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Abstract.: The Hawking radiation via quantum tunneling process for
scalar particles i3 + 1) and (2 + 1) dimensional BHs is studied by
considering Hamilton-Jacobi technique and WKB method. We obtain the
required tunneling rate of emitted particles and recover the general form
of Hawking temperatures]. Moreover, by utilizing modified Klein
Gordon equation, we analyze the quantum corrected tunneling rate and
corrected temperature8, , for spin-0particles in(3 + 1) and(2 + 1)
dimensional BHs.
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1. INTRODUCTION

The region of space with so intense gravity that nothing even light cannot escape from
itis known as black hole (BH). At the first time, this idea was introduced by an astronomer
John Michell in1974 [40]. The outer surface of a BH is known aavent horizon”. When
the spacetime curvature becomes infinite at the center of a BH then a gravitational singular-
ity exists. Hawking (1974) [13] proposed that BHs emit thermal radiations in little amount
so that they are not entirely black, these radiations known as "Hawking radiatidre
continuous phenomenon of Hawking radiation causes the decrease in mass and energy of a
BH, therefore, eventually BH evaporates, which is called BH evaporation.

It is a well known fact that in quantum field theory a lot of strategies have been intro-
duced to study the Hawking radiation by incorporating the semi-classical approximations.
The quantum tunneling [23] is the most convenient strategy to investigate the BH radiation.
In this phenomenon the particles have finite probability to cross the event horizon. Quan-
tum tunneling has two main techniques: the first oneull geodesic techniqué¢hat was
initially introduced by Kraus & Wilczek [27] and the other ksamilton-Jacobi process
Angheben et al. was first propounded this idea [1]. Both techniques provide the tunneling
probability for BHs via horizon, which can be given by the formula
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hereS, denotes the action of radiated particle aiz*n@presents thBlanck constant

Many researchers have studied the Hawking radiation spectrum through tunneling process.
Zhang and Jiang with his colleagues [57, 19] have studied the tunneling method by fol-
lowing the Parikh-Wilczek framework. Sharif and Javed [55] have investigated the tun-
neling phenomenon via event horizons for various type of BHs by following the Kerner
and Mann framework and studied their expected Hawking temperature. Wajiha and her
colleagues [14]-[18] have studied the tunneling phenomenon for different types of parti-
cles and calculated the Hawking temperature. The Hawking radiation process for vector,
scalar and fermions particles have been widely discussed in literature [38]-[25]. Sakalli and
Ovguin [46]-[53] have studied the Hawking radiation phenomenon from Rindler modified
Schwarzschild BH, Dyonic Reissner Nordstr BH, non-stationary metrics, traversable
Lorentzian Wormholes, Lorentzian wormholes3in- 1 dimensions and three dimensional
rotating hairy BHs. BHs. SakallOvgiin and Mirekhtiary have investigated the gravita-
tional lensing effect on the Hawking radiation of Dyonic BHs [54].

Liand Zhao [29, 30] have studied the Hawking radiation process from linear dilaton BHs
as well as neutral rotating AdS BHs in conformal gravity. Li et al. [31] have investigated the
Hawking temperature for massive spirbosons from dilaton BHs. Different authors [3]-

[26] have been discussed the thermodynamical properties of BH physics under generalized
uncertainty principle (GUP). Nozari and Mehdipour [34] calculated the modified tunneling
rate for Schwarzschild BH under GUP effects. Haouat and Nouicer [12] discussed the
creation of pair of spin-0 particles in an electric field by considering minimal length

Ovgiin and Jusufi [35] investigated the Hawking temperature through tunneling process
from a warped DGP gravity BH and analyzed the GUP effects on Hawking temperature.

However, in this paper, we have worked on generalization of scalar particles in detail and
provide the complete analysis and comparison of our results with literature. In this regard,
we analyze the general formula for Hawking temperature and its modified quantum cor-
rected form by using the quantum tunneling method of spin-0 particles. For this purpose,
we use Hamilton-Jacobi technique and apply the WKB approximation to the field equa-
tions of scalar particles. After this we calculate tunneling probability of charged radiated
particles and their corresponding Hawking temperatures. In order to study the quantum
gravity effects, we utilize the generalized Klein-Gordan equation incorporating GUP ef-
fects and recover the accompanying quantum corrected temperatgseffoy and(2+ 1)
dimensional BHs.

