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Abstract. This article explores the application of the weighted least squares

(WLS) method in the development of subdivision schemes. These schemes
offer a valuable means of approximating data points, whether they belong
to linear or non-linear functions. Moreover, the schemes demonstrate
effective handling of noisy data with outliers during the fitting process.
Additionally, they prove to be highly effective in generating engineering
shapes. In comparison to the traditional least squares (LS) approxima-
tion, WLS provides a more flexible approach. The resulting subdivision
schemes produced by WLS are capable of generating smooth curves and
surfaces without explicit function representations. In this work, general-
ized WLS-based methods for the creation of stationary and non-stationary
subdivision schemes are presented. Furthermore, it includes a comparison
between LS and WLS-based schemes, highlighting that the schemes pro-
duced by the LS method are a special case of those generated by WLS. By
shedding light on the advantages of WLS over LS, this article contributes
to the understanding and utilization of WLS-based subdivision schemes in
various contexts.
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1. INTRODUCTION

The process of constructing curves and surfaces from a set of data points is known
as curve and surface fitting. Subdivision schemes are popular techniques used for fitting
curves and surfaces. These techniques can be categorized as statistical subdivision schemes
when generated using statistical methods, and classical subdivision schemes when gener-
ated using methods other than statistical approaches. While subdivision curves and sur-
faces are extensively utilized in geometric modeling. There remains a need for further
exploration in certain areas. New subdivision schemes must be developed to address the
demands of emerging practical applications [8]. For instance, classical subdivision schemes
frequently do not effectively handle noisy data. Further subdivision schemes can be classi-
fied into stationary and non-stationary schemes. Nowadays, there are numerous stationary
and non-stationary schemes available. Recently, Yang et al. [18] presented a family of four-
point stationary subdivision schemes. Conti et al. [1] introduced one of the non-stationary
schemes. Daniel and Shunmugaraj [2] introduced stationary and non-stationary schemes.
In 2015, Dyn et al. [3] introduced statistical subdivision schemes as a means to approxi-
mate noisy data. These schemes utilized least squares polynomials for refining noisy data.

The subdivision schemes still require more effective approaches for handling noisy data.
There is always room for improving the efficiency of existing subdivision techniques. The
interpolation technique for irregularly spaced points was initially introduced by Shepard
[13]. Mutiu [12] presented the application of weighted least squares method. Usman et al.
[15] presented the use of WLS when data have error variance is heteroscedastic. Tarrio et
al. [14] presented a technique for imporving the singles by using the weighted least squares.

The Weighted Least Squares (WLS) technique has found application in various domains,
with different methods relying on its principles. For instance, Liu et al. [7] employed WLS-
based non-oscillatory schemes for finite volume methods on unstructured meshes. Wang
et al. [16] utilized a learning-based local weighted least squares approach for the algebraic
multigrid method. Zhou et al. [19] introduced the strategy of weighted WLS for image
reconstruction. Additionally, Huang et al. [5] presented a global-local image enhancement
technique with contrast improvement based on WLS. Giordani and Kiers [4] applied WLS
for archetypal analysis with missing data. Moreover, Wang et al. [17] also incorporated
WLS techniques in their work. The family of binary approximating schemes with error
analysis was presented in [11]. The [ -regression-based subdivision schemes for noisy data
were presented by Mustafa et al. [9]. This work is an extension of the work presented in
[3]. A new modified least squares method with real life application was presented in [6].

This article proposes a novel approach that unifies and generalizes subdivision schemes
including both stationary and non-stationary schemes, within a single framework. The ob-
jective is to enable efficient handling of noisy data for fitting purposes and shape design.
To achieve this, we benefit from the advantages of weighted least squares algorithms.

The paper is organized in the following manner: Section 2 and Section 3 presents the
generalized algorithms of univariate and bivariate case subdivision schemes respectively.
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Section 4 conducts a comparison between subdivision schemes based on the WLS method
and those based on the LS method. Finally, Section 5 provides the conclusions of the study.

