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Abstract.: In this paper, we consider binomial triple sums families whose
coefficients are chosen as the Lucas numbers with indices in linear com-
bination of the summation indices. These sums are expressed via cer-
tain linear combinations of terms of the Fibonacci and Lucas sequences
{F,, L, }. Furthermore, we compute some kinds of alternating analogues
of them whose powers are depend on the index or indices.
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1. INTRODUCTION
Forn > 1, define the Fibonacci and Lucas sequendgs, L,,} by
Fo=F, 1+ F, andLn =Ly 1+Ly o
with Fy =0, Fy = 1andLy = 2 andL; = 1, respectively.
The Binet formulas are
ot —p"

Fn:
a—p

and L, =a" + 3",
wherea andg are (1 £+ V/5) /2.

There are many types of sums formulas including binomial or Fibonomial coefficients,
Fibonacci, Lucas, Pell and Pell-Lucas numbers (see [1,8-15]).

Carlitz [1] derives various binomial sums including one binomial coefficient and the
Fibonacci numbers.

Kilg et. al. [5] compute the sums including one binomial coefficient and products of the
Fibonacci or Lucas numbers as well as their alternating analogues of the forms

n

n i n i
Z (i>Tk(a+bi)Tk(c+di) and Z <Z> (=) Th(atvi) Th(c+di)s

1=0 =0
whereT, is either a generalized Fibonacci or Lucas sequence.
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Kili¢c et. al. [2] consider some binomial sums including the powers of Fibonacci or
Lucas numbers.
Kili¢ and Belbachir [4] derive various double binomial sums. For example, they show

that . _
(") = B
J 1

@]

Kiligc and Arikan [3] compute many binomial sums including double sums and one bi-
nomial coefficient.

Kilic and Tasdemir [6] consider and compute various families of binomial sums namely
binomial-double-sumisicluding one binomial coefficient and generalized Fibonacci or Lu-
cas sequences.

Kiligc and Tasdemir [7] also consider some special families of binomial double sums
including one binomial coefficient and the Fibonacci numbers of the form

> ()

0<i,j<n
for some integers andt.

Tasdemir and Toska [14] compute the binomial double sums including the Lucas num-
bers as well as their alternating analogues. For example, they show that

Z (Z)L4t - 1 { L(2t+1)nL(2t+1)(n+1) |f n |S even,
o, )T Lo | SFieinFeiin e if s odd.

Recently,Omiir and Duran [10] consider some special families of binomial triple sums
including the Fibonacci numbers with indices in linear combination of the summation in-

dices of the forms
AYE
g ( > (k> Frivjtk.
= J
0<4,5,k<n

In this study, inspired from [10], we shall consider some binomial triple sums families
whose coefficients will be chosen as the Lucas numbers. These sums will be expressed via
certain linear combinations of terms of the Fibonacci and Lucas sequéhgeE,, }.

2. BINOMIAL TRIPLE SUMS WITH THE LUCAS NUMBERS
We recall two auxiliary lemmas from [10, 15] before giving our results.
Lemma 2.1. For any real numbers;, y and z such that:(1 + y + yz) # 1, we have

s e
0<iihen M k x4+ axy+ayz—1

Also, we give the following result which could be easily derived from the Binet formu-
las.

Lemma 2.2. For integersm andn, we have
Lm+n + (*1)an—m = Lan and L7n,+77, - (*1)an—m = 5Fan
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Now we are ready to give our main results.
Theorem 2.3. For a nonnegative integer and an integet, we have

> AYEAY: N
3 ) \k ) At o L s

0<4,7,k<n

2ntl (2 (at+3)n L airsyn + DF wirsy(nr1)—3 Flaesy(nty4s | + 2L2t+1L2t+2 if nis even,
2 2 2 2

2" (10F @essynis Fassyn— + Lavisymin Laisymrn) ) + 20911 Lo42  if nis odd,
2 2 2 2

3 NN oL
i)\ (At+3)i+j+k = 377 2 ares

0<i,j,k<n

ontl(oF, @trsyn L (atisyn + Laresyinr) -3 Laersymrygs | + 10Fo 10 Foi43 if nis even,
P P 3 3

ntl (2 (4t+52)n71 L (4t+52)n+1 + L(4t+5)2(n+1) L (4t+5)2(n+1) + 10F2t+2F2t+3 if n is odd.

