-04 9.4940e-04 -8.34743 2.63929 0.114
15 1.0017e-03 2.6235e-03 -8.34357 2.63930 0.268
25 2.8298e-03 5.9075e-03 -8.33515 2.63931 0.415
TABLE 1. Comparison table for problem-(4. 23).

Similarly if we consider equation (1. 1 ) with parametee= 6 =0and=~v=pu =1,
having the following exact solution [40],

1 205

1
u(z,t) = &Sech‘l( (x — @t

169 2v/13
The initial and boundary conditions are extracted from the exact solution (4. 24). The
simulation are performed by takirg, b] = [0, 200], with Az = 1. The L., and L, error
norms are calculated with MQ-RBF at= 5. From results shown in Table 2 and Figure 2,
we can see that our method (RBF-FD) showing good agreement with the exact solution.

— 29)). (4. 24)
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L =0.0028298, t=25 MQ(c)= 5 Surface plot of approximate solution

> -0.4

*  Numerical solution 20
Exact solution -1

-30 20 -10 0 10 20 30 -10 20 30 O t
X

FIGURE 1. Solitary wave solution (showing the amplitude and trough
position of the solitary wave) for problem (4. 23) in comparison with
exact solution (solid lines show exact solution &ridshowing numerical
solution).

Method time Lo Lo I Iy CPU
[43] 5 1.0977e-04 3.7679e-04 5.97559 1.27250 3.266
RBF-FD 5 1.1860e-04 4.0509e-04 5.94404 1.26614 0.399
TABLE 2. Comparison table for problem-(4. 24).

L =0.0001186, t=5, MQ(c)= 2.6 Surface plot of approximate solution

0.7

*  Numerical solution

Exact solution

FIGURE 2. Solitary wave solution (showing the amplitude and peak po-
sition of the solitary wave) for problem (4. 24 ) in comparison with exact
solution (solid lines show exact solution ahd showing numerical so-
lution).

5. EVENTUAL PERIODICITY.

Now we present the results of our method investigating the eventual periodicity of gen-
eralized fifth order Kawahara equation (1. 1) in graphical form along with appropriate
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boundary daté, (¢). The initial datau is not necessarily necessary in eventual periodicity
so take it zero. For each problem the amplitudés, t) produced in six graphs at partic-
ular points. N indicates complete domain points, whi¥é, denotes points in respective
sub-domains. Th& andY axes are representative in these graphs of tiarel amplitude

u respectively. The last graph shows the amplitude remains zero in every problem.

5.1. Eventual periodicity of Kawahara equation. We compute the solutions of model
equation (1. 1), for Kawahara equation with parametets 0, 3 = 1,6 = 0, v = 0.027
andy = 1073. The amplitudes:(z,t) for this model is shown in six plots in Figure 3
at given specific points viz = —19.5, —17.5, —7.5, 5.0, 17.5 and30.0 in the domain
[—20,30] and in a time domain0, 5]. The plots below clearly confirm the subsequent
periodic activity of the solution in the specified domain at these particular positions.

5.2. Eventual periodicity of Modified-Kawahara equation. We compute the solutions

of model equation (1. 1), for Modified-Kawahara equation using parameters, 5 = 0,

§ =1,7 = 0.08 andp = 1073, The amplitudes.(z, t) for this model is shown in six
plots in Figure 4 at given specific points viz= —29.4, —27.0, —15.0, 0.0, 15.0 and

30.0 in the domain—30, 30] and in a time domaif0, 5]. The plots below clearly confirm

the subsequent periodic activity of the solution in the specified domain at these particular
positions.

5.3. Eventual periodicity of KdV-Kawahara equation. Finally we compute the solu-
tions of model equation (1. 1), for KdV-Kawahara equation with parametets 0.4,

B =1573=0,v=4andy = 10-3. The amplitudes:(z, t) for this model is shown in
six plots in Figure 5 at given particular points viz= 2, 10, 50, 100, 150 and200 in the
domain[0, 200] and in a time domaifo, 5]. The plots below clearly confirm the subsequent
periodic activity of the solution in the specified domain at these particular positions.

