
Punjab University Journal of Mathematics (2025), 57(06), 670- 686
https://doi.org/10.52280/pujm.2025.57(06)04

An optimisation over the Möbius group for an optimal solution in image registration

∗M. Y. Tufail
Department of Mathematics,

NED University of Engineering & Technology, Karachi,
Pakistan

S. Gul
Department of Mathematics,

NED University of Engineering & Technology, Karachi,
Pakistan

Abstract. Image registration, the process of aligning two images to ensure 
their appearances closely match, is a field profoundly influenced by the 
pioneering contributions of D’Arcy Wentworth Thompson. In his influen-
tial work On Growth and Form, Thompson introduced the concept of im-
age transformation across species, emphasising the idea that deformations 
between closely related species should exhibit simplicity. Specifically, 
Thompson explored isogonal transformations—now known as conformal 
transformations—suggesting that such deformations could be described 
by finite dimensional groups. While the full set of diffeomorphisms or the 
conformal group are too complex to be considered simple (as they are in-
finite), the eight-dimensional Möbius group, a subgroup of the conformal 
group, provides a more manageable framework. The Möbius group com-
prises four fundamental transformations: scaling, rotation, translation, and 
inversion, offering a balance between simplicity and mathematical expres-
siveness.

In this study, we propose a novel approach to image registration us-
ing Möbius diffeomorphisms. Additionally, an innovative method for se-
lecting the initial guess, a critical component in the optimisation process, 
particularly within the gradient descent framework, has been introduced. 
Through a series of numerical examples, we demonstrate the effectiveness 
of this approach in achieving precise and efficient Möbius-based image 
registration. Our results highlight the potential of Möbius transformations 
as a robust tool for image alignment, bridging historical theoretical in-
sights with contemporary computational methodologies. This work not 
only advances the field of image registration but also underscores the en-
during relevance of Thompson’s foundational ideas in modern scientific 
research.
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1. INTRODUCTION

Image registration, the process of aligning two images to achieve similarity in their 
appearances, is a widely studied technique across diverse fields such as computer vision 
[13, 37, 53], remote sensing [1, 12, 49], morphophonemics [6, 8, 14, 32, 33, 42, 46], 
medical imaging [2, 11, 21, 22, 23, 25, 26, 29, 31, 35, 41, 44, 47], and shape analysis
[45, 51, 52], among others. The foundations of image registration can be traced back to 
the pioneering investigation of Thompson, whose groundbreaking 1917 book ‘On Growth 
and Form’ [48] introduced the concept of image transformation across species. 
Thompson’s ideas have profoundly influenced the study of diffeomorphic deformations in 
images, particularly in medical image registration. Despite significant advancements since 
1917, one of the most notable developments has been the pursuit of diffeomorphisms 
between images, exemplified by the ‘Large Deformation Diffeomorphic Metric Mapping
(LDDMM)' framework [4,10,17,19,27].
In 1992, Brown [9] provided a comprehensive review of image registration, outlining its 
fundamental steps, many of which remain relevant today. Brown identified four core 
components: (i) a feature space (containing image information), (ii) a search space
(encompassing possible transformations), (iii) a search strategy (for selecting optimal 
transformations), and (iv) a similarity metric (to quantify discrepancies between images). 
While Brown’s work focused on finite-dimensional transformations—such as affine, 
perspective, and polynomial transformations—the field has since expanded to include 
more sophisticated methods, including diffeomorphic image registration. 
Diffeomorphisms, which are smooth and invertible transformations, have become central
to this area of research [51, 52, 54].
Thompson’s work employed hand-drawn illustrations of animal forms with superimposed 
grids, demonstrating smooth deformations between species. These transformations, which 
preserve smoothness, are now recognized as foundational to diffeomorphic image 
registration. Thompson also explored isogonal transformations, now referred to as 
conformal transformations, which preserve angles. His observations on conformal 
relationships between species were further investigated by Petukhov [39], who applied 
Thompson’s grid method and computed the cross-ratio—an invariant of the Möbius group
—to assess whether point sets could be related by Möbius transformations. Petukhov’s 
findings suggested that Möbius transformations may play a role in certain instances of
growth and evolution. 
Inspired by Thompson’s examples [48] and Petukhov’s work [39], the applicability of 
Möbius transformations [3, 30, 36, 40] is investigated using image registration techniques 
rather than point-based invariants. Specifically, image registration is performed by 
minimizing the SSD [50] between pixel intensities in order to evaluate the extent to which 
image relationships align with conformal transformations.
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Furthermore, a novel method for selecting initial guesses in image registration (illustrated 
in Examples 2 and 3), a critical factor in optimisation, is introduced. All registration 
processes involving Möbius diffeomorphisms are conducted on two-dimensional grayscale 
images [51, 52]. This approach allows us to rigorously assess the role of Möbius 
transformations in image registration and their potential applications in conformal 
mapping.

