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1. INTRODUCTION
Itis known that a functiorp : I C R — R is convex if
@ (Bur + (1= 0)uz) < Op (u1) + (1 —0) ¢ (u2)
holds for alluy, us € T, 6 € [0, 1].
One of the important inequalities for convex functions is the Hermite-Hadamard in-

equality stated as follows.
Lety : I C R — R be a convex function and, 5 € T with o < 5. Then

B8
G-oe@ s [ pwans 82D G @
whered = 42,

A number of variants of the inequality ( 1. 1) have been obtained by researchers from
all over the world in the past three decades.

In [12], Iscan introduced the concept of harmonically convex functions as given in the
definition below.
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Definition 1.1. [12] LetI C R\ {0}, a functiony : I — R is harmonically convex ol if
Ui

— = | < 1-— 1.2
o (o) <)+ (- D) 1.2)
for all uy, us € Tandé € [0, 1]. If (1. 2) is reversed, thep is harmonically concave.

In [12], Iscan also proved the following Hermite-Hadamard type inequality for this class
of functions and established some new results connected with its right-hand side.

Theorem 1.2.[12] Lety : T C R\ {0} — R be a harmonically convex function @hand
a, B € I° with o < B such thaty' € L ([o, £]). Then

B u «
G-a)e) <ap [ L0 < 2O 50 @y

whereH = (f‘j_% The above inequalities are sharp.

One of the important quadrature formulae for functions of one real variable is the Simp-
son rule.

The Simpson inequality states thatgf : [a, 5] — R is a four times continuously
differentiable mapping ofy, 3) and||¢™@|| = sup [¢™* (¢)| < oo, then

q€(e,
/jcp(u)duﬂga cp(a);so(ﬂ)er(A)H
< o [ -® @

whered = 42,

It attracted huge interest in the last two decades with many results concerning its error
estimate. There is a substantial literature on the generalizations of Simpson’s inequality,
Simpson type integral inequalities, Hermite-Hadamard type arét Bgje integral inequal-
ities using a variety of convexity conditions, see for example [1]-[39] and the references
cited therein.

2. WEIGHTED SIMPSON'S TYPE INEQUALITIES FOR HARMONICALLY-CONVEX
FUNCTIONS

Throughout the paper, we will use the notatidiis(q) and Us (¢) respectively for
203 203
T—gat(ros M rgara—gs _ ,
The following definition will be used in the sequel of the paper to establish the weighted

Simpson type inequalities for harmonically-convex functions.

Definition 2.1. [20] A function¢ : [a, 5] € R\ {0} — R is said to be harmonically
symmetric with respect t& if

holds for allu € [a, 3].
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Here we point out some assumptions to prove our results.
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Assumption I Lety : I C R\ {0} — Rorg : I C (0,00) — R be a differentiable
function onl° andea, 8 € I° with a < 8 and let¢ : [a, 5] — [0,00) be a continuous

positive mapping and harmonically symmetricHo

Lemma 2.2. According to assumption 1 with : T C R\ {0} — Rand¢ € L; [a, ).

Then

_B-a

B 8
s (725 ) @ oot + @) [ 25— 20 [ 020y,

00—«

where )
n@=7 (e e)ds- [6ie)ds,
0 0
p() =5 [oWa)ds+ [o(a()ds
0 0
andH = 228

a+p3"

Proof. By integration by parts, we have
1

I = / p1 (@) (U (@) ¢ (U1 () dg

=— (;aﬂa) /1101 (9) [— (i;ﬂaﬂ (U1 (9)* ¢ (U1 (q))dg
0
:_Qfﬂ)j{ifwm@»@—/¢wu@m8dwwu@ﬂ
0 0 0
_ (;a_ﬂa) [i/lmm <s)>ds—/q<z>(U1 (s)) ds| @ (U1 (9))
0 0 0

4ap

(2. 5)
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(72 / 6 (U1 (2)) ¢ (U1 (0)) da.