6. CONCLUSION

In this study we have discussed RBF-FD method in detail and also implemented on the
solution of IBVPs for generalized fifth order Kawahara equation and to examine the even-
tual periodicity in graphical form. The amplitudes recorded in different graphs at particular
points in domain. In each problem the last graph shows the amplitude remain zero. We
integrate our method with the RK-4 approach for time integration. The spatial operators
in multi-dimensions are approximated by RBF in the finite difference (FD) setting which
generates small size differentiation matrices in local sub-domains and these are assembled
as a single sparse matrix in the global domain. So large amount of data can be manipulated
very easily and accurately. The construction of our approach is simpler and easier to solve
any nonlinear higher order PDEs as compared to other numerical methods. The efficiency,
capacity, and high order accuracy of our suggested approaches are demonstrated using ex-
amples and results.
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—17.5, =7.5, 5.0, 17.5 and 30.0 € [-20,30], N = 100, N, = 25,
0t = 0.01, tmax = 5, ha(t) = 0.1sin(27t).

thankful to the Chief editor, Punjab University Journal of Mathematics that he has given
me a chance to improve my article up to the standard and able to publish.

REFERENCES

[1] M. J. Ablowitz and and P. A. ClarksonSolitons, nonlinear evolution equations and inverse scattering
Cambridge university pres$49(1991).



Approximation and Eventual periodicity of Generalized Kawahara equation using RBF-FD method.

675

Amplitude

5 x10°

Time

Amplitude

%102

25 3 35 4 45 5
Time

Amplitude

0 05

25 3 35 4 45 5
Time

g x10°

Amplitude

0 0.5

, x10°

2

25 3 35 4 45 5
Time

Amplitude

0 0.5

2

25 3 35 4 45 5

Time
1
08
06
04
o 02
k<]
2
= o
£
< 02t
04
0.6
08
1 . . . . . . . .
0 05 15 2 25 3 35 4 45 5

Time

FIGURE 4. Modified-Kawahara equation eventual periodicity for=

—29.4, —27.0, —15.0, 0.0, 15.0 and 30.0 € [—30,30], N =
N, = 25,6t = 0.01, tmax = 5, hy(t) = 0.1sin(27t).

100,

[2] T. Ak, and S. Battal Gazi Karakodh numerical technique based on collocation method for solving modified
Kawahara equationJournal of Ocean Engineering and Science, Else3jé&to.1 (2018) 67-75.

[3] K. Al-Khaled, N. Haynes, W. Schiesser and M. UsmaByentual periodicity of the forced oscillations
for a Kortewegde Vries type equation on a bounded domain using a sinc collocation métivodal of

Computational and Applied Mathemati&30, (2018) 417-428.

[4] V. Bayona and M. Moscoso and M. Carretero and M. KindelRBF-FD formulas and convergence prop-
erties Applied Mathematics, Journal of Computational Physics, Else2&&,No. 22 (2010) 2818-8295.



676

Hameed Ullah Jan, Marjan Uddin

Amplitude

Amplitude

Amplitude

(5]
(6]
(7]

g x10°

Amplitude

Time Time

3 3
6 x 10 s 10

Amplitude

0 05 1 15 2 25 3 35 4 45 5
Time Time

%102 .

08

06

04

02F

Amplitude

02

041

06

081

0 05 1 15 2 25 3 35 4 45 5 0 05 1 15 2 25 3 35 4 45 5
Time Time

FIGURE 5. KdV-Kawahara equation eventual periodicity for= 2, 10,
50, 100, 150 and 200 € [0,200], N = 100, N, = 25, 6t = 0.01,
tmax = 5, hy(t) = 0.1sin(207t).

T. Belytschko, Y. Krongauz, D. Organ, M. Fleming, P. Kryd\jeshless methods: an overview and recent
developmentLLomputer methods in applied mechanics and engineetBgyNo. 1-4 (1996) 3-47.

DJ. Benney,Long waves on liquid filmsournal of mathematics and physics, Wiley Online Librdfy.No.

1-4 (1966) 150-155.

S.K. Bhowik and Seydi BG KarakocNumerical approximation of the generalized regularized long wave
equation using Petrov—Galerkin finite element methddmerical Methods for Partial Differential Equa-
tions, Wiley Online Library35, No.6 (2019) 2236-2257.