2. THE ALGORITHM FOR CURVE SCHEMES

The derivation of b-ary univariate stationary and non-stationary schemes involves the
following steps:
Step 1: Consider the polynomial

f(x,\)=Co+C1$A+02$?\+03$?\+---+cpx§. 2.1

For the best fit of (2. 1) with observations (zy = A, f)) for A = —v,—v +1,--- | v,
where v > 0. The residual is defined as

v P 2
J(007cl7027"' 7Cp): Z wx <f/\_zci>\i> ) (2 2)
=0

A=—v

We get the normal equations by minimizing the sum of squares of the residual

v P v
SONMAw =D ¢; > NTwy, ¢=0,1,2,--+,p. 2.3)

A=—v 7=0 A=—v

In the first step, the normal equations for a polynomial of degree p are derived by substi-
tuting the corresponding values of p in equation ( 2. 3 ). The coefficients ¢y, c1, -+, ¢,
are obtained by solving these normal equations as defined in equation ( 2. 3 ). Once the
values of c,,’s are determined, they are substituted into equation ( 2. 1) to obtain the best
fit polynomial.

Step 2: The b-ary family of schemes is derived by setting A = :I:%, where b > 2 and
t=0,1,2,--- ;b — 1. In this step, the terms f) are replaced by fi’ir)\ and f()\) is replaced
by f,ij_i in the best fit polynomial of any degree. Similarly, if —v + 1 < A < v, where
v > 1, 2v-point b-ary schemes for curve design can be obtained.

2.1. The 1%t degree polynomial and (2v + 1)-point, b-ary schemes. The linear poly-

nomial is obtained after substituting p = 1 in (2.1), the corresponding normal equations
obtained from (2.3) are

= o > wxter Y dwy,

N
=
g

|

A=—v A=—v A=—v
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2
E Afrvwyn = ¢ E Awy + ¢1 E Awy,.
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The values of ¢ and c; by solving the above equations
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where

Z wy, &= Z Awy, & = Z Ny, o= Z Fawx,

A=—v A=—v A=—v A=—v
14
and m = E )\f,\w,\.
A=—v

After putting the values of ¢y and c1, the best fit polynomial is obtained

_ S —&m (& —Som
o = et - () e

The (2v+1)-point b-ary schemes are obtained by putting A = 2551 in (2.4) and replacing
Faby o and fO) = L

k1 _ 2t + 1) _Sm—&m (fzﬁo —51771> ( 2t+1>
sz+a f (:l: 2 5250 —612 5250 _512 + o R

a=0,1--,b—1, (2.5

where

fo= Y wxn &= Z Awy, & = Z Nwy, 0 = Z Flwa,

A=—v A=—v A=—v A=—v

and 7 = Z /\fH_)\wA

A=—v

Equation ( 2. 5) represents the family of odd points b-ary schemes. The specific schemes
within this family are obtained after putting the values of v and b. The choice of v deter-
mines the complexity of the scheme, with different values leading to different numbers of
points in the scheme. For instance, when v takes values of 1, 2, and 3, we obtain 3-point,
5-point, and 7-point schemes, respectively. Similarly, by varying the value of b, we obtain
schemes with different arities. For example, for b equal to 2, 3, and 4, we have binary,
ternary, and quaternary schemes, respectively. The flexibility to adjust v and b allows for
the generation of a wide range of schemes with varying complexities and arities.

2.1.1. Derivation of stationary schemes. In this section, we provide examples of some

family members of stationary schemes. By considering the weight function w) = ﬁl/\l

with 2 = 1 and setting b = 2 in equation ( 2. 5 ), we obtain the (2v + 1)-point bi-
nary scheme denoted as Ms, 1. Specifically, when v = 1, we obtain the 3-point scheme
denoted as Ms.

1
= 1 Bf +10fE + £

1
A = E( L 10fF 4555 2. 6)
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When v = 2in (2.5), we get a 5-point scheme M3

1
2 = gg (T2fEa +1ATSE, + 8T8 + 63f1 . +28f,)
1
At = o8 (28fF 5 +63fF | +378fF +147fF  +72fFL) . 2.7
For even point schemes, we consider values of A as A = —v + 1, —v + 2,--- , v, which

. . - . . . [EE Y
results in schemes with C! continuity. By using the weight function wy = e~ 100 with

T = i and setting b = 2 in equation ( 2. 5), we obtain the (2v+1)-point scheme denoted as
M3, . ;. Specifically, when considering the 3-point scheme, denoted as A3, we substitute
v = 1in equation ( 2. 5).

