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1. INTRODUCTION

To speak of convexity is to speak of interdisciplinary subjects. Convexity is a basic
notion in geometry, but it is also widely used in other areas of mathematics. The use of
convexity techniques appears in many branches of mathematics and science, such as the
Theory of Optimization, Theory of Inequalities, Functional Analysis, Mathematical Pro-
gramming, Theory of Games, Number Theory, Variational Calculus and their interrelation-
ship with these branches have shown today deeper and more fruitful impact. In addition, in
recent years, various extensions and generalizations of the classical concept of convexity of
both sets and functions have been studied and there are regular meetings and conferences
of researchers working in this area.

In our work, we will use the class of quasi—convex functions.
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766 J.E. N. Valees, B.Bayraktar, S.I.Butt

Definition 1.1. A functiony : I — R, I := [v1,v9] is said to be quasi—convex if
¥ (0x + (1 —0)y) <max{y(z),¥(y)} holds for allz,y € I andé € [0, 1].

It is known that a convex function is a quasi—convex function, but the converse is not
always true, for example théloor function is quasi-convex but not convebug(x) is
concave and quasi-convex, and see an example in [9].

One of the most important inequalities, that has attracted many inequalities experts in
the last few decades, is the Hermite—Hadamard inequality:

w(vl+v2>ﬁ 1 /”2¢(QWSM 1. 1)

2 Vo — VU1 2

v1

holds for any function) convex on the intervebs, vs].

Inequality (1. 1) gives an estimate for the mean value of a function on a closed interval.
This inequality was obtained by Charles Hermite in 1883 and Jacques Salomon Hadamard
in 1893 independently of each other. The interested reader is referred to [2-4, 6, 8, 11—
14,16, 18, 20, 21, 24] and references therein for more information and other extensions of
the Hermite—Hadamard inequality. All through the work we utilize the classical Gamma
functionsI (see [23, 30, 31]) anll}, (see [8]), wherd" is the classic Gamma function and
T';. is calledk—Gamma function:

I(z) = / 0>~ Le~tdh, R(z) > 0 andl'y(2) :/ 0=t " /*ag, k > 0.
JO 0

Unmistakably, it — 1, we havel'(z) — I'(z), [ (z) = (k)* ~'T () andly(z + k) =
zI'r(z). To encourage comprehension of the subject, we present the definition of Riemann-
Liouville fractional integral (with0 < v; < 6 < w2 < o0). The first is the classic
Riemann-Liouville fractional integrals.

Definition 1.2. The Riemann—Liouville fractional integral§  v(x) and I’ _v(z) of
ordera € C, R(a) > 0 are defined respectively by:

131+w(1:) = F(1a> /Ulr (‘T - 9)a_1¢(9>) do, x>y,
@) = s [ 0= 00w <,

where € L[vy, va).

Remark 1.3. The Riemann-Liouville integral operator fulfills some essential properties of
an operator of this nature, thus we have:

o dylThp(0) = I (), sol“ takes the role of an anti-derivative.
o I1o(I8 () = I°TFy(0), . e., I satisfies the semigroup property.
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Definition 1.4. ([19]) The k—Riemann-Liouville fractional integral&[gﬁw(m)
and k[;’;,w(x) of ordera > 0 with v; > 0 are defined respectively by:
1 * o
Ia - - _ ?—1
KLy + () FTn(0) Ll (x—0)* " (0)do, x>uv1,k>0
]. v2 o
kel -v(x) = iTr@) /w (0 —2)51p(0)dh, x < vy k>0,
wherey € Lvy, va].

Non-comformable fractional integral definitions ( [20]):

Definition 1.5. Leta € R and0 < vy < ve. For each function) € L[vy, vs], we define
NsJo Y (x) :/ 0=“(0)d6, for every z,u € [vy,vs].

Definition 1.6. Leta € R andv; < ve. For each functiony) € L[vy, v2]. Let us define
the Non-comformable fractional integrals

s = [ =00,

U1

s I @) = [ 0= 0w
for everyz ¢ [v1,v2]. Here, fora = 0 n, J% 9(x) = n, SO (x) = [ 4(0)db.

In different works, integral operators have been used [1, 7, 27], which come from local
differential operators of a different nature. Thus we have the Non-comformable fractional
integrals ([15,20]). Next, we present the weighted integral operators, which will provide a
basis for our work.