Approximation and Eventual periodicity of Generalized Kawahara equation using RBF-FD method. 677

[8] N, Bibi and S. I. A. Tirmizi and S. ul HagMeshless method of lines for numerical solution of Kawahara
type equationsApplied Mathematics, Scientific Research PublishydNo. 5 (2011) 608.

[9] L. J. Bona and WG. Pritchard and L.R. Scofin evaluation of a model equation for water wavegilo-
sophical Transactions of the Royal Society of London. Series A, Mathematical and Physical Sciences, The
Royal Society Londorn302 No. 1471 (1981) 457-510.

[10] L. J. Bona and R. Winther,The Korteweg-de Vries equation in a quarter plane, continuous dependence
results Differential and Integral Equations, Mathematical and Physical Sciences, Khayyam Publishing, Inc.
2, No. 2 (1989) 228-250.

[11] L. J. Bona and J. WuTemporal growth and eventual periodicity for dispersive wave equations in a quarter
plane Discrete Contin. Dyn. Syst, Citese28(2009) 1141-1168.

[12] J. T. Bridges and G. Derkd,inear instability of solitary wave solutions of the Kawahara equation and its
generalizationsSIAM Journal on Mathematical Analysis, SIAMB3,No. 6 (2002) 1356-1378.

[13] M. D. Buhmann, Radial basis functions: theory and implementatio@&ambridge university pres§2
(2003).

[14] A. Dascidlu, and SUnal and C. SevilNew exact solutions for the space-time fractional Kawahara equa-
tion, Applied Mathematical Modelling, Elsevie89 (2021).

[15] K. Djidjeli and W. G. Price and E. H. Twizell, and Y. Wantlumerical methods for the solution of the third-
and fifth-order dispersive Korteweg-de Vries equatjadimairnal of computational and applied mathematics,
The Physical Society of Japan, Elsevis, No. 3 (1995) 307-336.

[16] G. E. FasshauemMeshfree approximation methods with MATLARorld Scientific.6 (2007).

[17] G. E. Fasshauer and M. J. McCourt, M. Xernel-based approximation methods using Matlg¥orld
Scientific Publishing Compan$9 (2015).

[18] R. L. Hardy, Theory and applications of the multiquadric-biharmonic method 20 years of discovery
19681988 Computers and Mathematics with Applicatio@8), No. 8-9 (1990) 163-208.

[19] A. Jeffrey and S. Xu, Travelling wave solutions to certain non-linear evolution equatibmernational
journal of non-linear mechanics, Elsevi4, No.5 (1989) 425-429.

[20] K. H. Jhon and J. Scheurlekxistence of perturbed solitary wave solutions to a model equation for water
waves Journal of fluid mechanic ,Physica D: Nonlinear Phenomena, Els&¥iéto. 2 (1988) 253-268.

[21] S. B. G. Karakoc, and B. S. Kumar and F. Gadhumerical study using finite element method for gener-
alized Rosenau-Kawahara-RLW equati@omputational Methods for Differential Equations, University of
Tabriz.7,No. 3 (2019) 319-333.

[22] S.B. G. Karakoc, and A. Saha, and D. Suéunovel implementation of Petrov-Galerkin method to shallow
water solitary wave pattern and superperiodic traveling wave and its multistability: Generalized Korteweg-
de Vries equationChinese Journal of Physics, Elsevigs.(2020) 605-617.

[23] S. B. G. Karakoc and K. .K. Ali, Theoretical and computational structures on solitary wave solutions of
Benjamin Bona Mahony-Burgers equatidmilisi Centre for Mathematical Scienceé{14)(2021) 33-50.

[24] S. B. G. Karakoc, and S. K. BhowmikGalerkin finite element solution for Benjamin—Bona—Mahony—
Burgers equation with cubic B-spline€omputers & Mathematics with Applications, Elseviér, No. 7
(2019) 1917-1932.

[25] S. B . G. Karakoc, Numerical solutions of the modified KdV Equation with collocation methalaya
Journal of Mathematik6 (2018) 835-842.

