
Punjab University Journal of Mathematics (2021),53(10),729-739
https://doi.org/10.52280/pujm.2021.531003

Centre of Unitary Subgroup of Modular Group Algebra’s

Saima Parveen1, Asia Inam2, Farwa Idrees3
1,2,3Department of Mathematics,

Government College Univeristy, Faisalabad, Pakistan,
Email: drsaimaparveen@gcuf.edu.pk1, asiainaam9425@gmail.com2,

farwachattha3044@gmail.com3

Received: 2 February, 2021 / Accepted: 09 August, 2021 / Published online:26 October,
2021
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1. INTRODUCTION

Let FG denote the group algebra of groupG over the fieldF . The homomorphismΓ :
FG→ F given byΓ(

∑
h∈G ahh) =

∑
h∈G ah is called the augmentation mapping ofFG.

Write U(FG) be the unit group of all invertable elements inFG and the normalizes unit
group denoted byV (FG) consists of all the invertible elements ofFG of augmentation
1. It is well known thatU(FG) = U(F ) × V (FG). Let G be a finitep−group andF a
finite field of characteristicp, then the order ofV (FG) is |F ||G|−1 andV (FG) is a finite
p-group. For further details on it see [7]. In 1984 Sandling [10] studied the invertible
elements in modular group algebra. This group algebra is of finite abelian p-group and this
work contributes a lot in an area namely presentation of group of units. In 1992 Sandling
[11] worked on the presentation for unit groups of a modular group algebras of groups
of order 16. Bovdi and Sakah [3] studied unitary subgroups of the multiplicative group
of a modular group algebra of a finite abelianp− group. This paper gave the solution of
problem, posed by S.P.Novikov, on the structure of groupV (FG) of group algebra over a
finite field having characteristic p.
The anti-automorphism of FG is the mapping∗ : FG→ FG which is defined below

∗(
∑

h∈G

αhh) =
∑

h∈G

αhh−1
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An elementη which satisfyη−1 = η∗, whereη is an element of normalised unit group,
is called unitary element. So unitary unit group ofFG is the set of all normalized unit
elements that satisfyη−1 = η∗ and is denoted byV∗(FG). In 1994 Bovdi and Kovacs [1]
established thatV∗(F2kG) is normal inV∗(F2kG) if G is extraspecial, and studied unitary
units of modular group algebra.
In [8] structure of centre ofZ(V∗(F2mM16)) unitary unit subgroupV∗(F2mM16) of group
algebra(F2mM16) is given where

M16 =< ψ, λ|ψ8 = λ2 = 1, λψ = ψ5λ >

is modular group of order 16 andF2m is any finite field of characteristic 2 with2m ele-
ments. They also described the structure of unitary unit subgroupV∗(F2mM16) of group
algebraF2mM16. In [9], Raza and Ahmad constructed structure ofV∗(F2k(QD)16) where
(QD)16 is known as quasi dihedral group having order 16. They also described that
Z(V∗(F2k(QD)16)) ∼= C2

4n. We are interested in the structure of the center of unitary
unit subgroup of group algebra(F2k((M2n+1 × C2)× C2)) .

2. NOTATIONS AND PRELIMINARIES

This section, contains some definitions and results which are very important in our task.

Definition 2.1. Let R be a associative commutative ring with 1, a ciculant matrix overR
is a squaren× n matrix of the form

cir(s1, s2, ...sn) =




s1 s2 s3 · · · sn

sn s1 s2 · · · sn−1

sn−1 sn s1 · · · sn−2

...
...

...
.. .

...
s2 s3 s4 · · · s1




wheresi ∈ R.
The sum and product of any two circulant matrices is again circulant matrix and is

commutable. For further details related to circulant matrices see[4].

Let G be a finite group andG = {m1,m2, ....., mn} , be the fix listing of elements of G
then MG is called matrix of G.

M(G) =




m−1
1 m1 m−1

1 m2 m−1
1 m3 · · · m−1

1 mn

m−1
2 m1 m−1

2 m2 m−1
2 m3 · · · m−1

2 mn

m−1
3 m1 m−1

3 m2 m−1
3 m3 · · · m−1

3 mn

...
...

...
. . .

...
m−1

n m1 m−1
n m2 m−1

n m3 · · · m−1
n mn






Centre of Unitary Subgroup of Modular Group Algebra’s 731

Take any element of RG let sayw ∈ RG , w =
∑

t∈G att then RG matrix of w is defined
as

M(RG, w) =




at−1
1 t1

at−1
1 t2

at−1
1 t3

· · · at−1
1 tn

at−1
2 t1

at−1
2 t2

at−1
2 t3

· · · at−1
2 tn

at−1
3 t1

at−1
3 t2

at−1
3 t3

· · · at−1
3 tn

...
...

...
. ..