Definition 1.7. Lety € L[v,vz] andw : I = [0,1] — R, be a continuous and positive
function, with first and second order derivatives piecewise continuodstaking in0 and

1 we take the lateral derivatives, right and left respectively, arid) = w(1) = 0. Then,
the weighted integral operators are defined by (right and left, respectively):

R b(x) = /w w” <“TA9)¢(9) do, x> v,

U1

(1. 2)

va;ﬂ)(l’):/. zw”<0Ax)z/}(9)d9, T < g,

x

whereA = vy — vy.

Remark 1.8. Given the generality of the kernel”(t) considered in the previous Defi-
nition, it may be that some of the integral operators obtained as particular cases of our
definition do not satisfy some of the properties referred to the classical fractional opera-
tors, for example, the semi-group law. It is clear that in the cases that we indicate next in
the Remark 1.9, if the referred properties are satisfied.
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Remark 1.9. Depending on the form of the functiar(f) from ( 1. 2), we get
different integral operators:

Aa—lea—i—l
ala+ 1DIN(«)
Riemann-Liouville fractional integrals;

AF—1p%+1
7 (F+1) k()
k — Riemann-Liouville fractional integrals;
Afa027a
I-a)2-o

Non-comformable fractional integrals;

1.If we takew = w(0, o) = , we get

2.1f we takew = w(f,a) = , we get

3.1f we takew = w(0, o) = , we get
4.If we takew = w(6,0),i.e. w” = 1 we obtain the classical Riemann integrals

In this paper, we obtained new variants of the inequality (1. 1) within the framework of
the weigted integral operators of the Definition 1.7 for convex and quasi-convex functions.

2. MAIN RESULTS
Then, we can formulate our first result, which was used throughout the work.

Lemma 2.1. Let be a real function defined on some intervat: R, twice differentiable
onl°, vy,ve € I°, v < va. If " € L[vy, v2] andw(0) = w(1) = 0, then the equality:

(! (O (v) — ' (Do) + [ K, 6(00)] 2.3)

1
- A2/ W) (Bv1 + (1 — B)vs)do
0
is valid.

Proof. Integrating by parts, we obtain

[ w0 0+ (1= B)umjan = { 5 [ O(ez) ~ W0t

1 ! "
+E/O w (H)w(evl + (1 — 9)U2)d9} .

By puttingz = v, + (1 — 0)vs, Sodz = (v1 — v2)d#; with this change of variables and
rearranging the terms, we obtain equality ( 2. 3). O

Similarly, we can prove the validity of the next lemma:

Lemma 2.2. Letw be a real function defined on some intervat R, twice differentiable
onl°, vy,ve € I°, v < vy. If " € L{vy, v3] andw(0) = w(1) = 0, then the equality:

(' (O (00) — ' (Wib(02)) + 5 [ KT, o) 2. 4)

=A /0 w(0)" ((1 — 0)vy + Ovy)do
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is valid.

Remark 2.3. If we takew(f) = 1 — (1 — 6)*"' — g+1 then from (2. 3), we get the
result in [29] (see Lemmad.1) and in [5] (see Lemma&.2).

Remark 2.4. The above result contains as a particular case of Lenim&[2] and Lemma
4 of [8] with w(#) = 6(1 — 9).

The first fundamental result of our work is the following. For simplicity let us denote
1
W (0)(v2) = w (D(vr) + 1 | ‘AL w(v2)| = LT (HH)
(2.5)
1
W (0)(vr) = w ()(vz) + 5 | AL,y w(vr)| = L™ (HH)

Theorem 2.5. If, in addition to the conditions of Lemma 2.[;"| is quasi-convex on
[v1, v2], then the inequality

|LY(HH)| < A%- B -max {|¢" (v1)], [¢" (v2)[} (2. 6)
is valid, with B = [ w(8)d6, A = vy — 1.

Proof. From the quasi-convexity df)”| and Lemma 2.1, we get

1
|LT(HH)| < AQ/ w(8) |9 (0v1 + (1 — 0)v2)|dO
0

1
< A% max {0 (0)] (2]} | w(o)dp
0
= A% B max {[" (v1)], [¢" (v2)[} -
Which is what was required to prove. O

Remark 2.6. If we consider thatv(f) = 0(1 — 0), then this result becomes Theorem 3
of [2].

From now on, we will use the well-knowndtder Inequality and its consequence, the so-
called Power Mean Inequality, for more details we recommend the reader consult [10, 17].
In particular, we will use the following result.

