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Abstract.: The Hawking radiation via quantum tunneling process for
scalar particles in(3 + 1) and (2 + 1) dimensional BHs is studied by
considering Hamilton-Jacobi technique and WKB method. We obtain the
required tunneling rate of emitted particles and recover the general form
of Hawking temperatures,̂TH . Moreover, by utilizing modified Klein
Gordon equation, we analyze the quantum corrected tunneling rate and
corrected temperatures,̂Tê−Ĥ for spin-0particles in(3 + 1) and(2 + 1)
dimensional BHs.
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1. INTRODUCTION

The region of space with so intense gravity that nothing even light cannot escape from
it is known as black hole (BH). At the first time, this idea was introduced by an astronomer
John Michell in1974 [40]. The outer surface of a BH is known as ”event horizon”. When
the spacetime curvature becomes infinite at the center of a BH then a gravitational singular-
ity exists. Hawking (1974) [13] proposed that BHs emit thermal radiations in little amount
so that they are not entirely black, these radiations known as ”Hawking radiation”. The
continuous phenomenon of Hawking radiation causes the decrease in mass and energy of a
BH, therefore, eventually BH evaporates, which is called BH evaporation.

It is a well known fact that in quantum field theory a lot of strategies have been intro-
duced to study the Hawking radiation by incorporating the semi-classical approximations.
The quantum tunneling [23] is the most convenient strategy to investigate the BH radiation.
In this phenomenon the particles have finite probability to cross the event horizon. Quan-
tum tunneling has two main techniques: the first one isnull geodesic technique, that was
initially introduced by Kraus & Wilczek [27] and the other isHamilton-Jacobi process,
Angheben et al. was first propounded this idea [1]. Both techniques provide the tunneling
probability for BHs via horizon, which can be given by the formula

Γ̂ = e−2ImŜ0 , (~̂ = 1)
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hereŜ0 denotes the action of radiated particle and~̂ represents thePlanck constant.
Many researchers have studied the Hawking radiation spectrum through tunneling process.

Zhang and Jiang with his colleagues [57, 19] have studied the tunneling method by fol-
lowing the Parikh-Wilczek framework. Sharif and Javed [55] have investigated the tun-
neling phenomenon via event horizons for various type of BHs by following the Kerner
and Mann framework and studied their expected Hawking temperature. Wajiha and her
colleagues [14]-[18] have studied the tunneling phenomenon for different types of parti-
cles and calculated the Hawking temperature. The Hawking radiation process for vector,
scalar and fermions particles have been widely discussed in literature [38]-[25]. Sakalli and
Övgün [46]-[53] have studied the Hawking radiation phenomenon from Rindler modified
Schwarzschild BH, Dyonic Reissner Nordström BH, non-stationary metrics, traversable
Lorentzian Wormholes, Lorentzian wormholes in3 + 1 dimensions and three dimensional
rotating hairy BHs. BHs. Sakalli,̈Ovgün and Mirekhtiary have investigated the gravita-
tional lensing effect on the Hawking radiation of Dyonic BHs [54].

Li and Zhao [29, 30] have studied the Hawking radiation process from linear dilaton BHs
as well as neutral rotating AdS BHs in conformal gravity. Li et al. [31] have investigated the
Hawking temperature for massive spin-1 bosons from dilaton BHs. Different authors [3]-
[26] have been discussed the thermodynamical properties of BH physics under generalized
uncertainty principle (GUP). Nozari and Mehdipour [34] calculated the modified tunneling
rate for Schwarzschild BH under GUP effects. Haouat and Nouicer [12] discussed the
creation of pair of spin-0 particles in an electric field by considering minimal lengthM̄f .
Övg̈un and Jusufi [35] investigated the Hawking temperature through tunneling process
from a warped DGP gravity BH and analyzed the GUP effects on Hawking temperature.