ST = 0.4576032960 £ ; + 0.3347934077 £ + 0.207603296 £ , ,
fath = 0.207603296 £/ | + 0.3347934077 fF + 0.4576032960£F ;. (2. 8)

For the 5-point scheme M/ put v = 2 in (2.5)

STl = 0.2483505598 fF 5 4 0.2258847266 fF | 4 0.201930049 fF
+0.1750834822fF, | + 0.148751182fF, ,,
fath = 0.148751182f) , + 0.1750834822fF | + 0.201930049 fF
+0.2258847266 F, | + 0.2483505598 f7, ,. (2.9)

The aforementioned schemes, which are generated based on the weighted least squares
method, produce comparable results presented by Dyn et al. [3] when dealing with noisy
data that contains outliers. This can be observed in Figure 2.

2.1.2. Derivation of non-stationary schemes. By utilizing the weight function wy = cos( ‘/’“’27(\

(where z is a fixed point) and setting b = 2 in equation (2.5), we obtain the (2v + 1)-point
non-stationary scheme denoted as M5, 41- To derive the specific 3-point non-stationary
scheme, denoted as M. 3’}', we substitute v = 1 into equation (2.5).

1 .
2]€i+1 = Tk (T]?]f ik—l + ngfzk + 77{6 731€+1>7
Ay

1

P53 = g (b o gt ). . 10)

where



452 Asghar et al.

and

Lk

) 1 ) 3
= COSs <42k) COSs <42k> + 4COS (42k> COS (42k>
3 1
+ cos (42k) cos (42k) .

For a 5-point non-stationary scheme M¥ put v = 2 in (2.5),
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k= cos i cos i + 4 cos i cos L
Mo = 4.0k 4.0k 4.0k 4.0k
9

and

Additionally, we can generate the 2v-point non-stationary counterpart of the schemes in-
troduced in [3] by choosing A = —v+ 1, —v+ 2, --- | v. The asymptotical equivalence, as
established in [1], is employed to demonstrate that the non-stationary schemes correspond
to the stationary schemes presented in [3].

Proposition 2.2. The stationary scheme in [3], characterized by the mask
2—14[5, 11,8,8,11,5), exhibits asymptotic equivalence to the mask of the non-stationary
scheme described in (2.10).

Proof
From the equivalence relation, we get
lim nf =5 lim 75 =8, lim 75 =11, and lim 7n} =6.
k—+o0 h ’ k——+o00 "2 ’ k— o0 773 ’ k——+o00 M4

The non-stationary schemes (2.10) takes the form

1
5= o (st s sk,

1
fgzj—ll = ﬂ(5f1’kfl +8fzk + 11 ikJrl)'

The mask of the aforementioned scheme is indeed i[& 11,8,8,11,5]. Which completes
the proof.

Proposition 2.3. The stationary scheme presented in [3] with the mask
4—10 [6,10,7,9,8,8,9,7,10, 6] is asymptotically equivalent to the mask of the non-stationary
scheme described in (2.11).

Proof
From the equivalence relation, we can conclude that

lim n¥ =30, lim 7% =-35  lim 7} = —40,

k—+o0 k—4o00 k——+oc0
lim nf = —45 lim n¥=-50, and lim n%, = 50.
k— 400 I8 ’ k— o0 Mo ’ k— o0 "o



454 Asghar et al.

The non-stationary scheme (2.11) takes the form

1 X
it = 10 (10.](‘1'122 +OfF L +8fF+7 z'k+1 +6 z‘k+2)»

1 -
Bt =5 (Gfi'iz FTFE L 84955+ 10 !12)-

The mask of the above scheme is 4—10 [6,10,7,9,8,8,9,7,10,6]. This confirms the comple-
tion of the proof.