Theorem 2.7. (Power—mean integral inequality). Let> 1 and1/p+1/q = 1. If ¢p and¢
are real functions defined dm, vo] and if [¢|, || |¢| are integrable functions ofvy, vo]

then
[ o) an < (/ o) da)lé (/ " 1veo) |¢(9)qd0>; |

We can improve the previous result if we impose additional conditions to the quasi-
convexity of|"”|.
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Theorem 2.8. Under assumptions of Lemma 2.1[+f’|? is quasi-convex offv, vs], for
q > 1, then the inequality

|LH(HH)| < By - A2 (max {[¢" (v1)]%, |6 (v2)|1}) ¥ @.7)

. o 1 »
is valid, Wlth% + % =1,B, = (fo wP(G)dG) andA = vy — v;.

Proof. From Holder’s inequality, in its integral version, and Lemma 2.1, we have

\LY(HH)| < AQA w(®) [ (Bv1 + (1 — 0)vs)|d6

< A? </01 w(a)pde) : (/1 |9 (Ovg + (1 — ¢9)vz)|qda>é

< A2 B,- (maX{WJ” N 9" (v2)|? })%

Which is what was required to prove. O

Remark 2.9. Theorem 4 of [2] is easily obtained from the previous result if weuygt) =
6(1—0).

A more general variant of the previous theorem, is given in the following result.

Theorem 2.10. Under assumptions of Lemma 2.1}if’|? is quasi-convex ofvy, v5] for
q > 1, then the inequality

LT (HH)| < B+ A2 (max { [¢"(01)|7, [¢" (v2)|"}) " 2. 8)
is valid, with B and A is like in Theorem 2.5.
Proof. Taking into account the of Lemma 2.1 and the power mean inequality (other form
of Holder's inequality) and, + ¢ = 1for ¢ > 1, we have

|[LT(HH)| < AQ/O w(B) [¢" (Bvy + (1 — 0)v2)|db

1 1 1
- A2/0 [w(0)]7 7 [ (Bvr + (1 — O)v2)|d0

([ www)“

1
q

q 1
(/ w(B) 9" (Bvy + (1 — 9)’02)qu>
0
= A2 B (max { [ (v)|%, |4 (v2)|"}) 7.
Which is what was required to prove. d

Remark 2.11. We can verify, without much difficulty, that Theorem 5 of [2] is a particular
case of the previous result if we makéd) = (1 — 0).

The following theorem is obvious.
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Theorem 2.12. If, in addition to the conditions of Lemma 2J1;”| is convex orjvy, vs),
then the inequality

|LT(HH) + L™ (HH)| < A% B - ([¢" (v1)] + [ (v2)])
is valid, with B = [} w(#)dd and A = vy — v;.

Proof. By taking into account equalities ( 2. 3), ( 2. 4) and the properties of the modulus
from the condition of convexity of the functiga”’| , we get:

|LT(HH)+ L™ (HH)| = A? /0 w(0)y" (Bvr + (1 — O)vs)do

+/0 w(@)wu((l_g)vl—i-evg)d@’
< &7 [ 0) 6700 + (1= 0)im) 40" (1 = O + 0] a0
1
< 8% [ (o) 190 (00) + (1= 000 (w2) + (1= 0)0(00) + 00" (1) 49
=4 /0 w(8) [¢" (v1) + 9" (v2)] dO

1
< A% ([ (v1)| + Iw”(vz)l)/O w(@)df = A? - B - ([ (v1)] + [¢" (v2)]) -
The proof is completed. O

Remark 2.13. We can verify, without much difficulty, that Theor8r ( for s = 1 and
m = 1) of [3] is a special case of the Theorem 2.12 if we make) = 6<(1 — 0).

3. SOME METHODOLOGICAL OBSERVATIONS

Throughout the work, we have pointed out the generality of our results since they con-
tain as particular cases, several of which are known from the literature. However, we can

reformulate our Definition 1.7 and cover other known results. For example, it suffices to
use a version of our integral operator:

Definition 3.1. Letvy € L[vq,v2] and letw be a continuous and positive functiom, :

I = [0,1] — R, with the first and second order derivatives piecewise continuous on

andw(0) = 0. Then, the weighted integral operators are defined by (right and left side,
Lyd@) = [

respectively):
<x ; 9)1/}(9) dg, x> vy,
U1 2

I_t(x) = / w” (9 ;m>¢(9) do, @< v,
x 2

where A = vy — v;.