However, in this paper, we have worked on generalization of scalar particles in detail and
provide the complete analysis and comparison of our results with literature. In this regard,
we analyze the general formula for Hawking temperature and its modified quantum cor-
rected form by using the quantum tunneling method of spin-0 particles. For this purpose,
we use Hamilton-Jacobi technique and apply the WKB approximation to the field equa-
tions of scalar particles. After this we calculate tunneling probability of charged radiated
particles and their corresponding Hawking temperatures. In order to study the quantum
gravity effects, we utilize the generalized Klein-Gordan equation incorporating GUP ef-
fects and recover the accompanying quantum corrected temperature for(3+1) and(2+1)
dimensional BHs.

2. GENERALIZATION OF CHARGED SPIN-0 PARTICLES TUNNELING IN (3 + 1)
DIMENSIONS

The metric for4-dimensional BH can be expressed as

dŝ2 = −Â(r, θ̂)dt̂2 +
1
B̂

(r, θ̂)dr̂2 + Ĉ(r, θ̂)dθ̂2 + D̂(r, θ̂)dϕ̂2 − 2F̂ (r, θ̂)dt̂dϕ̂, (2. 1)

whereA, B, C, D andF are functions ofr andθ̂. By consideringB̂(r, θ̂) = 0, we can
obtain the horizons of BH. The angular velocity at event horizon can be calculated by the
formula:

ΩH =
F̂

D̂
. (2. 2)
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To calculate the tunneling rate of charged scalar particles the Klein-Gordon equation with
chargeq̂ and scalar field̂Φ is defined as

ĝµ̂ν̂
(
∂̂ν̂ − ιq̂Âν̂

)(
∂̂µ̂ − ιq̂Âµ̂

)
Φ̂− m̂2Φ̂ = 0, (2. 3)

hereĝµ̂ν̂ , m̂ andÂµ̂ represents the contra-variant metric tensor, mass of radiated particles
and vector potential, respectively,

By applying the WKB method to Eq.( 2. 3 ), we consider the following ansatz.

Φ̂(t̂, r̂, θ̂, ϕ̂) = e(
ι
~̂ Ŝ0(t̂,r̂,θ̂,ϕ̂)+Ŝ1(t̂,r̂,θ̂,ϕ̂)+O(~̂)). (2. 4)

The Eq.( 2. 3 ) becomes

ĝµ̂ν̂(∂̂µ̂Ŝ0 − q̂Âµ̂)(∂̂ν̂ Ŝ0 − q̂Âν̂) + m̂2 = 0. (2. 5)

After putting the values of̂gµ̂ν̂ andÂµ̂ into the above equation, we get

− (∂̂t̂Ŝ0 − Ât̂q̂)
2

Ĝ(r̂, θ̂)
+ B̂(∂̂r̂Ŝ0)2 − 2F̂

ÂD̂
(∂̂t̂Ŝ0 − q̂Ât̂)(∂̂ϕ̂Ŝ0 − q̂Âϕ)

+
Â

D̂Ĝ
(∂̂ϕ̂Ŝ0 − q̂Âϕ̂)2 + Ĉ−1(∂̂θ̂Ŝ0)2 + m̂2 = 0. (2. 6)

By assuming separation of variables method the action of radiated particle is given as

Ŝ0 = −(Ê − ĵΩ̂H)t̂ + R̂(r̂, θ̂) + k̂φ̂, (2. 7)

After applying the above action in Eq.( 2. 6 ), we obtain

(Ê − Ω̂H ĵ − Ât̂q̂)
2

(r̂ − r̂+)Ĝr̂

+ (r̂ − r̂+)B̂r̂R̂
2
r̂ +

(k̂ − q̂Âϕ̂)2

D̂
+ Ĉ−1R̂2

θ̂
+ m̂2 = 0. (2. 8)

In order to calculate the radial part̂R(r̂) for fix θ̂ = θ̂π
2

, we solve above equation and
obtain

R̂±(r̂) = ±
∫ √

(Ê − Ω̂H ĵ − q̂Ât̂)2 + Âm̂2

ĜB̂
dr̂, (2. 9)

For the imaginary part, we calculate the above expression in the following form

ImR̂+(r̂) = ±π
(Ê − êÂ0 − Ω̂H ĵ)√

Ĝr̂B̂r̂

. (2. 10)