2. M ̈OBIUS GROUP

In this section we first discuss the Möbius group, a well established sub-group of the group 
of conformal transformations (typically called diffeomorphisms in image registration), and 
then the registration over the Möbius group would be presented. There is natural 
isomorphism between the Euclidean plane R2 and its contemporary complex plane C, i.e., 
R2 C. This fact allow us to consider image domain Ω as a domain of complex plane C. In 
fact, Möbius transformations, which are a type of diffeomorphism, are most effectively 
understood when considered as mappings of the extended complex plane,
denoted as Ĉ = C ∪ { ̃∞}, to itself. In this context, ̃∞ represents complex infinity, an 
extension of the complex plane that allows for a more comprehensive treatment of the 
transformation’s behavior, particularly at the limits of the complex plane. The extended
complex plane, Ĉ, is also known as the Riemann sphere, a concept named after the German 
mathematician Bernhard Riemann. The Riemann sphere is a geometric representation of 
the complex plane that includes the point at infinity, transforming the complex plane into a 
sphere-like structure where transformations can be interpreted in a more elegant and 
unified way. This viewpoint is essential in various areas of mathematics, such as complex 
analysis and geometry, and helps to reveal the deeper symmetries and properties of Möbius 
transformations. As such, Möbius transformations are typically seen as bijective conformal 
mappings of the Riemann sphere onto itself, preserving both the structure of angles and the 
shape of objects, which makes them particularly useful in the study of conformal geometry
and hyperbolic spaces [5, 20,38].
A Möbius transformation is defined as:

φ(z) : Ĉ → Ĉ =
pz + q

rz + s
; p, q, r, s ∈ Ĉ&ps− qr ̸= 0. (2. 1)

It is important to pay attention to the fact that when r = 0 in Eq. ( 2. 1 ), the 
transformation simplifies to a rigid transformation [50], where the first term, s

p z, causes 
the rotation along with scaling, and the second term, qs , is responsible for translation. This 
demonstration highlights the fact that rigid group is inside the Möbius group, i.e., a 
subgroup. A Möbius transformation can be constructed by composing four fundamental 
transformations: rotation, scaling inversion, and translation [16]. In Proposition 2.1, the 
derivation of Eq. ( 2. 1 ) by combining above mentioned transformations is presented.

Proposition 2.1. A Möbius transformation is the composition of four simple transforma-
tions that are scaling, rotation, translation and inversion.
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Proof. For a complex number z, ∀p, q, r, s ∈ Ĉ, the following four transformations are
employed: translation, inversion, scaling and translation, and translation, respectively.

ψ1(z) = z +
s

r
. (2. 2)

ψ1(z) =
1

z
. (2. 3)

ψ3(z) =
−ps+ qr

r2
z. (2. 4)

ψ4(z) = z +
p

r
.

Now, composition yields:

ψ4 ◦ ψ3 ◦ ψ2 ◦ ψ1 = ψ4 ◦ ψ3 ◦ ψ2(z +
s

r
), From 2. 2

= ψ4 ◦ ψ3(
1

z + s/r
), From 2. 3

= ψ4(
−ps+ qr

r(rz + s)
), From 2. 4

=
pz + q

rz + s
= φ(z).

□

The set of Möbius transformations (or diffeomorphisms) form a group under composition.
Illustration is given below:

• Composition of two Möbius transformations
The composition of two Möbius transformations yields another Möbius trans-

formation.
Suppose φ1(z) =

pz+q
rz+s and φ2(z) =

p′z+q′

r′z+s′ .