N\DS

o> &

So, we have
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Lemma 3.2. Lety be a function of real variables defined on the inter¥al C R, twice
differentiable onI°, vy, vs € I°, v1 < v9 @andw(0) = 0. If ¥” € L{vy, vo], then we have
the following equality:

o) gy ()] 3. 9)

1
A [wélvﬁ-w +(v2) + XIM+“2*¢(’U1)}
2 P} 2 2

A? ! 2 — 2 —
= = ’LU(H) [w// (Zvl + 5 0’1)2) + ’l/)// ( 5 91)1 + 2112)} de,
0

where A = vy — v1.

Proof. Analogous to the proof of Lemma 2.1 in [18]. By integrating by parts and changing
variables under the resulting integrals, we obtain:

1
/ w(O)” (Zvl + 2 - 91}2)(19 (3. 10)
0
o 2w(l) , (vt dw'(1) (1 + o 4w’ (0) p(v1) + P (v2)
__Ad’(z)_ A2¢<2>+ A? 2

2

= 2w), < +vz> O ( +vz> L 4(0) Y(wn) + ()

8 [ Vg — 2
+ E /1\;14»1;2 w/l ( 2é ) w(Z)dZ
2

A 2 A2

+ 53 [§ g ve)]

Similarly, for the second integral, we will have

o (220 0 g 200D (o1t o
/O w(0)y ( 5 +2v2>d0 A Y ( 5 ) (3. 11)
4w’ (1) v1 + U2 4w'(0) ¥ (v1) + ¥ (ve) 8

By adding (3. 10) and ( 3. 11) and multiplying W%ﬂz we get (3. 9). The proofis
completed. O

Remark 3.3. In a particular case, if we take(9) = 0**1, then from ( 3. 9), we get the
result in [28] (see Lemma 1).

Remark 3.4. In a particular case, if we takev() = 62, then from ( 3. 9), we get the
result in [26] (see Lemma 2).

By using Lemma 3.2, one can easily prove the following theorem:
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Theorem 3.5. Under assumptions of Lemma 3.2}:if’| is convex oruvy, vs], we have the
following inequality
1
’A+ |: 21v1+v2+¢(’02)+ AI"UlJrvz 1/)(01)}‘ (3 12)

2
<%*B<w%mn+Wme7

with B = [ w(0)df and A = [w'(0) (L0 ) — (1) (21422) ]

Proof. Analogous to the proof of Theorem 2.1 in [18]. From Lemma 3.2 and the properties
of the module, we will have:

w0 g (1) 3. 13)

1
+7 [A1v1+v2 +’l/)(1)2) + lé]vlgvz_w(vl)H

<5 o (e 550 oo (B0 g o
From the condition of convexity of the functicm”\ :
" <ZU1 + 2 ; 91}2)‘ + (¢ < vy + gv2>’ (3. 14)
0 0
< gl ol (1= 5 ) el + (1§ ) 197l + 5 10" (ea)
=¥ (v1)| + ¥ (v2)].

From ( 3. 13), by taking into account ( 3. 14 ) and the accepted designations, we obtain (
3. 12). The proof is completed. d

<

Remark 3.6. If we takew(f) = §<+1, then we obtain a particular case of Theorem 3.5:

% { “1+u2+1/’(712) +I“1+”2 w(vl)]

0w ()] < o g (el + ).

This inequality was obtained in [28] (see Theorem 3).

Remark 3.7. If we putw(f) = 8%+, then from Theorem 3.5, we obtain the inequality via

k—fractional integral:
2%_1Ozrk(a) |:
AT (2 11)

A2

<

RICERICES

This inequality was obtained in [18] (see Corollary 2.1).

2

) (19" ()| + [ (v2)]) -
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Remark 3.8. If we putw(#) = #>~<, then from Theorem 3.5, we obtain the inequality via
non-conformable fractional integral:

(1—-a)A>!
2&

U1 + Vg
[Ngffﬁwﬂ/)(vz) + N3I?1+u2'(/)(vl):| - (2 )’
2 2

< A’
“8(l—-a)(2-aq)

(19" ()| + [¢" (v2)]) -

Remark 3.9. If we putw(#) = 62, then we obtain a particular case of Theorem 3.5:

).

L [ o () < O o+ e

V2 — U1

This estimate was obtained in [25] and confirmed in a number of works (for example [3],
[4] and [22]).

