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Abstract.: In this paper,we presenta new k-fractional integral oper-atorsinvolving
parametersy, A analogousto the Riemann-Liouville k-fractional integral. This new
fractionalintegraloperatorsdependenbn an exponentiafunction of arbitraryexponentn
the kernelof the integral. We prove, certainbasicpropertiessuchas semigroup property,
commu-tativdaw andboundednesfor newfractionalintegraloperatorsAlso, we discuss
Chebysheuype inequalitiesand somek-fractionalintegral in-equalitiescorrespondingo
the new k-fractionaintegraloperators.
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1. INTRODUCTION

For the past four decades or so, the subject of fractional calculus (in other words, cal-
culus of integrals and derivatives of any arbitrary real or complex order) has obtained re-
markable popularity and importance, owing mainly to its revealed applications in a no-
table number of diverse and widespread fields of science and engineering. Accordingly, a
strikingly large number of papers and monographs involving the fractional calculus have
been provided (see, e.g., [6], [3], [8], [12] and [13]). The fractional concept of derivatives
mostly defined by means of fractional integral. But the idea of integration and derivative
of non-integer arrangement is motivated,1#65 asked by L'Hospital inside his letter to-
ward Leibniz through the question “What is the derivativeg;éi for ordern = %”. Also
some inequlaities like Chebyshev type inequalities, midpoint type and Hermite-Hadamard
inequalities has been examined for generalized functions of fractional integral operators
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(see[15]and[1]. However, the k-Riemann-Liouville fractional integral involving (x-t) ker-
nel has been investigated by many authors to solve fractional and differential inequalities
(see[7],[5],[11], [14] and [10]).

Riemann-Liouville [9] considering continuous functiermbout ordery > 0 over the inter-

val [a, u] defined as,

u

/(u — )" 2(v)dv, u > a,

a

I () = 55

prompted by the Cauchy integral formula

U U u u 1 u L
///.../z(v)dvldvgdvg...dvn = W/(u—v) ' 2(v)dv, u > a.

Later, Hadamard [4] defined fractional integral about orgder 0 over the interval
[a,u] for a continuous function and given as,

u

I, 2(u) = ﬁ /% (log%)w*1 z(v)dv.

a

This is established by the generalization of the integral.

U U1 Un—1 u

dvq dvs / f(vn) 1 / 1 u\n—1

— | —... dv, = —— | — (log— dv.
/ vy / vy Up, v I'(n)J v (Ogv) #(v)dv
a a a

a

In the recent year, in [2] Diaz and Pariguan have introduced an extended form of the clas-
sical Gamma and Beta functions defined as,

1 u v
Bi(u,v) = %/tﬁl(pt)? dt (L. 1)
0
and
o tF
Ty (z) :/t“le_?dt 1. 2)
0
respectively.

Where,T';, is the Euler Gamma&-functions. Fork = 1, it becomes classical Euler
Gamma function and Beta function.

m
1
ComlEm(mk)k
o g,
m,k

(1. 3)
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m—1

Where, (u)i,m = [] (u+ ik) is called to be Pochhammérsymbol for the factorial

=0
functions. Some basic properties of Gamma and Bedatended form are defined as

1w v, Tr(uw)li(v)
By (u,v) = EB(E’ E) = Tewt o)’ (1. 4)
also
Fk(’I“—F ]43) = rlg (u), (l 5)
L) = lim Ty () (L. 6)
Th(r) = ki™ITy (%) . (1. 7)

Later, by using above definitions, [7] have introduced kHRiemann Liouville fractional
Integral, which is defined as

7 (z(w) = ﬁ(’)’) /(u — ) L2 (v)dv, u > a.

a

Fork = 1, it becomes classical definition of the Riemann-Liouville fractional integral.

2. ANEW k-FRACTIONAL INTEGRAL OPERATORS

In this paper, we want to present a néwractional integral operators which modify
all of the definedk-fractional integrals an#-Riemann Liouville fractional integral in the
sense of kernel. Also, the paper focuses to explore the behaviour of new fractional integral
operators through different inequalities and some basic properties, when use the sum of two
parameters as exponent which is also become a single parameter as exponest for
The new fractional integral operators illustrated by some theorems and examples, is defined
as:

2.1. Definition. Let z be a continuous function on the intervial «) and\ > 0. Then a
new k-fractional integral operators of order> 0, of z is defined as

u

1 g
I 2 (u) = / eUTA — eVTAYVF T v A L () dw 2.8
kto+ ( ) kl“k (’Y) ( ) ( ) ( )
which, is based on the relation
u U1 Un—1 u
1 n—
/e}’*’\dm/eg“dvg... / ev A2 (v, )dv, = m/(euﬂ ) etz () do.