Proof. As a showcase, we only prove the first claim. The other claim can be proven simi-
larly. By the Binet formula, we write

W\ (J
Z i Lat1)itjtk
= J
0<4,5,k<n
_ Z <Z> (i) (a(4t+1)i+j+k _,’_ﬁ(4t+1)i+j+k) ’
J

0<4,5,k<n

which, by Lemma 2.1, equals

(41 4 adt+2 4 a4t+3)n+1 Sl (B g g 64t+3)n+1 1
Q1 ;g2 § aAt3 _ ] BAHT 1 patt2 { gAts 1

which, sincen? = oo + 1 and3? = 8 + 1, equals

2n+1a(4t+3)(n+1) -1 2n+1ﬁ(4t+3)(n+1) -1

20413 _ 1 93%+3 _ 1
1
=———— [-2"Ligsayn — 2" Ligsa)(n1) — 2Larys + 2]
—3 —2L4443
1

We consider two cases of First if n = 4r, the previous expression becomes

- 24T+1(—2L16tr+12r - Lthr+12r+4t+3> —2L4143+2
34 2L4443
2 2(Lageryazr + Lo) + Lugtrrazryarts — L] + 2(Lars — 1)

B 3+ 2L443
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which, by Lemma 2.2, equals
2L8¢r+6r Lstryer + DFstryor+2t Fstryor+2t+3) + 2Lot 41 Lot 42
34 2L443
on+l (2L @t43)n L arysyn + DF argsy(nt1)—3 F(4t+3)(n+1)+3) + 2L9¢41 Lo
2 2 2 2
3+ 2L443

24r+1 (

Similarly, forn = 4r 4+ 2, we obtain the same result. Thuspiis even,

> AYEAY) N
5 ) k) A T e T s

0<i,j,k<n

X [2"+1 (2L @at+3)n L (ar43)n + DF at43)(nt1)—3 F(4t+3)(n+1)+3) + 2L9¢4+1Loy2|
2 2 2 2

as claimed. 0

3. ALTERNATIVE BINOMIAL TRIPLE SUMS WITH THE LUCAS NUMBERS

Now we will give alternating analogues of the results given in the previous section.
Theorem 3.1. For a nonnegative integer and an integet, we have
D) ;
> : ' Laats1yitjrr = 77—
0<i s h<n (] k 3—2L443
on+l1 <2L @t+3)n L (ar43yn — L (atrsynyny—3 L (4t+3)(n+1)+3) — 10F2t+1F2t+2 if nis even,
2 2 2 2

2n+1 (5F(4t+3)(n+1) F(4t+3)(n+1) — 10F(4t+3)n—1 F(4t+3)n+1 ) — 10F2t+1F2t+2 if nis Odd,
2 2 2 2

X

i\ (j . 1
_1)iT, R S
Z <J) <k’)( V Larayieien 3—2L445

0<i,j,k<n

2n+1 2L (4t+5)n L (4t4+5)n — 5F(4t+5)(n+1)—3 F(4t+5)(n+1)+3 — 2L2t+2L2t+3 if nis even,
p p 2 2

gn+l 5F at+5)(nt1) Fat+syint1)y — 2L (at45yn—1 L (at45)nt1 | — 2L2t+2L2t+3 if n is odd.
2 2 2 2

Proof. We only prove the first claim. The other claim can be proven similarly.