Remark 2.4. The proposed algorithm is capable of reproducing existing least squares-
based subdivision schemes.

e The odd point family [3] reproduced after putting wy = landb=2in (2. 5).

e The even point family [3] reproduced after putting wy = 1, b = 2 and ensuring
—v+1<A<vin(2.5).

o The family of odd point, b-ary schemes [10] reproduced after setting wy = 1 and
p =3, in Section 2.

e The family of odd point, b-ary schemes [10] reproduced after setting wy = 1,
p = 3 and ensuring —v + 1 < X\ < v in Section 2.

3. THE ALGORITHM FOR SURFACE SCHEMES

The immediate extension of subdivision schemes from curve modeling to surface model-
ing involves the transition from univariate to bivariate schemes. In this section, we employ
the WLS algorithm to introduce stationary and non-stationary tensor product schemes with
various arities.

Step 1: Consider a bivariate polynomial with respect to the observations (z) = A\, ys =

67 f)\,(s)
1 o 2 o 3 o
fN9) = co+ Z cipa N T + Z ciysA?TI + Z Cipo N0
i=0 i=0 i=0
pil . . p . .
+D g NPT Y iy pAPTUS (3. 12)
i=0 i=0

The residual is defined as

v v 1
i
J(co,c1, s Coapya) = § E wA,J(f/\,J_C()_E Cit1 A0 — -
0

A=—vdé=—v i=
P N2

=Y Cirarp A ) (3. 13)
=0

After solving the normal equations, the coefficients ¢4, can be determined. Once the
values of all the cg;, 1 coefficients are obtained, they can be substituted into equation ( 3.
12 ) and get the best fit polynomial.
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Remark 3.1. An alternative approach to obtain the normal equations for cy, c1, co, - - -,
Cop—1+a» ANd Copy o is by multiplying them with equation ( 3. 12 ).

Z Zwm, Z Z)‘w”’ ZV: iéwm, > Z/\w,\g, Z XV:)\(Sw,\ﬁ

A=—v d=—v A=—v dé=—v A=—vé=—v A=—v d=—v A=—vd=—v

Z Z 52w>\,5,~~, Z Z NP~y 5, and Z Z 0Pwy srespectively.

A=—v d=—v A=—v d=—v A=—v dé=—v

Step 2: The (2v + 1)2-point b-ary surface schemes are derived by putting (\, ) =

(£2LEL £2661) ‘where b > 2 and ¢ = 0,1,2,--- ,b — 1, into the best fit polynomial of
any degree. In this derivation, we replace f s with fF,, . s and f(X,6) with fith - .

Similarly, the even points surface schemes are obtained when —v + 1 < A\, § < v, where
v > 1. In this case, the weight function w) s is used for the surface schemes.

3.2. The 1! degree polynomial and (2v+ 1)-point, b-ary bivariate schemes. The linear
bivariate polynomial can be obtained by substituting p = 1 into equation ( 3. 12).

f(/\,é) = c¢o+ 1A+ . (3. 14)

The corresponding normal equations are

Moxs = cofors+ci&ins + 28205,
Mmas = cofians+ci1&3x5+ c28ans,
Mas = cofaans +ciéans + 2506,

where

Eors = Z Z wxs, 1A = Z Z Awys, Soa5 = Z Z w6,

A=—v é=—v A=—vé=—v A=—vé=—v
v v 14 v
2 2
Sas= D, > Nwns, &rs= D, > Sdwns, &as= Z Z 0%wx.5,
A=—v d=—v A=—v d=—v A=—v d=—v
v v v v
Mg = Y, O hewrns, mas= Y, >, AMrswas,
A=—v d=—v A=—vd=—v

and 795 = Z Z dfa5wx,s5-

A=—vdé=—vr
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The values of ¢y, c1 and cq are obtained by solving the normal equations:

co = ’715{ — 0685 05 + E3 058108200 + E3. 0582 0,8M 0 — Mx,664,0,661,0,6
+&2.1,664,0,6M0, 0,6 — 53,,\,5772,,\,5}7 (3. 15)
= 7;{ — 0685 05 + E3 0081 08M2 00 + E3.0582 08T 0 — M10,664,0,661,0,6
+&2.1,664,0,6M0,0,6 — 6%,)\,6772,)\,6}7 (3. 16)
co = ~y15{ = 10,0,583 2.5 T E3. 0581, 0,6M2,06 + E3.0,5E2,0,6M1,0,6 — M1,2,064.0,5E1,0,6
+&2.x,684,0,6M0,0,6 — 55,,\,5772,,\,5}7 (3.17)

and

2 2
s = Eono€2 006400 — Eor685 a5 + 260 0,6620,583, 06 — ETa 56400 — Ea.0,5(3- 18)

The general form of the odd point surface schemes, derived by substituting (A,d) =
(:I:QtQ—ng7 :I:%) and replacing fy s with f)’f’é and f(\,9) with f@ih)bj_m in the best fit
linear polynomial (obtained by substituting the values of ¢, c1, and ¢ in equation ( 3. 12

)), can be expressed as follows:

2t +1 2t+1
k+1 _ —
FE e = @t (i% )+c2(i o ),a—071---,b—1c3. 19)

where cg, ¢1, and ¢o are defined in equations (3.4), (3.5), and (3.6), respectively. For each
value of v and b, we obtain odd point b-ary non-tensor product surface schemes.

Remark 3.3. The bivariate algorithm is capable of reproducing existing least squares-
based bivariate schemes.

o The odd point family [3] reproduced after putting wy s = 1 andb=2in (3. 19 ).

o The even point family [3] reproduced after putting wy s =1, b=2and —v +1 <
ANd<vin(3.19).

e The non-stationary part of odd point schemes presented in [3] are obtained by
replacing wy s with w’f\,é = cos(Z72) cos(g;k‘s) atz =1 andb=2in(3.19).

o The non-stationary part of even point schemes presented in [3] are obtained by
replacing wy 5 with w§ ; = cos(Z2)cos(L) atx = 1, b=2and —v+1 <
ANo<vin(3. 19)

o The odd point family [10] reproduced after setting wy s = 1 and p = 3, in Section
3.

o The odd point family [10] reproduced after setting wys =1, p =3 and —v +1 <
A, 0 < vin Section 3.

4. APPLICATIONS AND COMPARISON OF THE SCHEMES

In this section, we present several experiments to check the performance of the schemes.
We examine the performance of the schemes by fitting noise-free and noisy data. We also
consider noisy data with outliers. In addition to these experiments, we test the scheme for
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the generation of fundamental curve shapes. Finally, we have generated refined surfaces
at various subdivision levels. These experiments collectively demonstrate the effectiveness
and versatility of the schemes in various scenarios. We also highlighted the potential of the
schemes for curve and surface modelling.

We initiate the comparison between the schemes generated by the WLS method and the LS
method as described in [3]. Figure 1 illustrates that the scheme M3 exhibits better curve
quality and shape preservation compared to the scheme S5 presented in [3]. In Figure 2,
we observe that both WLS and LS schemes show similar visual performance in the pres-
ence of noisy data with outliers. Figure 3 showcases the visual performance of the 3-point
non-stationary scheme, which is the counterpart of the scheme presented in [3]. Here, M¥
represents the 3-point non-stationary scheme obtained from (2.10) when k = 0 and k = 2,
using the WLS method. The quality of the curve produced by the scheme (2.10) is supe-
rior to the LS-based scheme when k = 0, although it is more sensitive to outliers. When
k = 2, the scheme exhibits reduced sensitivity to outliers. However, the quality of the
curves generated by the WLS and LS schemes, as reported by [3], is equivalent. Figure 4
demonstrates the reproduction of conics.

In the WLS method, we have various options for constructing classical and statistical subdi-
vision schemes using weight functions. The subdivision schemes generated by the weight
function wy = ﬁ exhibit classical behaviour. Therefore, the M3 scheme produces
significantly different curves compared to the Ss subdivision scheme for non-noisy data.
However, for noisy data, both schemes yield similar results.