Fork =1, (2. 8) becomes in standard form as

1 _
I;Yf‘z(u) = ) / (et — ev+)‘)y ! e’ Az (v)dv.
Y

a

Now, we prove the new fractional integral operators is well defined:
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Theorem 2.1. Letg € Ly[c,d],c > 0. Then fory > Oand A\, k > 0 1) g(u) almost exist
everywhere on the intervéd, d] and 1) g(u) € L], d).

Proof: Let@ : A = [¢,d]x][c,d] — R by definingQ(u, v) +A _ v+>\)% 1 'u+)\:|

or, { *
Quv) = { (ev+ _€u+,\)%*1ev+x c<v<u<d
0 c<u<v<d
Thus, ag) is measurable o\, we get
d u d
/Q(u,v)dv = /Q(um)dv—i—/@(u,v)dv (eU—s—/\ v—s-/\)% e,

_ (equ)\ . ech/\)% )

I
I Y~

By using the repetition of the integral, we obtain

d d d
/ l9(u0)| [ / Q(uw)dv] du
d

/ 1@, v)|g(2s) dv] du
_ 7/ U+ c+/\ %|g(u)|du,

(&

qw

k

d
5 (edJr)‘ - eCJr)‘)% / lg(u)|du.

d d d
1@ olglddn = [ o) {/ Qu, v)do| du

k . ol
= (eM — e F |g(w)]| 1y fe,q) < 00

IN

That is

AN

Therefor, by Tonelli’s theorem the functia® : A — R is integrable up t@\ such that

P(u,v) = Q(u,v)g(u). Hence by using Fubini’s theorel_‘;cilQ(u,v)g(u)du is an inte-

grable function orjc, d]. It means that I7g(u) is integrable f)rjc, d].

Theorem 2.2. Let z be continuous offa, u) and also, lety, 5 > 0 A > 0. Then for allu
el (kfﬁ’kz(u)) = kl(”’+ﬁ)”\z(u) = I% (;J*’\z(u)) .

Proof: According to the definition of nevk-fractional integral and using Dirichlet’s
formula, we have

1
kL ()

u
/(eu+)\ _ ev+>\)%—1 eV A (kIﬁ’Az(v)) dv

a

WD (1P 2 () =
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and
, “ - 1 v . -
_ eutd _ gutA)ETE ot / eVTA et TAVE T ot A () dt | d.
kU (7) / ( ) kL' (B) ( ) "
k2T (v) Tk (B) /

By changing the variable of the inner integrak %

u 1
1 tHA +2 T / -1, 81
= — Y (& z t €u — € k 1 — k k d dt
e 0 T

According to thek-Beta function, we get

u

1 B8
A GIA0) = iy [ e = ) s

LI (kfﬁ’)‘z(u)) = kI(VJ“G)’)‘z(u) = I8 (kI%Az(u)) .
Theorem 2.3. Letv,3 > 0,a > 0. Then
g1\ Du(8) =2
A ( et — gatA) ) = K eUTA — A TE T k>0 (2.9)
k ( ) Ty (v+5) ( )
wherel';, represent thé&-Gamma function.

Proof: According to the definition of new-fractional integral and changing the variable
e?tA _gat

Y = Sorx—earx, that turns into

W ((e"“ _ ea+)‘)§'_1) _ kl“kl(y) / (eu—i-)\ -~ eu+A)%—1 (€v+>\ _ ea+A)§—1 A dy
+8
5 eUtA _ 6a+)\)WT71 1 Y s
I'y,)\< u+X _ a+A\E 1) _ ( / 1— 71 E_ld )
I3 | (e ") Ee -yt Ty
P T(®) ST
I'y,)\ u+A _ at+A\ & 1> _ k u+A _ ja+tA k
o <(e e ) e LR R

which completes the proof of this theorem.
Remark 2.4. For k = 1in (2. 9), we gain the formula
g-1 I'(3) y+B-1
I;y,)\ ( eu+)\ _ ea+)\ k ) — eu—i—)\ _ ea+)\ )
( ) CEL )
Corollary 2.5. Let~,3 > 0,a > 0. Then
(€u+)\ _ 6a+/\)%

