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1. INTRODUCTION

It is known that a functionϕ : I ⊂ R→ R is convex if

ϕ (θu1 + (1− θ)u2) ≤ θϕ (u1) + (1− θ) ϕ (u2)

holds for allu1, u2 ∈ I, θ ∈ [0, 1].
One of the important inequalities for convex functions is the Hermite-Hadamard in-

equality stated as follows.
Let ϕ : I ⊂ R→ R be a convex function andα, β ∈ I with α < β. Then

(β − α)ϕ (A) ≤
∫ β

α

ϕ (u) du ≤ ϕ (α) + ϕ (β)
2

(β − α) , (1. 1)

whereA = α+β
2 .

A number of variants of the inequality ( 1. 1 ) have been obtained by researchers from
all over the world in the past three decades.

In [12], İşcan introduced the concept of harmonically convex functions as given in the
definition below.
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Definition 1.1. [12] Let I ⊂ R\ {0}, a functionϕ : I→ R is harmonically convex onI, if

ϕ

(
u1u2

θu1 + (1− θ)u2

)
≤ θϕ (u2) + (1− θ)ϕ (u1) (1. 2)

for all u1, u2 ∈ I andθ ∈ [0, 1]. If ( 1. 2 ) is reversed, thenϕ is harmonically concave.

In [12], İşcan also proved the following Hermite-Hadamard type inequality for this class
of functions and established some new results connected with its right-hand side.

Theorem 1.2. [12] Letϕ : I ⊆ R\ {0} → R be a harmonically convex function onI◦ and
α, β ∈ I◦ with α < β such thatϕ

′ ∈ L ([α, β]). Then

(β − α)ϕ (H) ≤ αβ

∫ β

α

ϕ (u)
u2

du ≤ ϕ (α) + ϕ (β)
2

(β − α) , (1. 3)

whereH = 2αβ
α+β . The above inequalities are sharp.

One of the important quadrature formulae for functions of one real variable is the Simp-
son rule.

The Simpson inequality states that ifϕ : [α, β] → R is a four times continuously
differentiable mapping on(α, β) and

∥∥ϕ(4)
∥∥
∞ = sup

q∈(α,β)

∣∣ϕ(4) (q)
∣∣ < ∞, then

∣∣∣∣∣
∫ β

α

ϕ (u) du− β − α

3

[
ϕ (α) + ϕ (β)

2
+ 2ϕ (A)

]∣∣∣∣∣

≤ 1
2880

∥∥∥ϕ(4)
∥∥∥
∞
· (β − α)5 , (1. 4)

whereA = α+β
2 .

It attracted huge interest in the last two decades with many results concerning its error
estimate. There is a substantial literature on the generalizations of Simpson’s inequality,
Simpson type integral inequalities, Hermite-Hadamard type and Fejér type integral inequal-
ities using a variety of convexity conditions, see for example [1]-[39] and the references
cited therein.

2. WEIGHTED SIMPSON’ S TYPE INEQUALITIES FOR HARMONICALLY-CONVEX

FUNCTIONS

Throughout the paper, we will use the notationsU1 (q) and U2 (q) respectively for
2αβ

(1−q)α+(1+q)β and 2αβ
(1+q)α+(1−q)β .

The following definition will be used in the sequel of the paper to establish the weighted
Simpson type inequalities for harmonically-convex functions.

Definition 2.1. [20] A functionφ : [α, β] ⊆ R\ {0} → R is said to be harmonically
symmetric with respect toH if

φ (u) = φ

(
1

1
α + 1

β − 1
u

)

holds for allu ∈ [α, β].
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Here we point out some assumptions to prove our results.
Assumption 1: Let ϕ : I ⊆ R\ {0} → R or ϕ : I ⊆ (0,∞) → R be a differentiable

function onI◦ andα, β ∈ I◦ with α < β and letφ : [α, β] → [0,∞) be a continuous
positive mapping and harmonically symmetric toH.

Lemma 2.2. According to assumption 1 withϕ : I ⊆ R\ {0} → R andϕ
′ ∈ L1 [α, β].