...
at−1

n t1
at−1

n t2
at−1

n t3
· · · at−1

n tn




In [6] Hurley introduced the following theorem:

Theorem 2.2. For a given list of elements of group G which has order n,there is a bijective
ring homomorphism exist between RG and then× n G - matrices over R,

η : b 7→ M(RG, b)

Let M2n+1 =< ψ, λ|ψ2n = λ2 = 1, λψ = ψ2n+1
λ > be modular group of finite order

2n+1 andF2kM2n+1 be group algebra having scalars fromF2k , finite field of character-
istics 2. Take arbitraryv ∈ V, v =

∑2n−1
ȧ=0 tȧ((ψȧ, 1), 1) +

∑2n−1
ä=0 uä((ψäλ, 1), 1) +∑2n−1

ā=0 vā((ψā, ι), 1)+
∑2n−1

ã=0 wã((ψãλ, ι), 1)+
∑2n−1

ǎ=0 ψǎ((ψǎ, 1), ι)+
∑2n−1

â=0 λâ((ψâλ, 1), ι)+∑2n−1
O=0 zO((ψO, ι), ι) +

∑2n−1
á=0 sá((ψá, ι), ι).

Then we have RG-matrix representation of v as

σ(v) =




ι0 ι1 µ0 µ1 ψ0 ψ1 ν0 ν1

ι′1 ι′0 µ′1 µ′0 ψ′1 ψ′0 ν1 ν′0
µ0 µ1 ι0 ι1 ν0 ν1 ψ0 ψ1

µ′1 µ′0 ι′1 ι′0 ν′1 ν′0 ψ′1 ψ′0
ψ0 ψ1 ν0 ν1 ι0 ι1 µ0 µ1

ψ′1 ψ′0 ν′1 ν′0 ι′1 ι′0 µ′1 µ′0
ν0 ν1 ψ0 ψ1 µ0 µ1 ι0 ι1
ν′1 ν′0 ψ′1 ψ′0 µ′1 µ′0 ι′1 ι′0




where,ι0 = circ(t0, t1, t2, t3, ....., t2n−1), ι1 = circ(u0, u1, u2, u3, ....., u2n−1),
µ0 = circ(v0, v5, v2, v7, ....., v2n−1), µ1 = circ(w0, w5, w2, w7, ....., w2n−1),
ψ0 = circ(X0, X1, X2, X3, ....., X2n−1), ψ1 = circ(z0, z1, z2, z3, ....., z2n−1),
ν0 = circ(y0, y1, y2, y3, ....., y2n−1), ν1 = circ(s0, s1, s2, s3, ....., s2n−1),
ι′0 = circ(t0, t1+z, t2, t3+z, ....., t2n+z−1), ι′1 = circ(u0, u1+z, u2, u3+z, ....., u2n+z−1),
µ′0 = circ(v0, v1+z, v2, v3+z, ....., v2n+z−1), µ′1 = circ(w0, w1+z

, w2, w3+z, ....., w2n+z−1),
ψ′0 = circ(X0, X1+z, X2, X3+z, ....., X2n+z−1), ψ′1 = circ(z0, z1+z′ , z2, z3+z′ , ....., z2n+z′−1),
ν′0 = circ(y0, y1+z, y2, y3+z, ....., y2n+z−1) andν′1 = circ(s0, s1+z, s2, s3+z, ....., s2n+z−1)

Theorem 2.3. [5] LetA = circ(t1, t2, t3, ..., tpm), whereti ∈ F2k , m ∈ N0 and p denotes
a prime. Then

Apm

=
pm∑

j=1

tp
m

i Ipm .
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3. RESULTS

3.1. The Structure of Z(V∗(F2kM2n+1)).

Theorem 3.2. The center ofZ(V∗(F2kM2n+1)) is isomorphic toC(2n−2.5−1)k
2 , i.e.

Z(V∗(F2kM2n+1)) ∼= C
(2n−2.5−1)k
2 .

Proof. let χ =
∑2n−1

ȧ=0 fȧψȧ +
∑2n−1

ä=0 gäψäλ be an element ofV∗(F2kM2n+1) where∑2n−1
ȧ=0 fȧ = 1 and letV = V∗(F2kM2n+1) for simplicity. Consider the setCvψ = {v ∈