The tunneling rate for radiated particles from above Eq.( 2. 10 ) can be obtained as

Γ̂ =
Γ̂emission

Γ̂absorption

=
exp

[
− 2
~̂ (ImR̂+ + ImΘ̂)

]

exp
[
− 2
~̂ (ImR̂− + ImΘ̂)

] = exp
[
−4
~̂
ImR̂+

]
,

= exp

[
−4π(Ê − êÂ0 − Ω̂H ĵ)√

Ĝr̂B̂r̂

]
,
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by considering the Boltzmann formulâΓB̂ = exp
[
(Ê − êÂ0 − Ω̂H ĵ)/T̂Ĥ

]
, the expected

Hawking temperaturêTĤ at the horizon̂r+ is obtained as

T̂Ĥ =
κ̂

2π
=

[√
Ĝr̂B̂r̂

4π

]
. (2. 11)

3. TUNNELING OF CHARGED SCALAR PARTICLES IN (2 + 1) DIMENSIONS

Now, we will discuss the generalization of tunneling of charged scalar particles in(2+1)
dimensions. The metric for(2 + 1)-dimensional BH can be defined as

dŝ2 = −Âdt̂2 +
1
B̂

dr̂2 + Ĉdx̂2, (3. 12)

The equation of motion for scalar particles can be given as

ĝµ̂ν̂

(
∂̂ν̂ − ιq̂

~̂
Âν̂

) (
∂̂µ̂ − ιq̂

~̂
Âµ̂

)
Φ̂− 1

~̂2
m̂2Φ̂ = 0. (3. 13)

By assuming WKB method, we have the ansatz

Φ̂(t̂, r̂, x̂) = exp
[

ι

~̂
Ŝ0(t̂, r̂, x̂)

]
, (3. 14)

After substituting the values ofgµ̂ν̂ andÂµ, Eq. ( 3. 12 ) takes the following form

− (∂̂t̂Ŝ0 − Ât̂q̂)
2

Â
+ B̂(∂̂r̂Ŝ0)2 +

(∂̂t̂Ŝ0 − Ât̂q̂)
2

Ĉ
+ m̂2 = 0. (3. 15)

We consider the particle’s action in the form

Ŝ0(t̂, r̂, x̂) = −(Ê − ĵΩ̂H)t̂ + N̂ x̂ + R̂(r̂). (3. 16)

By substituting ( 3. 16 ) in Eq.( 3. 15 ), we obtain

(Ê − Ω̂Hj − q̂Ât)2

Â
+ B̂R̂2

r +
N̂2

Ĉ
+ m̄2 = 0. (3. 17)

After solving the above equation, we have

R̂±(r̂) = ±
∫ √

(Ê − Ω̂H ĵ − q̂Ât̂)2 + Âm̂2

ÂB̂
dr̂, (3. 18)

From above equation we calculate the imaginary part in the form

ImR̂+(r̂) = ±π
(Ê − êÂ0 − Ω̂H ĵ)√

Âr̂B̂r̂

. (3. 19)

The probability rate for radiated particles is obtained in the form

Γ̂ =
Γ̂emission

Γ̂absorption

=
exp

[
− 2
~̂ (ImR̂+ + ImĈ)

]

exp
[
− 2
~̂ (ImR̂− + ImĈ)

] = exp
[
−4
~̂
ImR̂+

]
,

= exp

[
−4π(Ê − êÂ0 − Ω̂H ĵ)√

Âr̂B̂r̂

]
,
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The corresponding Hawking temperature can be derived as

T̂Ĥ =
κ̂

2π
=

[√
Âr̂B̂r̂

4π

]
. (3. 20)

It is the general formula to derive the standard Hawking temperature.