By making the substitution = U; (¢), we get

L= (52 )2[¢(a>+3¢(ﬂ)]7¢<g>du

Similarly, we can have

/ P2 (@) (U (0))2 & (U2 (a)) dg
0

- (Ba_ﬁa)Q[3¢(H>+saw>]j¢(“>du

u2

Sinceg(u) is harmonically symmetric with respect £, we have

H B B
/‘bé;‘)du:}[‘bﬁ;‘)du: %/‘Té‘)du.

[0} [e3%

Thus, we have

08—«
4ap

(I +I2)

- (Ba_ﬂa) [ (0) + 6 (H) + 5 (8)]

P
g |=
MRS
U
S

B8
alB [ ¢(u)p(u)

B-a u?
(03

du.

Hence the proof of the theorem is done. a
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Remark 2.3. Throughout this manuscript we will use the following notation for the sake
of convenience

B
i) = 5 (575 ) lol) + 06 (1) + 0 3] [ 25

B
af [ ¢(u)p(u)
— i—a 2 du

Corollary 2.4. Under the assumptions of Lemma 2.2, the following inequality holds

e Bi0,0) < 2 10l { / (Z - q) (U1 @) ¢ (U1 () da
0

+0/1<q_i) (U2 (q))% ¢ (Uz(q))dq}. (2. 6)

Proof. Proof follows from the fact that

10, 717,00 < 19Nl 7,00
and
H¢||[H,ﬁ]7oo < H¢||[a,g],oo-
g
Theorem 2.5. According to assumption 1 with: I C (0,00) — Randy’ € L, [a, 3. If
’(p/ ‘v is HA-convex ofa, 3] for v > 1, then

(e, 350, 9)| < (6 =) 19l 51,00 <5)IVH2

103 16

<=

’

Al wald @ +ama | @]
toawmale @[ o nl @ T} @
where
(v.y) = 64 — 8y(6y(v — 1) — 1)(2v — 3) — 24V (4 + 3y)?~2v(8 + y(14v — 15))
vy = 1283(v — 1)(2v — 3)(2v — 1)
8(1+y)' =2V (8+ y(18v — 11) + y? (8vZ —2v — 7))
i 1283(v — 1)(2v - 3)(2v _ 1) ’
o (V) = 64 — 24V (4 4+ 3y)2~2V(8 + y(9 — 2v)) + 8y (6y(v — 1) — 7)(2v — 3)

128y3 (v —1)(2v—3)(2v — 1)
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8(1+ ) 278 4 y(5 4 2v))
128y3(v —1)(2v — 3)(2v — 1)’

y=22%andH = 222,

Proof. From ( 2. 6 ) and using the power-mean inequality, we have

. (8 - ) 1]l 0 pp.0c
(e B 0,6)] < o

{(t) (-
) (7

By using the HA-convexity Ortp/
1
/ 3 _
4
0

< |’ (@)

(Ur(q ‘so (U ( ))‘ dq)

¢ (Ua(q))‘v dQ> } . (2.8)

“on [a, 8] for v > 1, we get

(Ua ()™

v

dq

(@)™ |¢ (T1(a))

“ {/ (i q) <1;q> (U (9)* dq+/1 (q i> <12+q) o dq]
/ J

) { / (3-0) (}54) utr™ ao+ / (0-3) (452) @™ dq]
" :

64 — 8y(6y(v — 1) — 1)(2v — 3) — 24¥(4 + 3y)>~2V(8 + y(14v — 15))
128y3(v — 1)(2v — 3)(2v — 1)

8(1+y)' 72V (8 + y(18v — 11) + y? (8v2 — 2v — 7))] ‘w’

+‘<,0/

_ HQV |:_

v

128y3(v — 1)(2v — 3)(2v — 1)
64 — 24V (4 + 3y)2~2V(8 + y(9 — 2v)) + 8y (6y(v — 1) — 7)(2v — 3)
128y3(v — 1)(2v — 3)(2v — 1)
8(14y)* (8 + y(5 +2v))
128y3(v — 1)(2v — 3)(2v — 1)