(φ1 ◦ φ2)(z) = φ1(φ2(z))

= φ1(
p′z + q′

r′z + s′
)

=
p(p

′z+q′

r′z+s′ ) + q

r(p
′z+q′

r′z+s′ ) + s

=
(pp′ + qr′)z + (pq′ + qs′)

(rp′ + sr′)z + rq′ + ss′

=
Pz +Q

Rz + S

Where, P = pp′+qr′, Q = pq′+qs′, R = rp′+sr′, S = rq′+ss′. This property
is often called the closure property in the ‘Group Theory’.
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• Associativity
Using the concept of composition (as explained above), for any choice of p, q, r, s,

one can easily derive the associativity of any three Möbius transformations (φ1, φ2, φ3).
That is, φ1 ◦ (φ2 ◦ φ3) = (φ1 ◦ φ2) ◦ φ3.

• Existence of the identity
This set includes an identity element, given by id = 1z+0

0z+1 . Using composition,
it is straightforward to derive that (φ1 ◦ id) = φ1.

• Existence of inverse
As we know, the concept of image registration depends on the existence of

inverse diffeomorphic function. Therefore, such existence for each element in the
set of Möbius transformations is a crucial requirement. We now derive the inverse
element as below:

Suppose φ−1(z) = az+b
cz+d is the inverse of φ = pz+q

rz+s . The existence of a, b.c.d
will conform the existence of inverse.

(φ ◦ φ−1)z = φ(φ−1)z = id(z)

φ(
az + b

cz + d
) =

1z + 0

0z + 1
. (2. 5)

Eq. ( 2. 5 ) implies the following system of linear equations

pa+ qc = 1

pb+ qd = 0

ra+ sc = 0

rb+ sd = 1

Consistent solution of above non-homogeneous system yeilds, a = −s
rq−sp , b =

q
rq−sp , c = r

rq−sp & d = −p
rq−sp . Plugin these values in φ−1 and few sreps of

simplification will give:

φ−1(z) =
sz − q

p− rz
(2. 6)

Eq. ( 2. 6 ) can be recognized as a new Möbius diffeomorphisms in a Möbius group.
Thus, the collection of Möbius transformations constitutes a group under composition. We
now present an important proposition that require its existence as far as image registration

is concerned.

Proposition 2.2. If the composition of Möbius diffeomorphisms is defined within the do-
main Ω ⊂ R2, the following equation holds:
(Ψ1 ◦Ψ2).(J(Y)) = Ψ1.(Ψ2.J(Y)), ∀Ψ1,Ψ2 ∈Mob(Ω,R2),Y ∈ Ω
where ‘.’ and ◦ respectively represent the action of Ψ on J and the composition, and
Mob(Ω,R2) denotes the set of Möbius diffeomorphisms.

Proof. Suppose Ψ1,Ψ2 ∈Mob(Ω,R2) in Ω such that their composition Ψ1 ◦Ψ2 is also a
diffeomorphism in Ω, then
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(Ψ1 ◦Ψ2).J(Y) = J((Ψ1 ◦Ψ2)
−1(Y)),

= J((Ψ−1
2 ◦Ψ−1

1 )(Y)),

= J(Ψ−1
2 (Y) ◦Ψ−1

1 (Y)),

= J ◦Ψ−1
2 (Y) ◦Ψ−1

1 (Y),

= (J ◦Ψ−1
2 (Y)) ◦Ψ−1

1 (Y),

= (Ψ2.J(Y)) ◦Ψ−1
1 (Y),

= Ψ1.(Ψ2.J(Y)).

□

Note 1. Although the four complex numbers (p, q, r, s) in Eq. ( 2. 1 ) may seem to
represent 8 real parameters, the transformation with parameters (ηp, ηq, ηr, ηs) is actually
equivalent to the transformation with the original parameters (p, q, r, s) for any η ∈ C.
In other words, multiplying all the parameters by a complex factor η does not affect the
transformation.
A common normalization choice for the parameters (p, q, r, s) is to impose the condition
ps−qr = 1. This constraint simplifies the analysis by reducing the number of independent
parameters (8 parameters to six parameters here).
In our study, the domain Ω is centered at the origin, and the singularity of the function φ(z)
occurs at z = −s/r. To ensure that this singularity lies outside the domain Ω, we choose
to set s = 1, which leads us to the following parametrization for the transformation.