Then

1
8

(
αβ

β − α

)
[ϕ (α) + 6ϕ (H) + ϕ (β)]

β∫

α

φ (u)
u2

du− αβ

β − α

β∫

α

φ (u)ϕ (u)
u2

du =
β − α

4αβ

×




1∫

0

p1 (q) (U1 (q))2 ϕ
′
(U1 (q)) dq +

1∫

0

p2 (q) (U2 (q))2 ϕ
′
(U2 (q)) dq



 , (2. 5)

where

p1 (q) =
3
4

1∫

0

φ (U1 (s)) ds−
q∫

0

φ (U1 (s)) ds,

p2 (q) = −3
4

1∫

0

φ (U2 (s)) ds +

q∫

0

φ (U2 (s)) ds

andH = 2αβ
α+β .

Proof. By integration by parts, we have

I1 =

1∫

0

p1 (q) (U1 (q))2 ϕ
′
(U1 (q)) dq

= −
(

2αβ

β − α

) 1∫

0

p1 (q)
[
−

(
β − α

2αβ

)]
(U1 (q))2 ϕ

′
(U1 (q)) dq

= −
(

2αβ

β − α

) 1∫

0


3

4

1∫

0

φ (U1 (s)) ds−
q∫

0

φ (U1 (s)) ds


 d [ϕ (U1 (q))]

= −
(

2αβ

β − α

) 
3

4

1∫

0

φ (U1 (s)) ds−
q∫

0

φ (U1 (s)) ds


 ϕ (U1 (q))

∣∣∣∣∣∣

1

0

−
(

2αβ

β − α

) 1∫

0

φ (U1 (q)) ϕ (U1 (q)) dq

=
(

2αβ

β − α

) 
ϕ (α)

4

1∫

0

φ (U1 (q)) dq +
3
4
ϕ (H)

1∫

0

φ (U1 (q)) dq
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−
(

2αβ

β − α

) 1∫

0

φ (U1 (q)) ϕ (U1 (q)) dq.

By making the substitutionu = U1 (q), we get

I1 =
(

αβ

β − α

)2

[ϕ (α) + 3ϕ (H)]

H∫

α

φ (u)
u2

du

−
(

2αβ

β − α

)2
H∫

α

φ (u) ϕ (u)
u2

du.

Similarly, we can have

I2 =

1∫

0

p2 (q) (U2 (q))2 ϕ
′
(U2 (q)) dq

=
(

αβ

β − α

)2

[3ϕ (H) + ϕ (β)]

β∫

H

φ (u)
u2

du

−
(

2αβ

β − α

)2
β∫

2αβ
α+β

φ (u)ϕ (u)
u2

du.

Sinceφ(u) is harmonically symmetric with respect toH, we have

H∫

α

φ (u)
u2

du =

β∫

H

φ (u)
u2

du =
1
2

β∫

α

φ (u)
u2

du.

Thus, we have

β − α

4αβ
(I1 + I2)

=
1
8

(
αβ

β − α

)
[ϕ (α) + 6ϕ (H) + ϕ (β)]

β∫

α

φ (u)
u2

du

− αβ

β − α

β∫

α

φ (u) ϕ (u)
u2

du.

Hence the proof of the theorem is done. ¤
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Remark 2.3. Throughout this manuscript we will use the following notation for the sake
of convenience

µ (α, β; ϕ, φ) =
1
8

(
αβ

β − α

)
[ϕ (α) + 6ϕ (H) + ϕ (β)]

β∫

α

φ (u)
u2

du

− αβ

β − α

β∫

α

φ (u)ϕ (u)
u2

du

Corollary 2.4. Under the assumptions of Lemma 2.2, the following inequality holds

µ (α, β;ϕ, φ) ≤ β − α

4αβ
‖φ‖[α,β],∞





1∫

0

(
3
4
− q

)
(U1 (q))2 ϕ

′
(U1 (q)) dq

+

1∫

0

(
q − 3

4

)
(U2 (q))2 ϕ

′
(U2 (q)) dq



 . (2. 6)

Proof. Proof follows from the fact that

‖φ‖[α,H],∞ ≤ ‖φ‖[α,β],∞

and
‖φ‖[H,β],∞ ≤ ‖φ‖[α,β],∞ .