4. QUANTUM CORRECTIONS OFSCALAR PARTICLES IN (3 + 1) DIMENSIONS

In order to discuss the quantum corrected temperature at the event horizon the general-
ized Klein-Gordan equation only for first order ofβ̂, is given as

−(~̂ι)2∂̂ t̂∂̂t̂Φ̂ = [m̂2 + (~̂ι)2∂̂i∂̂i][m̂2 + 1− 2β̂(~̂ι)2∂̂i∂̂i]Φ̂. (4. 21)

The line element is expressed as

dŝ2 = −Âdt̂2 +
1
B̂

dr̂2 + Ĉdθ̂2 + D̂dϕ̂2. (4. 22)

The wave function for radiated particles is assumed by

Φ̂(t̂, r̂, θ̂, ϕ̂) =
[

ι

~̂
Ŝ0(t̂, r̂, θ̂, ϕ̂)

]
, (4. 23)

After solving and assuminĝ~ only for leading order in above Eq.( 4. 21 ), we get

1
Â

(∂̂t̂Ŝ0)2 =
[
B̂(∂̂r̂Ŝ0)2 +

1
Ĉ

(∂̂θ̂Ŝ0)2 +
1
D̂

(∂̂ϕ̂Ŝ0)2 + m̂2

]
×

[
1− 2β̂

(
B̂(∂̂r̂Ŝ0)2 +

1
Ĉ

(∂̂θ̂Ŝ0)2 +
1
D̂

(∂̂ϕ̂Ŝ0)2 + m̂2

)]
. (4. 24)

The action of radiated particle is defined as

Ŝ0 = −(Ê − Ω̂H ĵ)t̂ + R̂(r̂, θ̂) + k̂ϕ̂. (4. 25)

It is also important to mention that, we cannot separateR̂(r̂, θ̂) as R̂(r̂)Θ̂(θ̂). So, after
fixing θ̂ = θ̂0, the Eq.( 5. 31 ) implies

P̂0(∂̂r̂R̂)4 + P̂1(∂̂r̂R̂)2 + P̂2 = 0, (4. 26)

where

P̂0 = −2β̂B̂2, P̂1 = B̂

(
1− 4β̂

k̂2

D̂
− 4β̂m̂2

)
,

P̂2 = m̂2 +
k̂2

D̂
− 2β̂

k̂4

D̂2
− 4β̂m̂2 k̂2

D̂
− 2β̂m̂4 − (Ê − Ω̂H ĵ)2

Â
.
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After solving Eq.( 4. 26 ) the radial part of particle’s action is given follows

R̂±(r̂) = ±
∫

dr̂√
B̂Â

[
1 + β̂

(
m̂2 +

(Ê − Ω̂H ĵ)2

Â
+

k̂2

D̂

)]
×

√√√√(Ê − Ω̂H ĵ)2 − m̂2Â− k̂2Â

D̂
+ 2β̂

(
k̂4Â

D̂2
+

2m2k̂2Â

D̂
+ m̂4Â

)
.

(4. 27)

After solving the above integral, and takinĝβ just for leading order, we get the following
result at event horizon̂r+,

ImR̂(r̂+) = ±π

(
(Ê − Ω̂H ĵ)2

Â′(r̂+)

)
(1 + β̂=̂), (4. 28)

here

=̂ = m̂2 +
(Ê − Ω̂H ĵ)2

Â′ +
k̂2

D̂′ .

The corrected tunneling rate for scalar particles can be defined as

Γ̂ = =
Γ̂emission

Γ̂absorption

=
exp

[
− 2
~̂ (ImR̂+ + Imθ̂)

]

exp
[
− 2
~̂ (ImR̂− + Imθ̂)

] = exp
[
−4
~̂
ImR̂+

]
,

= exp

[
− 4π

Â′(r̂+)
(Ê − Ω̂H ĵ)× (1 + β̂=̂)

]
. (4. 29)

By applying Boltzmann formulâΓB̂ = exp
[
(Ê − Ω̂H ĵ)/T̂ê−Ĥ

]
, the effective Hawking

temperature is calculated as

T̂ê−Ĥ =
Â
′
(r̂+)

4π(1 + β̂=̂)
= T̂0(1− β̂=̂), (4. 30)

T̂0 represents the standard temperature of the BH.