Finally, we present the applications of the 16-point surface scheme in Figure 5 and Figure
6. These figures illustrate the application of the scheme on two different sketches or polyg-
onal shapes. The resulting refined sketches are also depicted in the figures, presenting the
fine details and smoothness achieved by the scheme.

WLS (M)

N ) N e DS~ _ 7

""‘Initial polygon—s3—'M3‘ ""'Initial polygon—SS——M3‘ ’""Initial po]ygon—S3——M3‘

(a) (b) (c)

FIGURE 1. (a), (b) and (c) are the comparisons of 3-point schemes of
S3 and M3 in terms of noise free data.
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i B M - x‘o g E 4 2 -
o Dua _?uglml_Ss OLS M ' WLS‘ O Data S}OLS M WLS
\ 3
(a) (b)
FIGURE 2. (a) and (b) present the comparison of 3-point schemes of
Ss and M3 in terms of noisy data and outliers, respectively.
<
o
— 7N\
\
o (e} < 9|
oaacaC<~?f~c;CGG Q_Qe°‘°°°'°e\;v¢~
o o Cog & o
P 500000 0t0 % 57 SOTITIITT e
e & % r &7 %
§ { ° ;4 4 3
Ggh | LCCCcac o ofvR O /i\) \\\Q y Vo"”'b\;eo %o © of”
o Data S3 OLS M3k WLS, k= 0‘ o Data S3 OLS M3k WLS, k=2
(a) (b)
FIGURE 3. (a) and (b) present the comparison of 3-point scheme S5

and non-stationary 3-point scheme MY at levels k = 0 and k = 2 when
data contains outliers, respectively.
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. / \ .. !
. \\ / \\
: .. \_.——/ "0"
: k - k k
« + = * Initial polygot — M3 WLS, k=2 « * = * Initial polygor - —M3 WLS, k=0{ [ Initial polygon - -M3 WLS, k=0
k k k
—'Ms WLS, k=0 —M3 WLS, k=2 —M3 WLS, k=2

(a) (b) (c)

FIGURE 4. Reproduction of conics by a scheme corresponding to MY .

i -4 4

-4

(d) Third level

(e) Limit surface

FIGURE 5. (a) Shows the initial mesh, whereas (b)-(e) are produced by
the 16-point binary surface scheme.
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(c) Second level (d) Third level

(e) Limit surface

FIGURE 6. (a) Shows the initial mesh, whereas (b)-(e) are produced by
the 16-point binary surface scheme.
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5. CONCLUSIONS

In conclusion, this article explored the application of the WLS method in the develop-

ment of subdivision schemes. Compared to the traditional LS approximation, the WLS
method offered a more flexible approach, resulting in subdivision schemes capable of gen-
erating smooth curves and surfaces without explicit function representations. The article
presented generalized algorithms based on WLS for the generation of both stationary and
non-stationary subdivision schemes, providing a comprehensive framework for their imple-
mentation. Furthermore, a comparison between LS and WLS-based schemes highlighted
that the schemes produced by the LS method were a special case of those generated by
WLS.
To assess the performance of the proposed schemes, several experiments were conducted.
Noise-free data fitting was performed to evaluate the accuracy and quality of the generated
curves, demonstrating the capability of the schemes produced by WLS method. The ability
of the schemes to handle outliers was assessed using noisy data with outlier points. The
schemes were also tested on fundamental shapes of curves to ensure accurate capture of
shape characteristics. Furthermore, the generation of surface models at various subdivision
levels presented the ability of the schemes to produce detailed and refined surfaces.

CONFLICT OF INTERESTS

The authors declare that there is no conflict of interest regarding the publication of this
article and regarding the funding that they have received.

ACKNOWLEDGEMENT

We thanks the anonymous reviewers for their careful reading of our manuscript and their
many insightful comments and suggestions.

FUNDING

This research is not funded by any government or private organization.

AUTHORS CONTRIBUTION

Muhammad Asghar: Conceptualization, Methodology, Writing — Original Draft. Ghu-
lam Mustafa: Supervision, Formal Analysis, Writing — Review & Editing. Faheem Khan:
Data Curation, Validation, Writing — Review & Editing. Rakib Mustafa: Visualization,
Software, Formatting. All authors read and approved the final manuscript.