[26] S. B. G. Karako and H. ZeybekA cubic B-spline Galerkin approach for the numerical simulation of the
GEW equationStatistics, Optimization & Information Computing) No. 1 (2016) 30-41.

[27] T. Kawahara,Oscillatory solitary waves in dispersive medimurnal of the physical society of Japan, The
Physical Society of Japa88, No. 1 (1972) 260-264.

[28] A. Korkmaz, and I1.Dg, Crank-Nicolson—differential quadrature algorithms for the Kawahara equation
Journal of computational and applied mathematics, Chaos, Solitons & Fractals, Ek2vido. 1 (2009)
65-73.

[29] SP. Lin, Finite amplitude side-band stability of a viscous fildournal of Fluid Mechanics, Cambridge
University Press63, No. 3 (1974) 417-429.

[30] R. K. Mohanty and V. GopalHigh accuracy cubic spline finite difference approximation for the solution of
one-space dimensional non-linear wave equatiéyplied Mathematics and Computation, Elsev&iNo.

218 (2011) 4234-4244.



678 Hameed Ullah Jan, Marjan Uddin

[31] R. K. Mohanty and G. Khurana new high accuracy cubic spline method based on half-step discretization
for the system of 1D non-linear wave equatioBsgineering Computations,Emerald Publishing Limited.
(2019).

[32] R. Mokhtari and M. MohseniA meshless method for solving mKdV equati@omputer Physics Commu-
nications, Elsevierl83 No. 6 (2012) 1259-1268.

[33] H. Nagashima,Experiment on solitary waves in the nonlinear transmission line described by the equation
(remark: Graphics omitted,)Journal of the Physical Society of Japan, The Physical Society of J&pan.
No0.4(1979) 1387-1388.

[34] O. Nikan and JA. T. Machado and A. Golbabai and T. NikazBldimerical investigation of the nonlinear
modified anomalous diffusion procesknlinear Dynamics, Springed7,No. 4 (2019) 2757-2775.

[35] J. Rashidinia and M. N. RasoulizadeNumerical methods based on radial basis function-generated finite
difference (RBF-FD) for solution of GKdVB equatjdilave Motion, Elsevier90 (2019) 152-167.

[36] K.R. Raslan and EL-Danaf and S. Tala&blitary waves solutions of the MRLW equation using quintic
B-splines Journal of King Saud University-Science, Elsev&, No 3 (2010) 161-166.

[37] C.U. Seviland A. Dasciu, and D.V. Bayram,New exact solutions of space and time fractional modified
Kawahara equationPhysica A: Statistical Mechanics and its Applications, Else®#®1.(2020) 124550.

[38] J. Shen, J. Wu, and J. M. YuarEventual periodicity for the KdV equation on a half-linehysica D:
Nonlinear Phenomena27, No. 2 (2007) 105-119.

[39] A. M. Wazwaz, New solitary wave solutions to the modified Kawahara equaRtiysics Letters A, Elsevier.
360, No. 4-5 (2007) 588-592.

[40] A. M. Wazwaz, The extended tanh method for new solitons solutions for many forms of the fifth-order KdVv
equations Applied Mathematics and Computation, Elsevig4(2) (2007), 1002-1014.

[41] M. Uddin and J. U. Hameed and M. UsmaRBF-FD method for some dispersive wave equations and
their eventual periodicityComputer Modeling in Engineering and Sciences, Tech Science B&3sslo. 2
(2020) 797-819.

[42] M. Uddin and H.U. Jan,Eventual Periodicity of Linearized BBM Equation using RBFs Meshless Method
Punjab University Journal of Mathemati&s, No.3 (2021) 9-19.

[43] M. Usman, Forced Oscillations of the Korteweg-de Vries Equation and Their Stability (Doctoral disserta-
tion, University of Cincinnatif2007)

[44] M. Usman, B. ZhangForced oscillations of the Korteweg-de Vries equation on a bounded domain and their
stability, Discrete and Continuous Dynamical Systems-Series A (DCDS-A). (2009) 26(4).

[45] Y. Yamamoto, and Takizawdi Iti., On a solution on non-linear time-evolution equation of fifth order
Journal of the Physical Society of Japan, The Physical Society of Ja@axo. 5 (1981) 1421-1422.