5. QUANTUM CORRECTIONS OFSCALAR PARTICLES IN (2 + 1) DIMENSIONS

Now, we will discuss the quantum gravity effects for scalar particles by BHs in(2 + 1)
dimensions. The modified Klein-Gordon Eq. ( 4. 21 ) in the background of(2 + 1)
dimensional BH metric ( 3. 12 ), gets the form

~̂2

Â(r̂)
∂2Φ
∂t̂2

− ~̂2

Ĉ(r̂)
∂2Φ
∂x̂2

− 2~̂4β̂B̂(r̂)
∂2Φ̂
∂r̂2

[
−B̂(r̂)

∂2Φ
∂r2

]
− 2

~̂4β̂

Ĉ(r̂)
∂2Φ̂
∂x̂2

[
− 1

Ĉ(r̂)
∂2Φ̂
∂x̂2

]

−~̂2B̂(r̂)
∂2Φ̂
∂r̂2

+ m̂2(1− 2β̂m̂2)Φ = 0. (5. 31)

The wave function for radiated particles can be assumed as

Φ(t̂, r̂, x̂) = exp
[

ι

~̂
Ŝ0(t̂, r̂, x̂)

]
, (5. 32)
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After putting Eq. ( 5. 32 ) into Eq. ( 5. 31 ) for leading order in~̂, we get

1
Â(r̂)

(
∂Ŝ0

∂t̂

)2

= B̂(r̂)

(
∂Ŝ0

∂r̂

)2

+
1

Ĉ(r̂)

(
∂Ŝ0

∂x̂

)2

+ m̂2 +
β̂

Ĉ(r̂)2

(
∂Ŝ0

∂x̂

)4

−β̂


m̂4 − 2B̂(r̂)2

(
∂Ŝ0

∂r̂

)4

 . (5. 33)

The particle’s action can be considered in the form

Ŝ0(t̂, r̂, x̂) = −Êt̂ + N̂ x̂ + R̂(r̂). (5. 34)

HereR̂(r̂) = R̂◦(r̂) + β̂R̂1(r̂), thus the radial integral̂R(r̂) becomes

R̂±(r̂) =

√√√√ Ê2 − Â(r̂)
(
m̂2 + N̂2

Ĉ(r̂)

)

B̂(r̂)
(1 + β̂=̂). (5. 35)

The above equation implies

R̂±(r̂) = ±ιπ
Ê

Â′(r̂)
(1 + β̂=̂), (5. 36)

where=̂ > 0 can be given as

=̂ =


 Â(r̂)

(
m̂2 + N̂4

Ĉ(r̂)2

)

Ê2 − Â(r̂)
(
m̂2 + N̂2

Ĉ(r̂)

) −
Ê2 − Â(r̂)

(
m̂2 + j2

Ĉ(r̂)

)

B̂(r̂)


 , (5. 37)

HereR̂− andR̂+ stands for radial functions of incoming/outgoing particles, respectively.
The probability rate for emitted particles can be obtained as

Γ̂ = = e−
4
~̂ ImR̂+ = exp

[
− 4πÊ

Â′(r̂+)
× (1 + β̂=̂)

]
. (5. 38)

By utilizing Boltzmann formulâΓB̂ = exp
[
−Ê/T̂ê−Ĥ

]
, the corrected temperature can be

deduced in the form

T̂ê−Ĥ =
Â′(r̂+)

4π(1 + β̂=̂)
= T̂0(1− β̂=̂), (5. 39)

Equation ( 5. 39 ) represents the effective Hawking temperature under quantum gravity
effects.

6. CONCLUSION

In this article, we have investigated the tunneling rate and Hawking temperature for
spin-0 particles for(3 + 1) and (2 + 1) dimensional BHs. Using the Hamilton-Jacobi
technique andWKB method, we have considered the Klein-Gordon equation of motion
for massive scalar field. Moreover, we also investigate the effective Hawking temperature
for spin-0 particles, which looked preserved over charge and energy. By using modified

Klein-Gordon equation the effective Hawking temperatureT̂ê−Ĥ = T̂0(1− ˆ̂
β=̂) in Eqs.( 4.
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30 ) and ( 5. 39 )has been obtained with quantum gravity effect. It is also worth noting that
the effects of quantum gravity decelerates the Hawking temperature. By using these general
formulas, we can calculate the Hawking temperature and corrected Hawking temperature
for any type of black hole in(3 + 1) and(2 + 1) dimensions.