2. GENERALIZATION OF CHARGED SPIN-0 PARTICLES TUNNELING IN (34 1)
DIMENSIONS

The metric for4-dimensional BH can be expressed as
PN 1 N AL Al A . N LA A
d3* = —A(r,0)dt* + E(r, 0)di* + C(r,0)d6* + D(r,0)dp* — 2F (r,0)didp, (2. 1)

whereA, B, C, D andF are functions of- andd. By consideringB(r,0) = 0, we can
obtain the horizons of BH. The angular velocity at event horizon can be calculated by the
formula:

2. 2)

ol =
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To calculate the tunneling rate of charged scalar particles the Klein-Gordon equation with
chargej and scalar field> is defined as

7 (05— 1aAs) (8 — 1ddz) & — n?® =0, (2.3)

hereg”, m and/l,; represents the contra-variant metric tensor, mass of radiated particles
and vector potential, respectively,
By applying the WKB method to Eq.( 2. 3), we consider the following ansatz.

b(t,7,0,p) = i 50 ET02) 510100 +0M) 2.4
The Eq.( 2. 3) becomes
9" (9380 — 4Ap) (059 — 4As) + 1 = 0. (2.5)

After putting the values o§” and A, into the above equation, we get

(0880 —Aid)® | pesaye 2F 56 avaa
— —————t 4+ B(0:50)° — =—=(0;S0 — ¢A;)(0550 — ¢A
G(#,6) (9750) AD( ;S0 — §A;) (9550 — 4A,)
+ EAG(<§¢§O—@A¢)2+é*1(3é§0)2+m2:o. (2. 6)

By assuming separation of variables method the action of radiated particle is given as
So = —(E — jQu)t + R(7,0) + ko, (2.7)
After applying the above action in Eq.( 2. 6 ), we obtain

E—Qpj — A;)? oo (k= qAR)? A
(B Ouj — Ad) G pypoiz+ W04 ez o (29

(7 —7y)Gr D f
In order to calculate the radial paR(#) for fix § = ég, we solve above equation and
obtain
. B—Quj— A2 + Am?
Ri(f):i/\/( 1J @% D+ A 2. 9)

For the imaginary part, we calculate the above expression in the following form
(E —¢Ay — Qpj)
VG B;

The tunneling rate for radiated particles from above Eq.( 2. 10 ) can be obtained as

IMR, (f) = +7 ) (2. 10)

£ Coprission _exp [— (ImR.. —i—]m(:))}

ICEBSHIN

4 .
= eX _TImR y
p{ h *]

Labsorption  exp [— (ImR_ + Imé)]

3
[zm(E —éAy— Qp))
= exp

VG B
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by considering the Boltzmann formulg; = exp [ — &4y — Quj)/Ty|, the expected
Hawking temperatur@g at the horizorr, is obtained as
VG B;

47

R
TH:%:

(2. 11)

3. TUNNELING OF CHARGED SCALAR PARTICLES IN (2 + 1) DIMENSIONS

Now, we will discuss the generalization of tunneling of charged scalar partic{2s-ih)
dimensions. The metric fq2 + 1)-dimensional BH can be defined as

. 1 .
ds® = —Adi* + Edﬂ + Cdi?, (3.12)
The equation of motion for scalar particles can be given as
oo (A LG 4 A G Y 1 .
0y — ZAp ) (0p — =As | D — —m2d = 0. 3.13
g ( B > < AT T u) h2 ( )
By assuming WKB method, we have the ansatz
&(4,7,7) = exp [%éo(f, 7, 5:)} : 3. 14)
After substituting the values @f*” andfl“, Eqg. (3. 12) takes the following form
(3 So (8 50 tQ)

4107 + B(0:50)* + +m?=0.  (3.15)
We consider the particle’s action in the form

So(t,7, &) = —(E — jQu)t + N2 + R(7). (3. 16)
By substituting (3. 16 ) in Eq.( 3. 15), we obtain

O s AR 2 . 2
(E=Quj = 44" | ppo N7 2o g 3. 17)
A C
After solving the above equation, we have
(B —Quj— GA;)? + Am?
/\/ j q DF+ A 3. 18)

From above equation we calculate the imaginary part in the form
(E — éAg — Qprj)

Af,Bf
The probability rate for radiated particles is obtained in the form

ImR, (7) = 7 (3. 19)

A [ exp [—%(Imlsur + Im(i')} 4 .
[ = _emission _ . - = exp |:—AImR+:| ,
Fabsorption exp [—E(ImR_ + ImC)} h

l 4r(E — Ao — Q)
= exp

V Afo

7
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The corresponding Hawking temperature can be derived as

. i V A; B;
To = — = .2
H = or 47 (3.20)

It is the general formula to derive the standard Hawking temperature.

4. QUANTUM CORRECTIONS OFSCALAR PARTICLES IN (3 + 1) DIMENSIONS

In order to discuss the quantum corrected temperature at the event horizon the general-
ized Klein-Gordan equation only for first order 6f is given as

—(A)20 ;0 = [ + (he)20°,][m2 + 1 — 23(he)2570;] ®. (4. 21)
The line element is expressed as
a A 1 n o~ .
ds® = —Adi* + Edﬁ + Cdf? + Ddy?. (4. 22)

The wave function for radiated particles is assumed by

é)(fvfaéa @) = |:LSO({77230A; @):| ) (4 23)

(0,507 = {B@,s})y + 13,507 + 20,5 + m} .
|:1 — ZB <B((§f§o)2 + %(é@go)Q + i(é@ AQ)Q + ’ﬁ’lz):| . (4. 24)