WA _
WIN) = (2. 10)
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Remark 2.6. For k = 1, the above relation ( 2. 10 ) becomes
(eu-i-/\ o ea+)\)7
L(v+1)
3. SOME FRACTIONAL INTEGRAL INEQUALITIES ANALOGOUS NEW k-FRACTIONAL
INTEGRAL OPERATORS

Chebyshev Type Inequalities corresponding to the new fractional integral operators can
be represented as fellows:

Theorem 3.1. Let two synchronous functionsh on [0, 1), then for allu > 0,~, 5 > 0,
then for newk-fractional integral the following inequalities hold:

k1) gh(u) >

- I%)\(l)kIg”\g(u)I;’Ah(uL
kia

and
I3 gh ()R I )+ I0 A gh(u) I3 (1) = k13 g ()i I A () 113 h(w) IS A g ().
Proof: Sinceg andh both are synchronous functions on the intef@al ), then for all
T,t > 0, we have
(9(7) = g(#)) (h(7) = h(t)) = 0.
Therefor

g(r)h(T) + g(O)h(t) = g(T)h(t) + g(t)h(T). 3.11)

Multiplying both sides of (3. 11) byl (+ — e7#) ¥ 7

the resulting inequality w.r.tr up to(a, u), we obtain

e T and then, integrating

u

krkl () / () — et E TN TR () h(r)dr
+ g(t)h(t) kF: o / (v — e+ F Tl er A gy
ie.
I3 gh(u) + g(OR(ORITN L) = h(8)eI] P g(u) + g(t)x 1 h(w). 3.12)

<2
k

Now, multiplying both sides of ( 3. 12) bm (evtr —elth) ~!et+X and then inte-
grating the resulting inequality w.rt.over (a, u), we obtain

1 / (equ)\ . et+)\)%_1 et A gt

kI(;Yl)\ gh(u) krk (ﬁ)

PR STeD kl“kl( 5 / (X — Y E T A (1 () e

a
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that is
I gh(w) I (D) 4RI VL) gh(u) > k17 g () I5 () 4,10 h(w)p 15 g ().

Now the second inequality is proved.

Theorem 3.2. Let g, h both are synchronous on the interviéll, c0), and J > 0, then
Yu > a > 0,7, 3 > 0, the followingk-fractional integral inequality hold:

1
T'v (B+k)

g 1

u+X _ jat
=) PYCEDA

W gh (u) + WA — et E L TP Agh (u)

> 102 g T (W) I P h(u) + 1 1A R () 19 g (w) = 1 10T (w) e 19 gh(w)
=i 1) gh(w)p IPA T (w) + 1 1) g(uw) e I9 R (w) + 1) h(w) 15 g (w).

Proof: Since the functiong andh are synchronous on the intervél 1), thenvr, s >
OandJ > 0, we get

(9(r) = g(s)) (h(r) — h(s)) (J(r) + J(s)) = 0.
Therefor

g(r)h(r)J(r) + g(s)h(s)J (s) Zg(r)h(s)J ((s) + g(s)h(r)J (r) + g(r)h(s)J (r)

+9(s)h(r)J(s) — g(r)h(r)J(s) — g(s)h(s)J (r).
(3. 13)

11

Both sides of (3. 13 ) multiplying bm (eut* — e ™A)F 77 ¢r A and then integrating

the resulting inequality w.r.t: up to(a, v), we obtain

u

el A A G LGN

a

u
-1
/ (eu+)\ _ €r+)\) k €r+)\d,r,

a

1
kT ()

+9(s)h(s)J(s)
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u

1 3_
/(equ/\ . er+)\) 1 eTJ”\g(r)dr

v
=
—~
w
~
—
~

kI ghd (w) + g(s)h(s)J (s)k I3 (1) >h(s)J (8)k1] g (w) + g(8)i I 0T (u) + g(5)J (8) 17 h(u)
+h(8)kI g (u) = J ()i gh(u) — g(s)h(s)k LT ().
(3. 14)