+H2V[

[[F o o9

and

0/1 o= 3| @@

v

¢ (U2())| dg
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D) mras [ (5 wora

4

(D -5
0

_ o[04+ 8y(6y(1 — v) — 1)(2v — 3) — 2(4 — 3y)° >V (8 — y(l4v — 15))
N { 128y3 (v — 1)(2v — 3)(2v — 1)
8(1—y)'=2v (B —y(18v —11) +y? (8vZ —2v—T7)) || ,
- 128y3(v — 1)(2v — 3)(2v — 1) ‘w
2y {_ 64 — 2%V(4 — 3y)* V(8 — y(9 — 2v)) — 8y(6y(1 — v) — 7)(2v — 3)
* 12803(v — D(2v —3)2v — 1)

+’<p' (8)

Bl

8(1 —y)*~24(y(5 + 2v) — 8)
128y3(v — 1)(2v — 3)(2v — 1)} ‘('0 ()

Y (@ 10)

wherey = 2<% andH = 292,
Using(2.9)and (2.10)in(2. 8)weget(2.7). a

Theorem 2.6. According to assumption 1 with: I C (0,00) — Randy € L [a, 3. If
is HA-convex ot 5] for v > 1, then

|H(Oz B ¢)| < H? (6_0¢)H¢”[a)m7oo (1V>1—‘1,

4a8 1+v

<=

{131 [0 ¢ @

)]

o e @f +aml o) @w

v) ‘cp/ (B

where

1 Lbv 27275 (8v +15) + 272V x 3VHL (4v + 11)
By =y (A+9) ™ = 1) B (v) = DY ,

2—2v—5 + 2—2v—5 X 3v+1 (4V + 5)
(v+1)(v+2) ’

B3 (v) =

— ,6’ oc 208
y='"5andH = pwcE

Proof. From ( 2. 6 ) and using thedfder integral inequality, we have

(8 = ) [9lla,6],00

I (o, B0, 0)] < 107
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By using the HA-convexity o*‘go' ‘V on|a, g] forv > 1, we get
13
[l ¥ wol w
0
N 1+ V1+
<l < “o) (F5) e ( 1) (50w
v 1—
“F o) ( ) (50 [ (o-3) (5
(

(2—2 —5 v +1(31—E)1(1‘)’i§;2 5(8v+15)> ‘(p, (a)‘v
2v—5 2v—5 o gv+l (4y ,
+<2 +(2v+1)(ii2) 5 +5)>’3"

¥ @13

and

/1’61 - i’v ‘w/ (Uz(q))‘vdq
el | o) (55 [ (-2 (59)a
0T | [ (o) (59 [ (2) (550)

o—2v—5 % 1 (gy 2v—5 , v
- (2 (i—:l()ll(vt—52))+2 > “p (a ’

. (22v5 (8v +15) +272V5 x 3V+1 (4v + 11)
(v+1)(v+2)

Mool @



Inequalities for harmonically-convex functions 19

We also observe that
1

/(Ul(q))fqu:<1—V>any (a+9™-1) @19

1+v

and

1
[ @i = () aen (1-a-0 ), @)
0

wherey = 2<% andH = 292

Apply|ng(2 13)-( 2. 16)|n(2 12),weget(2.11). O

Theorem 2.7. According to the assumptions of Theorem 2.6, we have

I (a, B0, 0)] <

H2 (8- ) |8l ppoe [ v—1Y""
4a3 2v —1

(3v T +1>T—% (4(2v_1)1(v—1)312)
. {{% v |¢ @] T

+ {72 (v,—y) /

<=

’

¢ (B)

+ 72 (v,y)

<=

v

+7 (v, —y)

’

¢ (@) ¢ (B)

nvy)=1+2(v-1y— 1+ "1+ @4v-3)y),

vy =1+y) NV +2(v-1)y-1

2a0
a+p3”