¤

Theorem 2.5. According to assumption 1 withϕ : I ⊆ (0,∞) → R andϕ
′ ∈ L1 [α, β]. If∣∣∣ϕ′

∣∣∣
v

is HA-convex on[α, β] for v ≥ 1, then

|µ (α, β; ϕ, φ)| ≤
(β − α) ‖φ‖[α,β],∞

4αβ

(
5
16

)1− 1
v

H2

×
{[

α1 (v,y)
∣∣∣ϕ′ (α)

∣∣∣
v

+ α2 (v,y)
∣∣∣ϕ′ (β)

∣∣∣
v] 1

v

+
[
α2 (v,− y)

∣∣∣ϕ′ (α)
∣∣∣
v

+ α1 (v,− y)
∣∣∣ϕ′ (β)

∣∣∣
v] 1

v

}
, (2. 7)

where

α1 (v,y) = −64− 8y(6y(v − 1)− 1)(2v − 3)− 24v(4 + 3y)2−2v(8 + y(14v − 15))
128y3(v − 1)(2v − 3)(2v − 1)

+
8(1 + y)1−2v

(
8 + y(18v − 11) + y2

(
8v2 − 2v − 7

))

128y3(v − 1)(2v − 3)(2v − 1)
,

α2 (v,y) =
64− 24v(4 + 3y)2−2v(8 + y(9− 2v)) + 8y(6y(v − 1)− 7)(2v − 3)

128y3(v − 1)(2v − 3)(2v − 1)
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+
8(1 + y)2−2q(8 + y(5 + 2v))

128y3(v − 1)(2v − 3)(2v − 1)
,

y = β−α
α+β andH = 2αβ

α+β .

Proof. From ( 2. 6 ) and using the power-mean inequality, we have

|µ (α, β; ϕ, φ)| ≤
(β − α) ‖φ‖[α,β],∞

4αβ

×








1∫

0

∣∣∣∣
3
4
− q

∣∣∣∣ dq




1− 1
v




1∫

0

∣∣∣∣
3
4
− q

∣∣∣∣ (U1(q))
2v

∣∣∣ϕ′ (U1(q))
∣∣∣
v

dq




1
v

+




1∫

0

∣∣∣∣q −
3
4

∣∣∣∣ dq




1− 1
v




1∫

0

∣∣∣∣q −
3
4

∣∣∣∣ (U2(q))
2v

∣∣∣ϕ′ (U2(q))
∣∣∣
v

dq




1
v





. (2. 8)

By using the HA-convexity of
∣∣∣ϕ′

∣∣∣
v

on [α, β] for v ≥ 1, we get

1∫

0

∣∣∣∣
3
4
− q

∣∣∣∣ (U1(q))
2v

∣∣∣ϕ′ (U1(q))
∣∣∣
v

dq

≤
∣∣∣ϕ′ (α)

∣∣∣
v




3
4∫

0

(
3
4
− q

)(
1 + q

2

)
(U1(q))

2v
dq +

1∫

3
4

(
q − 3

4

)(
1 + q

2

)
(U1(q))

2v
dq




+
∣∣∣ϕ′ (β)

∣∣∣
v




3
4∫

0

(
3
4
− q

)(
1− q

2

)
(U1(q))

2v
dq +

1∫

3
4

(
q − 3

4

)(
1− q

2

)
(U1(q))

2v
dq




= H2v

[
−64− 8y(6y(v − 1)− 1)(2v − 3)− 24v(4 + 3y)2−2v(8 + y(14v − 15))

128y3(v − 1)(2v − 3)(2v − 1)

+
8(1 + y)1−2v

(
8 + y(18v − 11) + y2

(
8v2 − 2v − 7

))

128y3(v − 1)(2v − 3)(2v − 1)

] ∣∣∣ϕ′ (α)
∣∣∣
v

+ H2v

[
64− 24v(4 + 3y)2−2v(8 + y(9− 2v)) + 8y(6y(v − 1)− 7)(2v − 3)

128y3(v − 1)(2v − 3)(2v − 1)

+
8(1 + y)2−2q(8 + y(5 + 2v))