Z <;> (i) (=1)" Liat41)it stk

0<i4,5,k<n

_ Z (Z) (i)(_l)z (a(4t+1)i+j+k n ﬂ(4t+1)i+j+k) :

0<ijk<n M



Binomial triple sums with the Lucas numbers 41

which, by Lemma 2.1 and sine€ = o+ 1 andg? = 5 + 1, equals

(—1)" (a4t+1 +oadtt2 4 a4t+3)”+1 +1 (=n (ﬁ4t+1 1 g2 ﬂ4t+3)"+1 +1
QM+l gdt2 At ] BAH1 4 gatt2 4 BA3 4|
(,1)n2n+1a(4t+3)(n+1) 41 (71)n2n+15(4t+3)(n+1) +1
204t+3 1 1 + 234 +3 1+ 1
(=1)"2" N (=2L (443 + Lar+3)(n+1)) + 2Lar43 + 2
2L4443 =3

which, forn = 4r, equals

24+ [—2(L1gtr412r + Lo) + Lietr+12r+4t+3 + L3] + 2Lag15 + 2
2L4443 — 3

which, by Lemma 2.2, gives us

2471 (—2Ls¢ry6r Lstr+6r + Lstr+6r+2tLstr+6r+2t43) + 2Lai43 + 2
2L4143 —3

 2¥ TN 2Ly 46 Lstr-6r — Lstrt-or2t Lstr+6r4+2643) — 10F2i41Fopp0

B 3 —2L443 ’

So forn = 4r, it equals

ontl (2L(4t+3)nL(4t+3)n — L(4t+3)(n+1)—3L(4t+3)(n+l)+3> — 10F2t+1F2t+2
2 2 2 2

3—2L4443

Similarly, for n = 4r + 2 we obtain the same result. Thus, the claim is truesfds
even. O

Now, we give the other results without proof. They could be proven by using again
Lemma 2.1.

Theorem 3.2. For a nonnegative integer and an integet, we have
Z . _1)jL4ti+j+k = 5 a5
0<ijk<n <] K 3= 2Latn

ontl(9f, (4t+21>n L (41,451)71 — 5F(4t+1)(;+1)—3 F(4t+1)(2n+1)+3 — QLQtLQtJ’_l if nis even,

2n+1 5F ut41)(nt+1) Flat+ 1)y — 2L (4t+D)n—1 L (4t+1)n+1 | — 2L2tL2t+1 if nis Odd,
2 2 2 2

AL —

DY)
0<ijk<n M 41+3

on+l <2L (at+3)n L (ar43yn — L(4t+3)(n+1)73L(4t+3)(n+1)+3) — 10F2t+1F2t+2 if n is even,
2 2 2 2

on+l (5F(4t+3)(n+1) Fltisyinsy) — 10F tgsyn—1 Fat43yntr ) — 10F2t+1F2t+2 if n is odd.
2 2 2 2

X
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Theorem 3.3. For a nonnegative integer and an integet, we have

X

s ()(9) o 1
—1 ]L it = -
(j) (k)( )7 Latie e 3+ 2L4t41

0<i,j,k<n

ntl (2L @t+in Lasvyn + Laryme—s L @esnen+s | + 10F2tF2t+1 if n is even,
2 2 2 2

ontl(9F, @t+n—1 L @atrynt1 + Larsnmsn L asnmry | + 10F2tF2t+1 if nis Odd,
2 3 P 2
R
Z . )" Lat2yitjor = 7 57—
0<a$k<n<] K 3+ 2Larys

ontl (of @t+3)n L atyzyn + DF aers)(nt1)—3 Flatesynrny4s | + 2L2t+1L2t+2 if n is even,
2 2 2 2

ontl 10F(4t+?;)n71 F(4t+£;)n+1 + L (4t+3)2(n+1) L(4t+3)2(n+1) + 2L2t+1L2t+2 if nis odd.

Theorem 3.4. For a nonnegative integer and an integet, we have

s () - 1
_1 J+ L i = -
<J) <k)( ) DI, = 3 9L

0<i,j,k<n

ntl (2 ey Laigiyn + Lasyy e —s L @gymanss | + 10F9 Foyyq if n is even,
2 2 2 2

ntl (2L @tsn—1 L aigvynt1 + L @ernosy Lagrnymsn | + 10F2tF2t+1 if nis odd,
2 2 2 bl

i\ ([ - 1
—1)*k, i =
) <]) <k:)( ) (3)ith = 3 or

0<é,j,k<n

ontl (o @t43)n L argsyn + 5F @irsy(nt1)—3 Flagsymtn+s | + 2L2t+1L2t+2 if n is even,
2 2 2 2

ontl 10F(4t+32)n—1 F(4t+:;)n+1 + L (4t+3)2(n+1) L(4t+3)2(n+1) + 2L2t+1L2t+2 if n is odd.