} . (2.17)

where

y=27%andH =

Proof. From ( 2. 6 ) and using the dider integral inequality, we have

I (a, By 0, 0)| < (ﬁ_o‘lﬂgl[a,mm
1 3 o 1—% 1 %
" ’ —q A (U1(a)> ¢ (Ur(a)) qu)
i) ()

vdq) . (2. 18)

+ (/’q—j ”vldq) (/ (U2())™
0 0

is HA-convex one, ] for v > 1, we get

’

¢ (Ua2(q))

Since‘<p'
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1
/ ‘80 U1
0

(”q> (U1 @)™ dg+ | (9)
0

dgq

! J (*3%) @)™ da
0

H2 {1+2(v—1)y—(1+y)1*2v(1+(4v—3)y)] ,
- 12v—1)(v—1)y2 ’“” (@)
H2Y [(1 F) N ro(v_1)y— 1}

4(2v—1)(v—1)y?

v

+ (2. 19)

’sol (B)

dgq

1
/ ‘4/’ U2
0

(12‘1) (Ua(a))™ d+ |¢ (9)
0

) / (*52) Wt da
0

H2 {(1 ) 21— v)y — 1}
B 4(2v—1)(v—1)y?
HY [142(1=v)y - (1= (14 (3 - 4v)y)]
4(2v—1)(v—1)y?

<|¢' @[

¢ (@)

4 @] @20

We notice that

v 1 _2vel 2v_1
dq = /q—f dq = 4 2V 1 (3H+1). 2. 21)

Applylng(Z 19)-(2.21)in(2.18),weget(2.17). O

Z_q

Theorem 2.8. According to the assumptions of Theorem 2.5, we have

H? (8 = a) 19ll4, 57,00
daf3

<l [ @

(o, By 0, 0)] <

¢

v

+a2 () |¢ (9)

o ()] [a2 (=) |¢ (@) + a1 (-p) | (ﬂ)Hi}, (2. 22)
where _ 3y+2 1 [16(1+y)
00 =i e (Gae)
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32 -3y —4  (y—28) 16 (1 + )
o = —+ ln 5
1(v) 8y? (1 +y) 8y? (44 3y)°
443y  (8+Ty) 16 (1 +vy)
o = —+ In 5
2(v) 8y? 8y? (4 + 3y)°
—« 2a
Proof. From ( 2. 6 ) and using the power-mean inequality, we have
(8 = ) [9lla,5],00
. < 3 )
(@, B0, 0) < —— 5

1
dq)

]

. 23)

x { (/1 ’i - q‘ (Ul(q))qu) - (/1 ‘i - q‘ (U1(q))? ‘w' (U1(q))
" (/\q d <U2<q>>2dq)1é (/‘i o| w02 ] ala)
o )

By using the HA-convexity o*‘go' ‘V on|a, g] forv > 1, we get

A%

dq

/1 2o @@r | )
0

G wara [ (5wt
L 0

el | [(5-0) (5 wwras [(-3) (57) <U1<q>>2dq]
_O %
2|3y —3y—4  (y—8 (1+7y) L
[ e (10D ||
o[ e () ol e

and

v

dq

/1 ’q B i’ U2(0))* ¢ (U2(a)
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v O/(i‘q> (12_q)( )" da+ ( i) <1_q) (U2(0))’ dg
+/1< i) <1+q)(U2(q))2dq_
16(1 -

2
2|43y BTy y)
8y? 8y3 (4 —3y)°

3y +3y—4 N (y +8) I 16 (1 — )
8y (1 —y) 8y? (4-3y)?

v

¢ ()

’

e ¢ @2

We also have

/! o| i >dq_/(j—q)<(>>dq+/l( 1) a2

B By+2 1, (16(1+y)
- {4y(1+y) ! ((4+3y)2)] (2. 26)

N

moa

e

1

j’i—q’(Uz(q))qu:jG—q) dq+/(q—) 2(q))*dg

B 3y—2 1 16(1 —y)
- [4y<1 e ((4— 3y>2>}  &.27)

wherey = 2% andH = 292

a+p3
Using ( 2. 25)(2 27)in(2.23)we get (2. 22). O
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