128y3(v − 1)(2v − 3)(2v − 1)

] ∣∣∣ϕ′ (β)
∣∣∣
v

(2. 9)

and

1∫

0

∣∣∣∣q −
3
4

∣∣∣∣ (U2(q))
2v

∣∣∣ϕ′ (U2(q))
∣∣∣
v

dq
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≤
∣∣∣ϕ′ (α)

∣∣∣
v




3
4∫

0

(
3
4
− q

)(
1− q

2

)
(U2(q))

2v
dq. +

1∫

3
4

(
q − 3

4

) (
1− q

2

)
(U2(q))

2v
dq




+
∣∣∣ϕ′ (β)

∣∣∣
v




3
4∫

0

(
3
4
− q

)(
1 + q

2

)
(U2(q))

2v
dq +

1∫

3
4

(
q − 3

4

)(
1 + q

2

)
(U2(q))

2v
dq




= H2v

[
64 + 8y(6y(1− v)− 1)(2v − 3)− 24v(4− 3y)2−2v(8− y(14v − 15))

128y3(v − 1)(2v − 3)(2v − 1)

−8(1− y)1−2v
(
8− y(18v − 11) + y2

(
8v2 − 2v − 7

))

128y3(v − 1)(2v − 3)(2v − 1)

] ∣∣∣ϕ′ (β)
∣∣∣
v

+ H2v

[
−64− 24v(4− 3y)2−2v(8− y(9− 2v))− 8y(6y(1− v)− 7)(2v − 3)

128y3(v − 1)(2v − 3)(2v − 1)

+
8(1− y)2−2q(y(5 + 2v)− 8)

128y3(v − 1)(2v − 3)(2v − 1)

] ∣∣∣ϕ′ (α)
∣∣∣
v

, (2. 10)

wherey = β−α
α+β andH = 2αβ

α+β .
Using ( 2. 9 ) and ( 2. 10 ) in ( 2. 8 ) we get ( 2. 7 ). ¤

Theorem 2.6. According to assumption 1 withϕ : I ⊆ (0,∞) → R andϕ
′ ∈ L1 [α, β]. If∣∣∣ϕ′

∣∣∣
v

is HA-convex on[α, β] for v > 1, then

|µ (α, β; ϕ, φ)| ≤
H2 (β − α) ‖φ‖[α,β],∞

4αβ

(
1− v
1 + v

)1− 1
v

×
{

[β1 (y)]1−
1
v

[
β2 (v)

∣∣∣ϕ′ (α)
∣∣∣
v

+ β3 (v)
∣∣∣ϕ′ (β)

∣∣∣
v] 1

v

+ [β1 (−y)]1−
1
v

[
β3 (v)

∣∣∣ϕ′ (α)
∣∣∣
v

+ β2 (v)
∣∣∣ϕ′ (β)

∣∣∣
v] 1

v

}
, (2. 11)

where

β1 (y) = y−1
(
(1 + y)

1+v
1−v − 1

)
, β2 (v) =

2−2v−5 (8v + 15) + 2−2v−5 × 3v+1 (4v + 11)
(v + 1) (v + 2)

,

β3 (v) =
2−2v−5 + 2−2v−5 × 3v+1 (4v + 5)

(v + 1) (v + 2)
,

y = β−α
α+β andH = 2αβ

α+β .

Proof. From ( 2. 6 ) and using the Ḧolder integral inequality, we have

|µ (α, β; ϕ, φ)| ≤
(β − α) ‖φ‖[α,β],∞

4αβ
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×








1∫

0

(U1(q))
2v

v−1 dq




1− 1
v




1∫

0

∣∣∣∣
3
4
− q

∣∣∣∣
v ∣∣∣ϕ′ (U1(q))

∣∣∣
v

dq




1
v

+




1∫

0

(U2(q))
2v

v−1 dq




1− 1
v




1∫

0

∣∣∣∣q −
3
4

∣∣∣∣
v ∣∣∣ϕ′ (U2(q))

∣∣∣
v

dq




1
v





. (2. 12)

By using the HA-convexity of
∣∣∣ϕ′

∣∣∣
v

on [α, β] for v > 1, we get

1∫

0

∣∣∣∣
3
4
− q

∣∣∣∣
v ∣∣∣ϕ′ (U1(q))