V : ψv = vψ}. Now ψv − vψ = 0 if and only if ψ{∑2n−1
ȧ=0 fȧψȧ +

∑2n−1
ä=0 gäψäλ} −

{∑2n−1
ȧ=0 fȧψȧ +

∑2n−1
ä=0 gäψäλ}ψ = 0 which is true if and only if

g0 = g2n−1 , g1 = g1+2n−1 , ....., g2n−1−1 = g2n−1. Therefore,

Cvψ = {ω =
2n−1∑

ȧ=0

fȧψȧ +
2n−1−1∑

ä=0

gä{((ψäλ + ψä+2n−1
λ}

Z(V ) = {ω ∈ Cvψ|ωv = vω∀v ∈ V } Take arbitraryv ∈ V v =
∑2n−1

ȧ=0 tȧ((ψȧ +∑2n−1
ä=0 uä((ψäλ Now ωv = vω if and only if Γ(ω)Γ(v)− Γ(v)Γ(ω) = 0

This implies that
(

 $
$ ′

)(
ι0 ι1
ι′1 ι′0

)
−

(
ι0 ι1
ι′1 ι′0

)(
 $
$ ′

)
= 0

ι0 = circ(t0, t1, t2, t3, ....., t2n−1), ι1 = circ(u0, u1, u2, u3, ....., u2n−1),
ι′0 = circ(t0, t1+2n−1 , t2, t3+2n−1 , ....., t2n+2n−1−1),
ι′1 = circ(u0, u1+2n−1 , u2, u3+2n−1 , ....., u2n+2n−1−1),
 = circ(f0, f1,f2,f3, ....., f2n−1), $ = circ(g0, g1, g2, ...,
g2n−1−1, g0, g1, g2, ..., g2n−1−1) and′ = circ(f0, f1+2n−1 , f2, f3+2n−1 , ....., f2n+2n−1−1).
Therefore,

Γ(ω)Γ(v)− Γ(v)Γ(ω) = 0
which gives

f1 = f1+2n−1 ,f3 = f3+2n−1 , ....., f2n−1−1 = f2n−1

Thus, we have centre as follows:r0 + r1{ψ + ψ2n−1+1} + r3{ψ3 + ψ2n−1+3} + ..... +
r2n−1−1{ψ2n−1−1 + ψ2n−1}+ r2ψ

2 + r4ψ
4 + .... + r2n−2ψ

2n−2.
where,ro = 1 + r2 + r4 + ..... + +r2n−2. Now we prove that elements of center of V are
also elements ofV∗(F2kM2n+1), for this consider an elementm from center of V , then

Γ(m) =
(

 $
$ 0

)

where the above circulant matrices are defined below
 = circ(ro, r1, r2, ...., r2n−1 , r1, r2n−1+2....., r2n−1−1) and
$ = circ(go, g1,g2, ...., g2n−1−1, go, g1, g2, ...., g2n−1−1)
For unitary element;m∗ = m−1 iff Γ(m∗) = Γ(m−1) iff (Γ(m))T = (Γ(m))−1 iff
(Γ(m))T Γ(m) = I.
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Consider

(Γ(m))(Γ(m))T =
(

 $
$ 

)(
 $
$ 

)

= αI8

because by Theorem 2.3, we have,α = 2 + $2 = I.

=




I 0 0 0 0 0 0 0
0 I 0 0 0 0 0 0
0 0 I 0 0 0 0 0
0 0 0 I 0 0 0 0
0 0 0 0 I 0 0 0
0 0 0 0 0 I 0 0
0 0 0 0 0 0 I 0
0 0 0 0 0 0 0 I




So Z(V ) ⊂ V∗(F2kM2n+1) whereF is field having characteristic 2 so we have, Hence

C
(2n−2.5−1)k
2

∼= Z(V∗(F2kM2n+1). ¤

3.3. The Structure of Z(V∗(F2k(M2n+1 × C2))).

Theorem 3.4.The center ofZ(V∗(F2k(M2n+1×C2))) is isomorphic toC(2n−2.5)2−1)k
2 , i.e.

C
(2n−2.5)2−1)k
2

∼= Z(V∗(F2k(M2n+1 × C2))).

Proof. χ =
∑2n−1

ȧ=0 fȧ(ψȧ, 1)+
∑2n−1

ä=0 gä(ψäλ, 1)+
∑2n−1

ā=0 eā(ψā, ι)+
∑2n−1

ã=0 fã(ψãλ, ι)
be an element ofV∗(F2k(M2n+1 × C2)) where

∑2n−1
ȧ=0 fȧ +

∑2n−1
ȧ=0 eȧ = 1 and let

V = V∗(F2k(M2n+1 × C2)) for simplicity. Consider the setCv(ψ, 1) = {v ∈ V :
(ψ, 1)v = v(ψ, 1)}. Now (ψ, 1)v− v(ψ, 1) = 0 if and only if (ψ, 1){∑2n−1

ȧ=0 fȧ(ψȧ, 1) +∑2n−1
ä=0 gä(ψäλ, 1) +

∑2n−1
ā=0 eā(ψā, ι) +

∑2n−1
ã=0 fã(ψãλ, ι)} − {∑2n−1

ȧ=0 fȧ(ψȧ, 1) +∑2n−1
ä=0 gä(ψäλ, 1) +

∑2n−1
ā=0 eā(ψā, ι) +

∑2n−1
ã=0 fã(ψãλ, ι)}(ψ, 1) = 0

which is true if and only ifg0 = gz, g1 = g1+z, ....., gz−1 = g2n−1 andf0 = fz,
f1 = f1+z, ....., fz−1 = f2n−1

wherez=2n−1. Therefore,Cv(ψ, 1) = {ω =
∑2n−1

ȧ=0 fȧ(ψȧ, 1) +
∑2n−1

ā=0 eā(ψā, ι) +∑z−1
ä=0 gä{(ψäλ, 1) + (ψä+zλ, 1)}

+
∑z−1

ã=0 fã{(ψãλ, ι) + (ψã+zλ, ι)}.