φ(z) =
pz + q

rz + 1
, (2. 7)

where we require that −1/r /∈ Ω to avoid singularities. We now formally define the image
registration under Möbius diffeomorphisms.

Definition 1. Suppose J1, J2 be two grayscale images. The difference between these im-
ages is quantified using the following error function, also known as the objective function:

E(Ψ) =

∫
Ω

{(J1 ◦Ψ−1)(Y)− J2(Y)}2dx1dx2,Y = (y1, y2)
T ∈ Ω ⊂ R2 (2. 8)

Where Ψ denotes an element of the Möbius group, the phenomena of obtaining an optimal
Ψ that minimizes Eq. ( 2. 8 ) is referred to as Möbius registration.

It is evident that Eq. ( 2. 8 ) represents the continuous version of the objective function.
For numerical computation, we discretize this continuous version. Let us define the

discrete domain D, which serves as the domain for all the images presented in this paper.
We suppose M , a positive integer, and

D = {([0,M − β]/(M − β)− 0.5)× ([0,M − β]/(M − β)− 0.5);β = 1} is a uniform
square grid that contains (M − 1)2 grid points, a simple example by setting M = 100 is
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FIGURE 1. A square grid (our domain) with the range for data points is:
{[−α, γ] × [−α, γ];α = γ = 1

2} with 100 grid points corresponding to
each side, i.e., M = 100.

shown in Fig. 1. We consider M = 100 for all the numerical examples in this paper. The
discrete form of objective function which is defined in Eq. 2. 8 is:

E(Ψ) =

M∑
i=1

M∑
j=1

((J1 ◦Ψ−1)(Yij)− J2(Yij))
2. (2. 9)

We would like to emphasize that the values of J1 are specified at the uniform grid points,
i.e., at Yij , rather than at Ψ−1(Yij). Additionally, it should be clarified that the domain of
J1 ◦Ψ−1 is not Ω, but rather Ψ(Ω) at the continuous level. It is worth noting that for
certain points, J1 ◦Ψ−1 may extend outside of Ω during registration. Therefore, Ω is

considered a restricted subset of R2. For computational purposes, we use the following
values of J1 ◦Ψ−1(Yij) :

• If Ψ−1(Yij) ∈ Ω, a bilinear interpolation using the MATLAB function interp2
is applied, utilizing the values of J1 at the four neighbouring corners of the corre-
sponding quadrilateral.

• If Ψ−1(Yij) /∈ Ω, a constant white background (i.e., pixel value of 1) is used for
all the examples.

Eq. ( 2. 9 ) presents the standard formulation of the least-squares optimisation function,
applicable to any chosen group of planar transformation. This formulation represents a
typical numerical optimisation problem, which falls under a broad and well-established

field of study. Optimisation is a vast area of research with a wide array of algorithms
tailored to different types of objective functions, each designed to address specific

challenges in minimizing or maximizing a given function [28, 24]. While optimisation as
a field is rich and diverse, the focus here is not to delve into its comprehensive theory, but

rather to highlight a few simple and practical applications of these algorithms in the
context of planar transformations.

2.3. Image Registration. We will start by exploring synthetic data sets, encompassing
both smooth and non-smooth cases, where the relationship between the target and the

source is governed by a well-defined Möbius transformation. Following this, we will shift
our focus to non-synthetic data, where the connection between the images is not
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FIGURE 2. A collection of smooth images (Synthetic data). Top: The
source data follows a Gaussian distribution. The target data is then gen-
erated by applying a Möbius transformation to the source data. Bot-
tom: The contour plots of respective images, illustrating their respective
shapes and relationships.

predefined. In all these scenarios, we will utilize a discrete domain, denoted as D, which,
as previously described, is defined for M = 100.