Theorem 3.5. For a nonnegative integer and an integet, we have

X

X

i\ (J ititk 1
-1 JTRT, S - -
Z <]) (k)( ) (4t+1)i+j5+k 3 2L4t+1

0<i,j,k<n

ontl(9F, (et n L(4t<;1)n — 5F(4t+1)(2n+1)—3 F(4t+1)(2n+1)+3 —2Lg¢ Loy ifnis even,

2n+1 5F(4t+1)(n+1) F(4t+1)(n+1) — 2L (4t+1)n—1 L (4t+1)n+1 | — 2L2tL2t+1 if nis Odd,
2 2 2 2
AYFATERE 1
1\ (1) (4t43)itj+k = 3T o7
0<igksn at+3
on+l <2L (at+3)n L (ae43yn — L(4t+3)(n+1)73L(4t+3)(n+1)+3) — 10F2t+1F2t+2 if n is even,
2 2 2 2

on+l (5F(4t+3)(n+1) Fltisyinsy) — 10F tgsyn—1 Fat43yntr ) — 10F2t+1F2t+2 if n is odd.
2 2 2 2



Binomial triple sums with the Lucas numbers 43

REFERENCES

[1] L. Carlitz, Some classes of Fibonacci syrRthonacci Quartl6, (1978) 411-426.
[2] E. Kilig, I, Akkus, N. Omiir and Y. T. UlutasFormulas for binomial sums including powers of Fibonacci
and Lucas number&JPB Scientific Bulletin, Series &7, (2015) 69-78.
[3] E. Kilig and T. Arikan,Double binomial sums and double sums related with certain linear recurrences of
various order Chiang Mai J. Sci45, (2018) 1569-1577.
[4] E. Kiligc and H. BelbachirGeneralized double binomial sums families by generating functldtils Math.
104, (2017) 161-174.
[5] E. Kilig, N. Omiir and Y. T. Ulutas,Binomial sums whose coefficients are products of terms of binary
sequencedJtil. Math. 84, (2011) 45-52.
[6] E.Kihg¢ and F. Tasdemi©n binomial double sums with Fibonacci and Lucas nhumbgfgd Combin.144,
(2019) 173-185.
[7] E.Kih¢ and F. Tasdemi©n binomial double sums with Fibonacci and Lucas numberasd Combin.144,
(2019) 345-354.
[8] S. Koparal and NOmir, On congruences related to central binomial coefficients, harmonic and Lucas
numbersTurk. J. Math 40, (2016) 973-985.
[9] N. Omir, On reciprocal series of generalized Fibonacci numbers with subscripts in arithmetic progression
Discrete Dyn. Nat. Soc., (2012).
[10] N. Omir and®. Duran,On binomial triple sums involving Fibonacci and Lucas humbkisnam Math. J.
42, (2020) 49-62.
[11] N. Omir and C. D. Senefn identities for sequences of binomial sums with the terms of sequinces
and {vk, } , European J. Pure Appl. Math0, (2017) 506-515.
[12] K. Piejko,Onk-distance Pell numbers andk — 1) A, (k — 1) B, kC)-edge coloured graph#rs Combin.
139 (2018) 197-215.
[13] J. Seibert and P. Trojovsk@n some identities for the Fibonomial coefficieiath. Slovacab5, (2005)
9-19.
[14] F. Tasdemir and T. G. ToskBormulas for binomial double sums related to Lucas numlssepted in Ars
Combin.
[15] S. VajdaFibonacci & Lucas numbers, and the golden sectibvhn Wiley & Sons, Inc., New York, 1989.