Z(v) = {ω ∈ Cv(ψ, 1)|ωv = vω∀v ∈ V }
Take arbitraryv ∈ V v =

∑2n−1
ȧ=0 tȧ(ψȧ, 1)+

∑2n−1
ä=0 uä(ψäλ, 1)+

∑2n−1
ā=0 vā((ψā, ι), 1)+∑2n−1

ã=0 wã((ψãλ, ι), 1)
Now ωv = vω if and only if Γ(ω)Γ(v)− Γ(v)Γ(ω) = 0
This implies that
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0 $0 1 $1

$0 ′0 $1 ′1
1 $1 0 $0

$1 ′1 $0 ′0







ι0 ι1 µ0 µ1

ι′1 ι′0 µ′1 µ′0
µ0 µ1 ι0 ι1
µ′1 µ′0 ι′1 ι′0




−




ι0 ι1 µ0 µ1

ι′1 ι′0 µ′1 µ′0
µ0 µ1 ι0 ι1
µ′1 µ′0 ι′1 ι′0







0 $0 1 $1

$0 ′0 $1 ′1
1 $1 0 $0

$1 ′1 $0 ′0


 = 0

0 = circ(f0, f1,f2,f3, ....., f2n−1) , $0 = circ(g0, g1, g2, ..., gz−1, g0, g1,g2, ..., gz−1),
1 = circ(e0, e1, e2, e3, ....., e2n−1), , $1 = circ(f0, f1, f2, ..., fz−1, f0, f1, f2, ..., fz−1),
′0 = circ(f0,f1+z, f2, f3+z, ....., f2n+z−1), , ′1 = circ(e0, e1+z, e2, e3+z, ....., e2n+z−1),
ι0 = circ(t0, t1, t2, t3, ....., t2n−1), , ι1 = circ(u0, u1, u2, u3, ....., u2n−1),
µ0 = circ(v0, v5, v2, v7, ....., v2n−1), , µ1 = circ(w0, w5, w2, w7, ....., w2n−1),
ι′1 = circ(u0, u1+z, u2, u3+z, ....., u2n+z−1), andµ′1 = circ(w0, w1+z, w2, w3+z, ....., w2n+z−1)
Therefore,

Γ(ω)Γ(v)− Γ(v)Γ(ω) = 0

then this implies that
f1 = f1+z,f3 = f3+z, ....., fz−1 = f2n−1 e1 = e1+z, e3 = e3+z, ....., ez−1 = e2n−1

Thus, we have centre as follows:
Z(V ) = r0((1, 1)+r1{(ψ, 1)+(ψz+1, 1)}+r3{(ψ3, 1)+(ψz+3, 1)}+.....+rz−1{(ψz−1, 1)+
(ψ2n−1, 1)} + r2(ψ2, 1) + r4(ψ4, 1) + .... + r2n−2(ψ2n−2, 1) + s0(1, ι) + s1{(ψ, ι) +
(ψz+1, ι)}+ s3{(ψ3, ι)+ (ψz+3, ι)}+ .....+ sz−1{(ψz−1, ι)+ (ψ2n−1, ι)}+ s2(ψ2, ι)+
s4(ψ4, ι)+....+s2n−2(ψ2n−2, ι)+

∑z−1
ȧ=0 gȧ{(ψȧλ, 1)+(ψȧ+zλ, 1)}+∑z−1

ȧ=0 fȧ{(ψȧλ, ι)(ψȧ+zλ, ι)}.
where,ro = 1 + r2 + r4 + ..... + +r2n−2 + s0 + s2 + s4 + ..... + s2n−2. Now we prove
that elements of center of V are also elements ofV∗(F2k(M2n+1 × C2)), for this consider
an elementm from center of V , then

Γ(m) =




0 $0 1 $1

$0 0 $1 1
1 $1 0 $0

$1 1 $0 0




0 = circ(ro, r1, r2, ...., rz, r1, rz+2....., rz−1), 1 = circ(so, s1, s2, ...., sz, s1, sz+2....., sz−1),
$0 = circ(go, g1, g2, ....., gz−1, g0, g1, g2, ...., gz−1) and
$1 = circ(fo, f1, f2, ....., fz−1, f0, f1, f2, ...., fz−1). For unitary element;m∗ = m−1 iff
Γ(m∗) = Γ(m−1) iff (Γ(m))T = (Γ(m))−1 iff
(Γ(m))T Γ(m) = I, by using theorem 2.3. SoZ(V ) ⊂ V∗(F2k(M2n+1 × C2)).
Hence

C
(2n−2.5)2−1)k
2

∼= Z(V∗(F2k(M2n+1 × C2))).