The action of radiated particle is defined as

So = —(E — Quj)t + R(7,0) + k. (4. 25)

It is also important to mention that, we cannot sepafate, §) as R(#)©(). So, after
fixing 0 = 6, the Eq.(5. 31) implies

Py(8; R)* + Py (9; R)> + P, = 0, (4. 26)
where
Py = —28B* P,=B 174557457%2 ,
R Bk ok (E — Quj)?
Py = P4 =20 —4ApmA - = 20mt —
? b 2pe M A
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After solving Eq.( 4. 26 ) the radial part of particle’s action is given follows

il 1+@(m2+<E—?H5>2+kf)]x

/B A D

. O L2A [ E4A 272 A R
\I(EQHj)QﬁlQAkﬁA+2ﬂ (k’ A+2m[f A+m4A>.

Ri(f) = =+

D2
4. 27)

After solving the above integral, and taki;zfig’ust for leading order, we get the following
result at event horizof, ,

(B = Quj)?

ImR(f}) = +r ( T ) (1+ 3, (4. 28)

here

G2y EZ )], B
A D
The corrected tunneling rate for scalar particles can be defined as

L. iasion exp |:7%(Imﬁ+ + Imé)] 4 R
= S = - — = exp {AlmR+] ,
Fabso’rption exp [—%(ImR_ + Imﬁ)} h

= exp l_ﬁ'ﬁz;)@_@ﬁ) x (14 69) (4. 29)

By applying Boltzmann formuld' 5 = exp [(E — QHj‘)/Téiﬁ}, the effective Hawking
temperature is calculated as

[ _&: (1 — 5%
TéfH_47r<1+B§) To(1 - B9), (4. 30)

T, represents the standard temperature of the BH.

5. QUANTUM CORRECTIONS OFSCALAR PARTICLES IN (2 + 1) DIMENSIONS

Now, we will discuss the quantum gravity effects for scalar particles by BHIg2 #a1)
dimensions. The modified Klein-Gordon Eq. (4. 21 ) in the backgroun(2of 1)
dimensional BH metric ( 3. 12), gets the form

B2 92e B2 9D .. PO . 9D hB 9%d 1 929
A(R) 082 O(r) 022 BB B { (T)(‘?r?] - ZC(f) 222 | CO(7) 022
22 A0 e 2 B, 2
I B(#) G 410 (1= 260%)@ = 0. (5. 31)
T

The wave function for radiated particles can be assumed as

O(4, 7, &) = exp {%S}(ﬂﬁ:ﬁ)} , (5. 32)
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After putting Eq. (5. 32 ) into Eq. (5. 31 ) for leading orderfinwe get

1 6§0 ? _ Ba 8§0 ? 1 ago ’ ~ 92 B OSAO !
A <8t> - <8> Tem ( o ) NG (31’>
~ 4
—3 {ﬁ# — 2B(#)? (8(%0) ] . (5. 33)

The particle’s action can be considered in the form
So(t, 7, &) = —El + Ni + R(7). (5. 34)
Here R(7#) = Ro(7) + 3R, (#), thus the radial integrak(#) becomes

) B2 — A(f) (m2 + 22
Ry(F) = \J B<(f) L

) (1+49). (5. 35)

The above equation implies
Ri(F) = tim——(1 + 3S), (5. 36)

where$ > 0 can be given as

. Ay (2 + 255) B A(f)ﬂﬁf + A=) -
B2 A(r) (2 + A2) B(7) |

Here R_ and 2, stands for radial functions of incoming/outgoing particles, respectively.
The probability rate for emitted particles can be obtained as

4rE

©r = :e_%lmR+:exp =
Al(74)

x (14 6S) (5. 38)

By utilizing Boltzmann formuld’ 5 = exp {—E/Té_g} , the corrected temperature can be
deduced in the form A
A NGy s
Te_pg= = To(1 - f9), (5. 39)
47 (1 4 5S)
Equation (5. 39) represents the effective Hawking temperature under quantum gravity
effects.

6. CONCLUSION

In this article, we have investigated the tunneling rate and Hawking temperature for
spin-0 particles for(3 + 1) and (2 + 1) dimensional BHs. Using the Hamilton-Jacobi
technique and?V K B method, we have considered the Klein-Gordon equation of motion
for massive scalar field. Moreover, we also investigate the effective Hawking temperature
for spin0 particles, which looked preserved over charge and energy. By using modified

Klein-Gordon equation the effective Hawking temperatiire; = 7p(1 — 4S) in Egs.( 4.
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30) and ( 5. 39 )has been obtained with quantum gravity effect. It is also worth noting that
the effects of quantum gravity decelerates the Hawking temperature. By using these general
formulas, we can calculate the Hawking temperature and corrected Hawking temperature
for any type of black hole if3 + 1) and(2 + 1) dimensions.

In a conclusion, the quantum gravity has attracted more and more attention of physicists.
In this paper, we only calculated the tunneling behavior of scalar particles with and without
effect of the quantum gravity. In future, we will focus on the other fields of the quantum
gravity.
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