REFERENCES

[1] C. Conti, N. Dyn, C. Manni, and M.-L. Mazure. Convergence of univariate non-stationary subdivision
schemes via asymptotic similarity. Comput. Aided Geom. Des., 37, (2015), 1-8.

[2] S. Daniel, and P. Shunmugaraj. Three point stationary and non-stationary subdivision schemes. In Proceed-
ings of the 3rd International Conference on Geometric Modeling and Imaging: Modern Techniques and
Applications, (2008), 3-8.

[3] N. Dyn, A. Heard, K. Hormann, and N. Sharon. Univariate subdivision schemes for noisy data with geomet-
ric applications. Comput. Aided Geom. Des., 37, (2015), 85-104.

[4] P. Giordani, and H. A L. Kiers. Weighted least squares for archetypal analysis with missing data. Behav-
iormetrika, 51, (2024) 441-475.



462 Asghar et al.

[5] Z.Huang, Z. Zhu, Q. An, Z. Wang, and H. Fang. Global local image enhancement with contrast improvement
based on weighted least squares. Optik, 243, 2021.

[6] Z. Khan, K. L. Krebs, S. Ahmad, A. Saghir, and S. Gumusteki. A new modification of the least squares
method with real life applications. Punjab Univ. J. Math., 51, no. 10, (2019), 1-14.

[7] H. Liu, and X. Jiao. WLS-ENO: Weighted-least-squares based essentially non-oscillatory schemes for finite
volume methods on unstructured meshes. J. Comput. Phys., 314, (2016), 749-773.

[8] Y. Liu, H. Shou, and K. Ji. Review of subdivision schemes and their applications. Recent Pat. Eng., 16, no.
4, (2022), 50-62.

[9] G.Mustafa, L. Hao, J. Zhang, and J. Deng. [1 -regression based subdivision schemes for noisy data. Comput.
Aided Des., 58, (2015), 189-199.

[10] G. Mustafa, and M. Bari. Wide-ranging families of subdivision schemes for fitting data. Punjab Univ. J.
Math., 48, no. 2, (2016), 125-134.

[11] G. Mustafa, R. Hameed, and A. Allah. A family of 2n-point approximating subdivision schemes based on
least squares method. Punjab Univ. J. Math., 51, no. 9, (2019), 137-154.

[12] S. Mutiu. Application of weighted least squares regression in forecasting. Int. J. Recent Res. Interdiscip.
Sci., 2, n0.3, (2015), 45-52.

[13] D. Shepard. A two-dimensional interpolation function for irregularly spaced points. In Proceedings of the
1968 23rd ACM National Conference, (1968) 517-524.

[14] P. Tarro, A. M. Bernardos, and J. R. Casar. Weighted least squares techniques for improved received signal
strength based localization. Sensors, 11, (2011), 8569-8592.

[15] A.U. Usman, K. Tukur, A. Suleiman, A. Abdulkadir, and H. Ibrahim. The use of the weighted least squares
method when the error variance is heteroscedastic. Benin J. Stat., 2, (2019), 85-93.

[16] F. Wang, X. Gu, J. Sun, and Z. Xu. Learning-based local weighted least squares for algebraic multigrid
method. J. Comput. Phys., 493, 2023.

[17] G. Wang, Y. Du, and F. Tan. Comparison results on preconditioned GAOR methods for weighted linear least
squares problems. J. Appl. Math., 2012, Article ID 563586, 9 pages, doi:10.1155/2012/563586.

[18] H. Yang, K. Kim, and J. Yoon. A family of C? four-point stationary subdivision schemes with
Sfourth-order accuracy and shape-preserving properties. J. Comput. Appl. Math., 446, (2024), 115843,
doi.org/10.1016/j.cam.2024.115843.

[19] J. Zhou, and G. Qu. Accelerated convergence strategy of weighted least squares method for image recon-
struction. Commun. Nonlinear Sci. Numer. Simul., 117, 2023.