Example 1. In this first warm-up example, let us consider a synthetic dataset consisting
of smooth images. These images are presented in Fig. 2. This particular case is slightly
easier than the general problem of image registration because images are smooth and the
target is known. The source image is the Gaussian ellipse (i.e., e−7x2−3y2

). The target is
generated by applying a six-parametric Möbius transformation to the source image. The
transformation is characterized by the coefficients p =

√
3/2+ i(1/2), q = 1/5− i(3/10),

and r = 1/10− i(1/5).
To initiate the process, we use the identity transformation as the starting point, which cor-
responds to the values pini = 1, qini = 0, and rini = 0. The MATLAB optimisation function
lsqnonlin [34] is employed to refine these initial estimates, and it returns the optimised val-
ues: popt =

√
3/2 + i(1/2), qopt = 1/5− i(3/10), and ropt = 1/10− i(1/5).

The results of the image registration, as shown in Fig. 3, reveal an excellent alignment
between the source and target images. This outcome demonstrates that the optimiser suc-
cessfully converged to the optimal solution.

Example 2. This serves as a second example of synthetic data, though it differs from the
previous one in that we are now working with a pair of non-smooth images. To generate
the target image, a Möbius transformation with the parameters p =

√
3/2 + i(1/2), q =

1/5− i(3/10), and r = 7/10− i(3/5) is applied. The resulting pair of images can be seen
in Fig. 4.
We begin by setting the starting guess at the identity for the optimiser. Due to optimisation,
the following optimised values are obtained: popt = 1.01 − 0.00i, qopt = 0.002 − 0.002i,
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FIGURE 3. The outcomes obtained due to Möbius registration in Exam-
ple 1, using the lsqnonlin algorithm with the identity transformation as
the initial guess, demonstrate a flawless alignment between the images.
The registration process successfully minimized the discrepancy between
the two datasets, resulting in an excellent match.
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FIGURE 4. Set of synthetic non-smooth data.

and ropt = 0.0038 + 0.0072i. These values are very close to the identity, leading us to
suspect that a perfect registration may not be achieved. The outcome of this experiment,
presented in Fig. 5, are poor. The possible explanation is that the optimiser got stuck at a
local minimum and never came out from the valley.
A novel strategy for acquiring an initial approximation, known as labelled points (or land-
marks) registration, is therefore proposed. This method draws inspiration from image reg-
istration using labelled points (see [27, 18, 7]), in which pairs of points yj ∈ Ω and y′j
for the source and target are identified. The discrepancy function

∑
j ||φ(yj) − y′j ||2 is

then minimized over φ ∈ Mob(Ω,R2). Since this objective function does not directly in-
volve the images, the optimisation process is considerably easier. However, selecting the
landmarks is a significant additional task. Automatic landmark selection remains a major
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FIGURE 5. First attempt of image registration for Example 2. Results
are poor.

research topic in the image processing community [15, 43]. Despite extensive work in this
area, it is still a challenging problem, and in practice, landmarks are often chosen manually.
In this approach, a marginally altered perspective is adopted. By virtue of the distinct prop-
erty of the Möbius transformation, it is known that a mapping can always be chosen be-
tween three distinct points on the source and the target. This can be leveraged by restricting
attention to three appropriate landmarks. Additionally, the desired Möbius transformation
is obtained by solving a system of three linear equations.

Let yj and y′j (j = 1, 2, 3) denote three isomorphic points over the respective grids (i.e.,
source and the target). The desired Möbius transformation that generates one one

correspondence between yj and y′j satisfies the following system of equations:

y′j =
py + q

ry + 1
, j = 1, 2, 3 (2. 10)

=pyj + q − ryjy
′
j .

By solving these three linear equations, the parameters p, q, and r are obtained, which
align the three selected labelled points (though not the images themselves). These

variables are then used as the initial estimate for the optimisation process. In this example,
the selected labelled points are illustrated in Fig. 6, and the optimisation results are

popt =
√

3/2 + i(1/2), qopt = 1/5− i(3/10), and ropt = 7/10− i(3/5). The outcomes
of the optimisation are given in Fig. 7, where an excellent matching is achieved between

the images.

Example 3. We now apply the landmark-based approach to generate an initial estimate
for optimisation in a more intricate scenario. This example contains a pair of non-smooth
images from Thompson’s collection with no known Möbius transformation. The original
images of Thompson’s fish can be found in [48]. For this particular experiment, the images
were scanned and the border of each image was outlined with a black marker. Undesired
lines in the background grid for each image were removed digitally. The interior of the
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FIGURE 6. Selection of landmarks at corresponding positions in the
source and target for Example 2.
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FIGURE 7. The refined attempt for the image registration using Möbius
diffeomorphism for Example 2 are shown, where the initial guess is
derived from landmark matching. This time, a perfect registration is
achieved, demonstrating the effectiveness of using landmark-based ini-
tial guesses for the optimisation process.