∣∣∣
v

dq

≤
∣∣∣ϕ′ (α)

∣∣∣
v




3
4∫

0

(
3
4
− q

)v (
1 + q

2

)
dq +

1∫

3
4

(
q − 3

4

)v (
1 + q

2

)
dq




+
∣∣∣ϕ′ (β)

∣∣∣
v




3
4∫

0

(
3
4
− q

)v (
1− q

2

)
dq +

1∫

3
4

(
q − 3

4

)v (
1− q

2

)
dq




=
(

2−2v−5 × 3v+1 (4v + 11) + 2−2v−5 (8v + 15)
(v + 1) (v + 2)

) ∣∣∣ϕ′ (α)
∣∣∣
v

+
(

2−2v−5 + 2−2v−5 × 3v+1 (4v + 5)
(v + 1) (v + 2)

) ∣∣∣ϕ′ (β)
∣∣∣
v

(2. 13)

and

1∫

0

∣∣∣∣q −
3
4

∣∣∣∣
v ∣∣∣ϕ′ (U2(q))

∣∣∣
v

dq

≤
∣∣∣ϕ′ (α)

∣∣∣
v




3
4∫

0

(
3
4
− q

)v (
1− q

2

)
dq +

1∫

3
4

(
q − 3

4

)v (
1− q

2

)
dq




+
∣∣∣ϕ′ (β)

∣∣∣
v




3
4∫

0

(
3
4
− q

)v (
1 + q

2

)
dq +

1∫

3
4

(
q − 3

4

)v (
1 + q

2

)
dq




=
(

2−2v−5 × 3v+1 (4v + 5) + 2−2v−5

(v + 1) (v + 2)

) ∣∣∣ϕ′ (α)
∣∣∣
v

+
(

2−2v−5 (8v + 15) + 2−2v−5 × 3v+1 (4v + 11)
(v + 1) (v + 2)

) ∣∣∣ϕ′ (β)
∣∣∣
v

. (2. 14)
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We also observe that
1∫

0

(U1(q))
2v

v−1 dq =
(

1− v
1 + v

)
H

2v
v−1 y−1

(
(1 + y)

1+v
1−v − 1

)
(2. 15)

and
1∫

0

(U2(q))
2v

v−1 dq =
(

1− v
1 + v

)
H

2v
v−1 y−1

(
1− (1− y)

1+v
1−v

)
, (2. 16)

wherey = β−α
α+β andH = 2αβ

α+β .
Applying ( 2. 13 )-( 2. 16 ) in ( 2. 12 ), we get ( 2. 11 ). ¤

Theorem 2.7. According to the assumptions of Theorem 2.6, we have

|µ (α, β; ϕ, φ)| ≤
H2 (β − α) ‖φ‖[α,β],∞

4αβ

(
v − 1
2v − 1

)1− 1
v

×
[
4−

2v−1
v−1

(
3

2v−1
v−1 + 1

)]1− 1
v

(
1

4 (2v − 1) (v − 1) y2

) 1
v

×
{[

γ1 (v,y)
∣∣∣ϕ′ (α)

∣∣∣
v

+ γ2 (v,y)
∣∣∣ϕ′ (β)

∣∣∣
v] 1

v

+
[
γ2 (v,− y)

∣∣∣ϕ′ (α)
∣∣∣
v

+ γ1 (v,− y)
∣∣∣ϕ′ (β)

∣∣∣
v] 1

v

}
, (2. 17)

where

γ1 (v,y) = 1 + 2 (v − 1) y − (1 + y)1−2v (1 + (4v − 3) y) ,

γ2 (v,y) = (1 + y)2−2v + 2 (v − 1) y − 1

y = β−α
α+β andH = 2αβ

α+β .