In a conclusion, the quantum gravity has attracted more and more attention of physicists.
In this paper, we only calculated the tunneling behavior of scalar particles with and without
effect of the quantum gravity. In future, we will focus on the other fields of the quantum
gravity.
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[4] Babar, R. Javed, W. andÖvgün, A., Effect of the GUP on the Hawking radiation of
black hole in 2 + 1 dimensions with quintessence and charged BTZ-like magnetic black hole,
https://doi.org/10.1142/S0217732320501047.

[5] Barcelo, C., Liberati, S. and Visser, M.,Analogue Gravity, Living Rev. Relativ.8, (2005)12.
[6] Bina, A., Jalalzadeh, S. and Moslehi, A.,Quantum black hole in the generalized uncertainty principle frame-

work, Phys. Rev.D 81, (2010)023528.
[7] Cai, R-Gen., Cao, L-Ming. and Hu, Y-Peng.,Hawking Radiation of Apparent Horizon in a FRW Universe,

Class. Quant. Grav.26, (2009)155018.
[8] Chen P. and Adler, R. J.,Black hole remnants and dark matter, Nucl. Phys. Proc. Suppl.124, (2003)103-106.
[9] Gecim, G. and Sucu, Y.,Quantum Gravity Effect on the Tunneling Particles from 2 + 1-Dimensional New-

Type Black Hole, Adv. High Energy Phys.2018, (2018)8728564.
[10] Gecim, G. and Sucu, Y.,The GUP Effect on Tunneling of Massive Vector Bosons from The 2+1 Dimensional

Black Hole, Adv. High Energy Phys.2018, (2018)7031767.
[11] Gonzalez, P. A.,̈Ovgün, A., Saavedra, J. and Vasquez, Y.,Hawking radiation and propagation of massive

charged scalar field on a three-dimensional Gdel black hole, Gen. Relativ. Gravit.50, (2018)62.
[12] Haouat, S. and Nouicer, K.,Influence of a minimal length on the creation of scalar particles, Phys. Rev.D

89, (2014)105030.
[13] Hawking, S. W.,Nature, 248, (1974)30.
[14] Javed, W. and Babar, R.,Fermions Tunneling and Quantum Corrections for Quintessential Kerr-Newman-

AdS Black Hole, Adv. High Energy Phys.2019, (2019)2759641;ibid. Vector Particles Tunneling in the
Background of Quintessential Field Involving Quantum Effects, Chinese Journal of Phys.61, (2019)138.

[15] Javed, W., Abbas, G. and Ali, R.,Charged vector particles tunneling from 5D black hole and black ring,
Eur. Phys. J. C.77, (2017)296.

[16] Javed, W., Babar, R. and̈Ovgün, A.,Hawking radiation from cubic and quartic black holes via tunneling of
GUP corrected scalar and fermion particles, Mod. Phys. Lett.A 34, (2019)1950057.

[17] Javed, W., Ali, R., Babar, R. and̈Ovgün, A., Tunneling of Massive Vector Particles from Types of BTZ-like
Black Holes, Eur. Phys. J. Plus.134, (2019)511.

[18] Javed, W., Ali, R., Babar, R. and̈Ovgün, A., Tunneling of Massive Vector Particles under the Influence of
Quantum GravityChinese PhysicsC 44, (2020)015104.

[19] Jiang, Q., Wu, S. Q. and Cai, X.,Hawking radiation as tunneling from the kerr and kerr-newman black
holes, Phys. Rev.D 73, (2006)064003.



Generalization of Bosonic Quantum Tunneling with Quantum Effects 9

[20] Jusufi, K., Sakalli, I. and̈Ovgün, A., Quantum Tunneling and Quasinormal Modes in the Spacetime of
Alcubierre Warp Drive, Gen. Relativ. Gravit.50, (2018)10.
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