FIGURE 8. A cartoon rendition of Thompson’s fish for for Example 3.

fish has been shaded grey—to facilitate the optimisation process—using Microsoft Paint as
shown in Fig. 8. Subsequently, MATLAB’s imresize routine is used for resizing each
image upto 100× 100 pixels.
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FIGURE 9. First set of landmarks for Example 3

Fig. 9 illustrates corresponding labelled points in both the images. The novel strategy of
Example 2 produced the results of registration, between a pair of fish, that are presented
in Fig. 10. As a result of this experiment, it is evident that the tail and fins are perfectly
aligned, though the body shape does not exhibit the same level of alignment. The final step
of the optimisation resulted in only a minor adjustment to the labelled points registration,
which is evident in the slight misalignment of the eyes.
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FIGURE 10. Image registration using Möbius group (due to first choice
of landmarks) for Example 3.

We replicate this example with a different set of labelled points, as depicted in Fig. 11. The
results are presented in Fig. 12. As before, the optimiser has made only a minor adjustment
to the landmark alignment, and the body shapes remain poorly matched.
Let us explore an alternate option of registration by swapping the pair, i.e., source of the
above registrations would be the target and vice versa (in the upcoming registrations) as
depicted in Fig. 13. The labelled points are depicted in Fig. 14, and the results of the
image registration are presented in Fig. 15.
Once again, the tail and fins are perfectly-aligned, but the whole shape remains less ac-
curately registered. Nevertheless, the optimiser has made a significant adjustment to the
labelled points matching, as evident in the positioning of the fish mouths. Notably, the
conformal map obtained closely resembles to Thompson’s grid [48].



682 M. Y. Tufail & S. Gul

FIGURE 11. Second choice of landmarks are given for Example 3.
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FIGURE 12. Möbius registration due to second choice of landmarks for
Example 3.

FIGURE 13. Swapped source and target images for Example 3.

To verify the robustness of our findings, we reverse the roles of the source and target im-
ages and choose a new set of labelled points, as demonstrated in Fig. 16. The resulting
outcomes are displayed in Fig. 17. In this case, the image registration closely resembles
the results shown in Fig. 15, which indicates that the process is not overly sensitive to the
selection of the initial guess. This consistency across different configurations suggests that
the registration process has likely reached a global minimum.
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FIGURE 14. Corresponding labelled points are visible on the swapped
pair—Example 3

-0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

Deformed grid

FIGURE 15. Results of Möbius registration, due to first set of landmarks,
in Example 3 for the swapped dataset.

FIGURE 16. Selection of corresponding landmarks for Example 3: sec-
ond set for second dataset.

3. CONCLUSION

In summary, this paper demonstrates that it is possible to effectively align or register
images within a finite-dimensional group, with a particular focus on the Möbius group.

The experimental results highlight that the selection of the initial condition plays a crucial
role in determining the quality of the resulting registration, as well as influencing whether
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FIGURE 17. Möbius registration corresponding to the second choice of
landmarks in a swapped dataset for Example 3.

the algorithm converges towards the neighborhood of the global minimum. While we
cannot offer formal guarantees, the numerical experiments suggest that the algorithm has

either reached the ultimate optimal solution or in the neighbourhood of it.
In the case of the image pair presented in Example 3, although definitive conclusions

cannot be drawn, the results strongly imply that the registration process has been carried
out within the Möbius group. However, the suboptimal registrations observed in certain
instances indicate that the images in question may not be directly related by a Möbius

transformation. These anomalies point to the need for further exploration and suggest that
the registration of Thompson’s fish images might require a more expansive group—one
that encompasses the Möbius group as a subset. This suggests that a broader and more

generalized framework could be necessary to fully capture the underlying transformation
dynamics governing these images. Consequently, future research should focus on

extending the registration process to a larger group in order to obtain more accurate,
reliable, and insightful results.
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