¤
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3.5. The center of Z(V∗(F2k((M2n+1 × C2) × C2))). In this section we describe the
center ofZ(V∗(F2k((M2n+1 × C2)× C2))).

Lemma 3.6. The center ofZ(V∗(F2k((M2n+1 × C2) × C2))) have elements of the form
{r0((1, 1), 1)}+r1{(ψ, 1), 1)+((ψz+1, 1), 1)}+r3{(ψ3, 1), 1)+((ψz+3, 1), 1)}+ .....+
rz−1{((ψz−1, 1), 1)+((ψ2n−1, 1), 1)}+r2((ψ2, 1), 1)+r4((ψ4, 1), 1)+....+r2n−2((ψ2n−2, 1), 1)+
{s0((1, ι), 1) + s1{(ψ, ι), 1) + ((ψz+1, ι), 1)}+ s3{(ψ3, ι), 1) + ((ψz+3, ι), 1)}+ ..... +
sz−1{((ψz−1, ι), 1)+((ψ2n−1, ι), 1)}+s2((ψ2, ι), 1)+s4((ψ4, ι), 1)+....+s2n−2((ψ2n−2, ι), 1)
{t0((1, ι), ι) + t1{(ψ, ι), ι) + ((ψz+1, ι), ι)} + t3{(ψ3, ι), ι) + ((ψz+3, ι), ι)} + ..... +
tz−1{((ψz−1, ι), ι)+((ψ2n−1, ι), ι)}+t2((ψ2, ι), ι)+s4((ψ4, ι), ι)+....+t2n−2((ψ2n−2, ι), ι){u0((1, 1), ι)+
u1{(ψ, 1), ι)+((ψz+1, 1), ι)}+u3{(ψ3, 1), ι)+((ψz+3, 1), ι)}+.....+uz−1{((ψz−1, 1), ι)+
((ψ2n−1, 1), ι)}+u2((ψ2, 1), ι)+u4((ψ4, 1), ι)+....+u2n−2((ψ2n−2, 1), ι)+

∑z−1
ȧ=0 gȧ{((ψȧλ, 1), 1)+

((ψȧ+zλ, 1), 1)}+
∑z−1

ȧ=0 fȧ{((ψȧλ, ι), 1)((ψȧ+zλ, ι), 1)}+
∑z−1

ȧ=0 hȧ{((ψȧλ, 1), ι) +
((ψȧ+zλ, 1), ι)}+

∑z−1
ȧ=0 Jȧ{((ψȧλ, ι), ι) + ((ψȧ+zλ, ι), ι)}.

where,ro = 1 + r2 + r4 + ..... + +r2n−2 + s0 + s2 + s4 + ..... + s2n−2 + t0 + t2 + t4 +
..... + t2n−2 + u0 + u2 + u4 + ..... + u2n−2.

Proof. χ =
∑2n−1

ȧ=0 fȧ((ψȧ, 1), 1) +
∑2n−1

ä=0 gä((ψäλ, 1), 1)
+

∑2n−1
ā=0 eā((ψā, ι), 1)+

∑η
ã=0 fã((ψãλ, ι), 1)+

∑2n−1
ǎ=0 gǎ((ψǎ, 1), ι)+

∑2n−1
â=0 hâ((ψâλ, 1), ι)+∑2n−1

á=0 Iá((ψá, ι), ι) +
∑2n−1

à=0 Jà((ψà, ι), ι) be an element ofV∗((M2n+1 × C2) × C2))
where

∑2n−1
ȧ=0 fȧ+

∑2n−1
ȧ=0 eȧ+

∑2n−1
ȧ=0 Iȧ+

∑2n−1
ȧ=0 gȧ = 1 and letV = V∗(F2k((M2n+1×

C2) × C2)) for simplicity, andη = 2n − 1. Consider the setCv((ψ, 1), 1) = {v ∈
V : ((ψ, 1), 1)v = v((ψ, 1), 1)}. Now ((ψ, 1), 1)v − v((ψ, 1), 1) = 0 if and only if
((ψ, 1), 1){(∑2n−1

ȧ=0 fȧ((ψȧ, 1), 1) +
∑2n−1

ä=0 gä((ψäλ, 1), 1) +
∑2n−1

ā=0 eā((ψā, ι), 1) +∑2n−1
ã=0 fã((ψãλ, ι), 1)+

∑2n−1
ǎ=0 gǎ((ψǎ, 1), ι)+

∑2n−1
â=0 hâ((ψâλ, 1), ι)+

∑2n−1
á=0 Iá((ψá, ι), ι)+∑2n−1

à=0 Jà((ψà, ι), ι))}− {(∑2n−1
ȧ=0 fȧ((ψȧ, 1), 1)+

∑2n−1
ä=0 gä((ψäλ, 1), 1)+

∑2n−1
ā=0 eā((ψā, ι), 1)+∑2n−1

ã=0 fã((ψãλ, ι), 1)+
∑2n−1

ǎ=0 gǎ((ψǎ, 1), ι)+
∑2n−1

â=0 hâ((ψâλ, 1), ι)+
∑2n−1

á=0 Iá((ψá, ι), ι)+∑2n−1
à=0 Jà((ψà, ι), ι))}

((ψ, 1), 1).
which is true if and only ifg0 = gz, g1 = g1+z, ....., gz−1 = g2n−1, f0 = fz,
f1 = f1+z, ....., fz−1 = f2n−1, h0 = hz, h1 = h1+z, ....., hz−1 = h2n−1 andJ0 = Jz,
J1 = J1+z, ....., Jz−1 = J2n−1 wherez=2n−1.