Proof. From ( 2. 6 ) and using the Ḧolder integral inequality, we have

|µ (α, β; ϕ, φ)| ≤
(β − α) ‖φ‖[α,β],∞

4αβ

×








1∫

0

∣∣∣∣
3
4
− q

∣∣∣∣
v

v−1

dq




1− 1
v




1∫

0

(U1(q))
2v

∣∣∣ϕ′ (U1(q))
∣∣∣
v

dq




1
v

+




1∫

0

∣∣∣∣q −
3
4

∣∣∣∣
v

v−1

dq




1− 1
v




1∫

0

(U2(q))
2v

∣∣∣ϕ′ (U2(q))
∣∣∣
v

dq




1
v





. (2. 18)

Since
∣∣∣ϕ′

∣∣∣
v

is HA-convex on[α, β] for v > 1, we get
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1∫

0

(U1(q))
2v

∣∣∣ϕ′ (U1(q))
∣∣∣
v

dq

≤
∣∣∣ϕ′ (α)

∣∣∣
v

1∫

0

(
1 + q

2

)
(U1(q))

2v
dq +

∣∣∣ϕ′ (β)
∣∣∣
v

1∫

0

(
1− q

2

)
(U1(q))

2v
dq

=
H2v

[
1 + 2 (v − 1) y − (1 + y)1−2v (1 + (4v − 3) y)

]

4 (2v − 1) (v − 1) y2

∣∣∣ϕ′ (α)
∣∣∣
v

+
H2v

[
(1 + y)2−2v + 2 (v − 1) y − 1

]

4 (2v − 1) (v − 1) y2

∣∣∣ϕ′ (β)
∣∣∣
v

(2. 19)

and

1∫

0

(U2(q))
2v

∣∣∣ϕ′ (U2(q))
∣∣∣
v

dq

≤
∣∣∣ϕ′ (α)

∣∣∣
v

1∫

0

(
1− q

2

)
(U2(q))

2v
dq +

∣∣∣ϕ′ (β)
∣∣∣
v

1∫

0

(
1 + q

2

)
[U2(q)]

2v
dq

=
H2v

[
(1− y)2−2v + 2 (1− v) y − 1

]

4 (2v − 1) (v − 1) y2

∣∣∣ϕ′ (α)
∣∣∣
v

+
H2v

[
1 + 2 (1− v) y − (1− y)1−2v (1 + (3− 4v) y)

]

4 (2v − 1) (v − 1) y2

∣∣∣ϕ′ (β)
∣∣∣
v

. (2. 20)

We notice that
1∫

0

∣∣∣∣
3
4
− q

∣∣∣∣
v

v−1

dq =

1∫

0

∣∣∣∣q −
3
4

∣∣∣∣
v

v−1

dq = 4−
2v−1
v−1

(
v − 1
2v − 1

) (
3

2v−1
v−1 + 1

)
. (2. 21)

Applying ( 2. 19 )-( 2. 21 ) in ( 2. 18 ), we get ( 2. 17 ). ¤

Theorem 2.8. According to the assumptions of Theorem 2.5, we have

|µ (α, β; ϕ, φ)| ≤
H2 (β − α) ‖φ‖[α,β],∞

4αβ

×
{

[q1 (y)]1−
1
v

[
α1 (y)

∣∣∣ϕ′ (α)
∣∣∣
v

+ α2 (y)
∣∣∣ϕ′ (β)

∣∣∣
v] 1

v

+ [q1 (−y)]1−
1
v

[
α2 (−y)

∣∣∣ϕ′ (α)
∣∣∣
v

+ α1 (−y)
∣∣∣ϕ′ (β)

∣∣∣
v] 1

v

}
, (2. 22)

where

q1 (y) =
3y + 2

4y(1 + y)
+

1
y2

ln
(

16(1 + y)
(4 + 3y)2

)
,
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α1 (y) =
3y2 − 3y − 4
8y2 (1 + y)

+
(y − 8)

8y3
ln

(
16 (1 + y)
(4 + 3y)2

)
,

α2 (y) =
4 + 3y

8y2
+

(8 + 7y)
8y3

ln

(
16 (1 + y)
(4 + 3y)2

)
,

y = β−α
α+β andH = 2αβ

α+β .