B _
Both sides of above equation multiplying Q% (euTA — estA)E ' ¢s+X and then in-
tegrating the resulting inequality w.rd.up to (a, u), we obtain

I ghJ ()R IPA (1) + k107 ghd (u)R I3 (1) 2RI T (w17 g(u) + k107 g () 17 BT (u)
F 1 IP2 g T (W) I M) + e IPA () 1) g J ()

— i LD T (W) 1] gh(u) — 172 gh(u)p I (u).
(3. 15)

which is the required proof.
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Corollary 3.3. Letg,h both synchronous functions on the inter{@al1), , andJ > 0, then
Yu > a > 0,7+ > 0, the followingk-fractional integral inequalities hold:

(eu—i-)\ _ ea-l—)\) *

I ghJ

> I g(w)p IV RT (u) + (I g (u) IV M h(u) — R IV T (u) e I gh(u). (3. 16)

Theorem 3.4.Letg, h and.J be the three define monotonic functions on the intdfyak),
satisfactory the following

(9(r) = g(s) (h(r) = h(s)) (J(r) = J(s) = 0
[0,00), andJ > 0, thenVu > a > 0,v,8 > 0, following k-fraction integral inequality
hold:
1 2

1
ut+X _ jat+ I'y,)\ hJ
Ly (B+k) (e )" ldnghd(w)

_ u+A _ ja+A % Iﬁ,)\ hJ
Fk(7+k)(e )T el gh (W)

> 1 10 g (W) I h(w) + I T (u)e I g(w) — eI T () I gh(u)

—k 12 gh(w)k 1P T (w) 4+ 110 g(w) i I8 AT (w) + 1 I R (u)k 192 g T (u).
Proof: We proof this theorem to use the same arguments as in theorem 3.2.

Theorem 3.5. Suppose thag : R — R be a function, that is represented as

u

g (u) = /g(T)dT u>a>0.

Then fory > k > 0,

k
I g (u) = mkIerk)’Ag(u)-

Proof: From the definition of the new-fractional integraland and using the Dirichlets
formula , we obtain

1 u L v
) = g [ =) e [y,
kY

a a

1 u u L
W12 (u) = "Tr () /g(t)dt/ (e“TA —evtA)* Ler A d.
a t

Also,

U
k ol
I’y,)\ / _ ut+X A E A t dt
kla " 9 (U) (€u+)‘ _ e“*A)kfk (A/_’_ k) / (6 € ) € g( ) ’

a

k

WA (u) = mklﬁ*““g(u).
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Thus the required result is obtained.
Now, we present a hypothesized Cauchy Schwarz-Bunyakovsky inequality as take place:

Lemma 3.6. Letg, h,!l : [¢,d] — [0, 00) be the functions which are continuous ama
c <d. Then

d d d
(/ﬁ%wwﬂwﬂ@mmj (/g%wwwuwuwa)>>(/g@%wwf?@wwwa)

c c

(3.17)
Wherez, y, p, ¢ are the arbitrary positive real numbers.
Proof: Itis clear that
d d d
[ |vortmtwite), | [ gt witw)de - Vot | [ g

and also,

which provides the required inequality.

Theorem 3.7. Letg € L][c, d]. So, that fork, p, ¢, 2,y > 0 alsoy > 0

Qﬁ*“#@ﬂQﬂ*mﬁwﬁzin*mVTMY.@4&
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11

Proof: By puttingg(v) = (e“t* — e?*?)
(3.17), we get

) = kl‘kl e’ andh(v) = f(v)in

kT 1(7) / e RO
k
krl(v) /( utA ev+/\)q(%*1) fY(v)e? P dv
k
; 2
e [ e O e, )
k

(&

which gives the required result ( 3. 18).
Remark 3.8. For k = 1, the ( 3. 18) inequality becomes the following

(15(7—1)+1fa;(u>) (Ig('y—l)+1fy(u)) > (Ia”#(w—lnlfﬁy (u))2 (3. 19)

4. CONCLUSION

The results of this research show how to examined the properties of fractional in-
tegral for the modified new-fractional integral operators. This modification of the new
fraction integral was depend on an exponential kernel of arbitrary exponent in the integral.
Also corresponding to the new fractional integral operators we studied sdnagtional
integral inequalities and Chebyshev type inequalities.
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