Therefore,Cv((ψ, 1), 1) = {ω =
∑2n−1

ȧ=0 fȧ((ψȧ, 1), 1)+
∑2n−1

ā=0 eā((ψā, ι), 1)+
∑2n−1

ǎ=0 gǎ((ψǎ, 1), ι)+∑2n−1
á=0 Iá((ψá, ι), ι)+

∑z−1
ä=0 gä{((ψäλ, 1), 1)+((ψä+zλ, 1), 1)}+∑z−1

ã=0 fã{((ψãλ, ι), 1)+
((ψã+zλ, ι), 1)}+

∑z−1
â=0 hâ{((ψâλ, 1), ι) + ((ψâ+zλ, 1), ι)}+

∑z−1
à=0 Jà{((ψàλ, ι), ι) +

((ψà+zλ, ι), ι)}}. Since center of ”V” is a subset of centralizer , therefore we have

Z(v) = {ω ∈ Cv((ψ, 1), 1)|ωv = vω∀v ∈ V }

Take arbitraryv ∈ V as follows
v =

∑2n−1
ȧ=0 tȧ((ψȧ, 1), 1)+

∑2n−1
ä=0 uä((ψäλ, 1), 1)+

∑2n−1
ā=0 vā((ψā, ι), 1)+

∑2n−1
ã=0 wã((ψãλ, ι), 1)+∑2n−1

ǎ=0 ψǎ((ψǎ, 1), ι)+
∑2n−1

â=0 λâ((ψâλ, 1), ι)+
∑2n−1

O=0 zO((ψO, ι), ι)+
∑2n−1

á=0 sá((ψá, ι), ι).
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Now ωv = vω if and only if Γ(ω)Γ(v)− Γ(v)Γ(ω) = 0
This implies that




0 $0 1 $1 2 $2 3 $3

$0 ′0 $1 ′1 $2 ′2 $3 ′3
1 $1 0 $0 3 $3 2 $2

$1 ′1 $0 ′0 $3 ′3 $2 ′2
2 $2 3 $3 0 $0 1 $1

$2 ′2 $3 ′3 $0 0 $1 ′1
3 $3 2 $2 1 $1 0 $0

$3 ′3 $2 ′2 $1 ′1 $0 ′0







ι0 ι1 µ0 µ1 ψ0 ψ1 ν0 ν1

ι′1 ι′0 µ′1 µ′0 ψ′1 ψ′0 ν1 ν ′0
µ0 µ1 ι0 ι1 ν0 ν1 ψ0 ψ1

µ′1 µ′0 ι′1 ι′0 ν ′1 ν ′0 ψ′1 ψ′0
ψ0 ψ1 ν0 ν1 ι0 ι1 µ0 µ1

ψ′1 ψ′0 ν ′1 ν ′0 ι′1 ι′0 µ′1 µ′0
ν0 ν1 ψ0 ψ1 µ0 µ1 ι0 ι1
ν ′1 ν ′0 ψ′1 ψ′0 µ′1 µ′0 ι′1 ι′0




−




ι0 ι1 µ0 µ1 ψ0 ψ1 ν0 ν1

ι′1 ι′0 µ′1 µ′0 ψ′1 ψ′0 ν ′1 ν ′0
µ0 µ1 ι0 ι1 ν0 ν1 ψ0 ψ1

µ′1 µ′0 ι′1 ι′0 ν ′1 ν ′0 ψ′1 ψ′0
ψ0 ψ1 ν0 ν1 ι0 ι1 µ0 µ1

ψ′1 ψ′0 ν ′1 ν ′0 ι′1 ι′0 µ′1 µ′0
ν0 ν1 ψ0 ψ1 µ0 µ1 ι0 ι1
ν ′1 ν ′0 ψ′1 ψ′0 µ′1 µ′0 ι′1 ι′0