Proof. From ( 2. 6 ) and using the power-mean inequality, we have

|µ (α, β; ϕ, φ)| ≤
(β − α) ‖φ‖[α,β],∞

4αβ

×








1∫

0

∣∣∣∣
3
4
− q

∣∣∣∣ (U1(q))2dq




1− 1
v




1∫

0

∣∣∣∣
3
4
− q

∣∣∣∣ (U1(q))2
∣∣∣ϕ′ (U1(q))

∣∣∣
v

dq




1
v

+




1∫

0

∣∣∣∣q −
3
4

∣∣∣∣ (U2(q))2dq




1− 1
v




1∫

0

∣∣∣∣
3
4
− q

∣∣∣∣ (U2(q))2
∣∣∣ϕ′ (U2(q))

∣∣∣
v

dq




1
v





.

(2. 23)

By using the HA-convexity of
∣∣∣ϕ′

∣∣∣
v

on [α, β] for v ≥ 1, we get

1∫

0

∣∣∣∣
3
4
− q

∣∣∣∣ (U1(q))
2
∣∣∣ϕ′ (U1(q))

∣∣∣
v

dq

≤
∣∣∣ϕ′ (α)

∣∣∣
v




3
4∫

0

(
3
4
− q

)(
1 + q

2

)
(U1(q)))2dq +

1∫

3
4

(
q − 3

4

)(
1 + q

2

)
(U1(q))

2
dq




+
∣∣∣ϕ′ (β)

∣∣∣
v




3
4∫

0

(
3
4
− q

)(
1− q

2

)
(U1(q))

2
dq +

1∫

3
4

(
q − 3

4

)(
1− q

2

)
(U1(q))

2
dq




= H2

[
3y2 − 3y − 4
8y2 (1 + y)

+
(y − 8)

8y3
ln

(
16 (1 + y)
(4 + 3y)2

)] ∣∣∣ϕ′ (α)
∣∣∣
v

+ H2

[
4 + 3y

8y2
+

(8 + 7y)
8y3

ln

(
16 (1 + y)
(4 + 3y)2

)] ∣∣∣ϕ′ (β)
∣∣∣
v

(2. 24)

and

1∫

0

∣∣∣∣q −
3
4

∣∣∣∣ (U2(q))
2
∣∣∣ϕ′ (U2(q))

∣∣∣
v

dq
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≤
∣∣∣ϕ′ (α)

∣∣∣
v




3
4∫

0

(
3
4
− q

)(
1− q

2

)
(U2(q))

2
dq +

1∫

3
4

(
q − 3

4

) (
1− q

2

)
(U2(q))

2
dq




+
∣∣∣ϕ′ (β)

∣∣∣
v




3
4∫

0

(
3
4
− q

)(
1 + q

2

)
(U2(q))

2
dq +

1∫

3
4

(
q − 3

4

)(
1 + q

2

)
(U2(q))

2
dq




= H2

[
4− 3y

8y2
− (8− 7y)

8y3
ln

(
16 (1− y)
(4− 3y)2

)] ∣∣∣ϕ′ (α)
∣∣∣
v

+ H2

[
3y2 + 3y − 4
8y2 (1− y)

+
(y + 8)

8y3
ln

(
16 (1− y)
(4− 3y)2

)] ∣∣∣ϕ′ (β)
∣∣∣
v

. (2. 25)

We also have

1∫

0

∣∣∣∣
3
4
− q

∣∣∣∣ (U1(q))2dq =

3
4∫

0

(
3
4
− q

)
(U1(q))2dq +

1∫

3
4

(
q − 3

4

)
(U1(q))2dq

= H2

[
3y + 2

4y(1 + y)
+

1
y2

ln
(

16(1 + y)
(4 + 3y)2

)]
(2. 26)

and

1∫

0

∣∣∣∣
3
4
− q

∣∣∣∣ (U2(q))2dq =

3
4∫

0

(
3
4
− q

)
(U2(q))2dq +

1∫

3
4

(
q − 3

4

)
(U2(q))2dq

= H2

[
3y − 2

4y(1− y)
+

1
y2

ln
(

16(1− y)
(4− 3y)2

)]
, (2. 27)

wherey = β−α
α+β andH = 2αβ

α+β .
Using ( 2. 25 )-( 2. 27 ) in ( 2. 23 ) we get ( 2. 22 ). ¤
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