Theorem 3.10. Under assumptions of Lemma 3.2}:if'|? is convex orjuy, v2], we have
the following inequality:

A? W (w)* 31 )TN L (3R )] | [ (0a)] 7\ ¥
<2, (L I (S WG

whith A = [w/(0) (252002 ) — w/(1)g (2522)] 2 4+ L = 1,¥g,p > 1and B, =

1

( I8 wp(e)de) v

Proof. Analogous to the proof of Theorem 2.2 in [18]. If we use the triangle inequality to
the right-hand side of 3. 9 ), we obtain:

oo )y (2] 3. 15)

+7 {AIU1+V2+1/)(U2) + %Ivlérwq/}(vl)H

<50 [ (e Bt o () o
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By using the well-known Klder integral inequality and sinde)”|? is a convex function

for the right-side ( 3. 15), we get:
A2 [t 0 20 2—0 0
s o (gus g0 H (P57 e g ) |
Ly Lo \7
(1o wor [ Gao-+ 16w [ 25 a0)
0 0

s o)
g 20 [N
(1o [P35 a0+ 1w [ Gas)

3 ([ o)

AB, ([ @)l? | 39" @)I"\7 (31" @)l! | [ @)\
-8 ( T 4 ) +< 4 L > '
By taking into account ( 3. 15), the proof is completed. d

Remark 3.11. It is not difficult to verify that the inequality

W [1M+¢(v2)+12ﬂ+ww(vl)} —(a+ 1)y (“1”2)’

2
A2
8l(a+1)p+1]7

x l(w:ow . 3|¢"4(:v2)|q>‘11 (e, W,(f)'q)é] |

<

from [28] (Theorem 4) is a special case of Theorem 3.10 if weugd) = 9>+1.

4. CONCLUSIONS

In this work, we have obtained some inequalities by using a certain “weighted” integral,
which contains several already published results and leaves open new lines of research
as we pointed out in the previous section. Throughout the work, we have obtained the
Hermite-Hadamard inequalities for the functions, whose second derivatives are convex and
guasi-convex, via generalized integrals. To achieve our objectives, we obtained two lem-
mas, and on this basis, we obtained different types of integral identities for twice differ-
entiable convex and quasi-convex functions, which were the generalizations of the classic
Hermite-Hadamard Inequality.

Apart what we previously presented, other formulations of our results can be obtained in
two directions: first, by imposing additional conditions on the functigfl) and, secondly,
by the other notions of convexity. With respect to the firstly indicated direction, we would
like to make a final Remark, on the application of the results obtained for special means.
Consider the means as arbitrary real numhgrandvs, (v # v2). Be A, the arithmetic
media and_, the generalizeébg—mean

a+ b b7z+1 _ an+1 %
A(a,b) = T al’ldLn(a, b) = |:(n<i»1)(ba):| s
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then, using the Theorem 2.5 far(6) = 6(1 — ), we obtain the following result.

Proposition 4.1. Letvy,vo € R, v1 < vy andy(0) = 0™t € [v1,v2],n € N, n > 2.
Then, the following inequality holds

(vg — vl)Qn(n -

n 1 n— n—
A}, v5) — L2 (v, 09)] < )max{\u1| el ). (@.16)

12
Proof. From ( 2. 6 ), by taking into account (2. 5), we get:
LY (HH)| < (v; —v1)* - B~ max {[o" (v1)], [ (v2)[} (4.17)
1
L) = [uf Opten) = o ()(0n) + [ ST 0000) (@. 18)
_|,n n 1 ! n _ ’U; + ’Uil USJFI B U?Jrl
= |08 ol /O (—2)6 d@‘ =22 - o o T D)

=2]A(W}, v3) — Ly, (v1,v2)] -
On the other hand, sinag’(9) = n(n — 1)0"~2, we have:
(va —v1)? - B max {[¢" (v1)] , [¢" (va)[} (4.19)

(v2 — 1) (/01 6(1 — 9)d9) n(n — 1) max {|U1‘"—2 7 \v2|”_2}

2
_ (o) 6”1> n(n—1) max{|v1|"—2 : |1)2\"—2} .

From (4. 17), by taking into account (4. 18 ) and (4. 19 ), we obtain ( 4. 16 ). The proof
is completed. O

Remark 4.2. The obtained score is in line with the score presented in Proposition 1 of [2].
A similar observation is valid for Propositions 2 and 3 of the mentioned work.
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