0 $0 1 $1 2 $2 3 $3

$0 ′0 $1 ′1 $2 ′2 $3 ′3
1 $1 0 $0 3 $3 2 $2

$1 ′1 $0 ′0 $3 ′3 $2 ′2
2 $2 3 $3 0 $0 1 $1

$2 ′2 $3 ′3 $0 0 $1 ′1
3 $3 2 $2 1 $1 0 $0

$3 ′3 $2 ′2 $1 ′1 $0 ′0




= 0

Where the matrices are defined below.
ι0 = circ(t0, t1, t2, t3, ....., t2n−1), ι1 = circ(u0, u1, u2, u3, ....., u2n−1),
µ0 = circ(v0, v5, v2, v7, ....., v2n−1), µ1 = circ(w0, w5, w2, w7, ....., w2n−1),
ψ0 = circ(X0, X1, X2, X3, ....., X2n−1), ψ1 = circ(z0, z1, z2, z3, ....., z2n−1),
ν0 = circ(y0, y1, y2, y3, ....., y2n−1), ν1 = circ(s0, s1, s2, s3, ....., s2n−1),
ι′0 = circ(t0, t1+z, t2, t3+z, ....., t2n+z−1), ι′1 = circ(u0, u1+z, u2, u3+z, ....., u2n+z−1),
µ′0 = circ(v0, v1+z, v2, v3+z, ....., v2n+z−1), µ′1 = circ(w0, w1+z, w2, w3+z, ....., w2n+z−1),
ψ′0 = circ(X0, X1+z, X2, X3+z, ....., X2n+z−1), ψ′1 = circ(z0, z1+z′ , z2, z3+z′ , ....., z2n+z′−1),
ν′0 = circ(y0, y1+z, y2, y3+z, ....., y2n+z−1), ν′1 = circ(s0, s1+z, s2, s3+z, ....., s2n+z−1),
0 = circ(f0,f1,f2, f3, ....., f2n−1), $0 = circ(g0, g1, g2, ..., gz−1, g0, g1, g2, ..., gz−1),
1 = circ(e0, e1, e2, e3, ....., e2n−1), $1 = circ(f0, f1, f2, ..., fz−1, f0, f1, f2, ..., fz−1),
2 = circ(g0, g1, g2, g3, ....., g2n−1), $2 = circ(h0, h1, h2, ..., hz−1, h0, h1, h2, ..., hz−1),
3 = circ(I0, I1, I2, I3, ....., I2n−1), $3 = circ(J0, J1, J2, ..., Jz−1, J0, J1, J2, ..., Jz−1),
′0 = circ(f0,f1+z, f2, f3+z, ....., f2n+z−1), ′1 = circ(e0, e1+z, e2, e3+z, ....., e2n+z−1),
′2 = circ(g0, g1+z, g2, g3+z, ....., g2n+z−1) and′3 = circ(I0, I1+z, I2, I3+z, ....., I2n+z−1).
Therefore,

Γ(ω)Γ(v)− Γ(v)Γ(ω) = 0
then this implies that
f1 = f1+z, f3 = f3+z, ....., fz−1 = f2n−1 , e1 = e1+z, e3 = e3+z, ....., ez−1 = e2n−1 ,
g1 = g1+z, g3 = g3+z, ....., gz−1 = g2n−1 andI1 = I1+z, I3 = I3+z, ....., Iz−1 = I2n−1

which gives the result. ¤
3.7. The Structure of Z(V∗(F2k((M2n+1 × C2)× C2))).

Lemma 3.8. Z(V ) is a unitary unit subgroup.
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Proof. Consider an arbitrary elementm from center of V, then

Γ(m) =




0 `0 1 `1 2 `2 3 `3
`0 0 `1 1 `2 2 `3 3
1 `1 0 `0 3 `3 2 `2
`1 1 `0 0 `3 3 `2 2
2 `2 3 `3 0 `0 1 `1
`2 2 `3 3 `0 0 `1 1
3 `3 2 `2 1 `1 0 `0
`3 3 `2 2 `1 1 `0 0




where the above circulant matrices are defined below
0 = circ(ro, r1, r2, ...., rz, r1, rz+2....., rz−1), 1 = circ(so, s1, s2, ...., sz, s1, sz+2....., sz−1),
2 = circ(to, t1, t2, ...., tz, t1, tz+2....., tz−1), 3 = circ(uo, u1, u2, ...., uz, u1, uz+2....., uz−1),
`0 = circ(go, g1, g2, ....., gz−1, g0, g1, g2, ...., gz−1),
`1 = circ(fo, f1, f2, ....., fz−1, f0, f1, f2, ...., fz−1),
`2 = circ(ho, h1, h2, ....., hz−1, h0, h1, h2, ...., hz−1)
and`3 = circ(Jo, J1, J2, ....., Jz−1, J0, J1, J2, ...., Jz−1) For unitary element;m∗ = m−1

iff Γ(m∗) = Γ(m−1) iff (Γ(m))T = (Γ(m))−1 iff
(Γ(m))T Γ(m) = I.
Consider

(Γ(m))(Γ(m))T =




0 `0 1 `1 2 `2 3 `3
`0 0 `1 1 `2 2 `3 3
1 `1 0 `0 3 `3 2 `2
`1 1 `0 0 `3 3 `2 2
2 `2 3 `3 0 `0 1 `1
`2 2 `3 3 `0 0 `1 1
3 `3 2 `2 1 `1 0 `0
`3 3 `2 2 `1 1 `0 0







0 `0 1 `1 2 `2 3 `3
`0 0 `1 1 `2 2 `3 3
1 `1 0 `0 3 `3 2 `2
`1 1 `0 0 `3 3 `2 2
2 `2 3 `3 0 `0 1 `1
`2 2 `3 3 `0 0 `1 1
3 `3 2 `2 1 `1 0 `0
`3 3 `2 2 `1 1 `0 0




=




α 0 0 0 0 0 0 0
0 α 0 0 0 0 0 0
0 0 α 0 0 0 0 0
0 0 0 α 0 0 0 0
0 0 0 0 α 0 0 0
0 0 0 0 0 α 0 0
0 0 0 0 0 0 α 0
0 0 0 0 0 0 0 α




where,α = 20 + `20 + 21 + `21 + 22 + `22 + 23 + `23 by using Theorem 2.3, we have
α = 20 + `20 + 21 + `21 + 22 + `22 + 23 + `23 = I.
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=




I 0 0 0 0 0 0 0
0 I 0 0 0 0 0 0
0 0 I 0 0 0 0 0
0 0 0 I 0 0 0 0
0 0 0 0 I 0 0 0
0 0 0 0 0 I 0 0
0 0 0 0 0 0 I 0
0 0 0 0 0 0 0 I




Hencem∈ Z(V)is an element ofV∗(F2k((M2n+1×C2)×C2)). Thus Z(V)⊂ V∗(F2k((M2n+1×
C2)× C2)). ¤

Theorem 3.9.Z(V∗(F2k((M2n+1×C2)×C2))) ∼= C
(2n+1+2n.3)k
2 , whereZ(V∗(F2k((M2n+1×

C2)× C2))). is center of unitary unit subgroupV∗(F2k((M2n+1 × C2)× C2)).

Proof. Let us denote againV = V∗(F2k((M2n+1 × C2) × C2)). and recall thatZ(V ) =
{r0((1, 1), 1)}+r1{(ψ, 1), 1)+((ψz+1, 1), 1)}+r3{(ψ3, 1), 1)+((ψz+3, 1), 1)}+ .....+
rz−1{((ψz−1, 1), 1)+((ψ2n−1, 1), 1)}+r2((ψ2, 1), 1)+r4((ψ4, 1), 1)+....+r2n−2((ψ2n−2, 1), 1)+
{s0((1, ι), 1) + s1{(ψ, ι), 1) + ((ψz+1, ι), 1)}+ s3{(ψ3, ι), 1) + ((ψz+3, ι), 1)}+ ..... +
sz−1{((ψz−1, ι), 1)+((ψ2n−1, ι), 1)}+s2((ψ2, ι), 1)+s4((ψ4, ι), 1)+....+s2n−2((ψ2n−2, ι), 1)
{t0((1, ι), ι) + t1{(ψ, ι), ι) + ((ψz+1, ι), ι)} + t3{(ψ3, ι), ι) + ((ψz+3, ι), ι)} + ..... +
tz−1{((ψz−1, ι), ι)+((ψ2n−1, ι), ι)}+t2((ψ2, ι), ι)+s4((ψ4, ι), ι)+....+t2n−2((ψ2n−2, ι), ι)
{u0((1, 1), ι) + u1{(ψ, 1), ι) + ((ψz+1, 1), ι)}+ u3{(ψ3, 1), ι) + ((ψz+3, 1), ι)}+ ..... +
uz−1{((ψz−1, 1), ι)+((ψ2n−1, 1), ι)}+u2((ψ2, 1), ι)+u4((ψ4, 1), ι)+....+u2n−2((ψ2n−2, 1), ι)+∑z−1

ȧ=0 gȧ{((ψȧλ, 1), 1) + ((ψȧ+zλ, 1), 1)} +
∑z−1

ȧ=0 fȧ{((ψȧλ, ι), 1)((ψȧ+zλ, ι), 1)} +∑z−1
ȧ=0 hȧ{((ψȧλ, 1), ι) + ((ψȧ+zλ, 1), ι)}+

∑z−1
ȧ=0 Jȧ{((ψȧλ, ι), ι) + ((ψȧ+zλ, ι), ι)}

where,ro = 1 + r2 + r4 + ..... + +r2n−2 + s0 + s2 + s4 + ..... + s2n−2 + t0 + t2 +
t4 + ..... + t2n−2 + u0 + u2 + u4 + ..... + u2n−2.. From lemma 3.2 we have Z(V)⊂
V∗(F2k((M2n+1 ×C2)×C2)). But V = V∗(F2k((M2n+1 ×C2)×C2)). This implies that
Z(V) = Z(V∗(F2k((M2n+1 × C2) × C2))). Therefore Z(V∗(F2k((M2n+1 × C2 × C2))) ∼=
C

(2n+1+2n.3)k
2 . ¤
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